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Preface

This book is divided into two parts. The first part is about Sign-Changing
Yamabe-type problems. A Morse Lemma at infinity, under reasonable basic
conjectures, is proved for such problems. This work is an attempt to define
a new area of research for nonlinear analysts. We have tried in it to provide
a family of estimates and techniques with the help of which the problem of
finding infinitely many solutions to these equations on domains of R3 can
be studied.

Our estimates and our work is a “cas d’ecole” in that we work on R?
or S3, a framework where solutions are known to exist, in fact in infinite
number; and we have chosen to study the asymptots generated by these
solutions and their combinations under the action of the Conformal Group.
This work could also be useful for other variational problems such as Ein-
stein or Yang-Mills equations.

The second part of this book is about Contact Form Geometry via
Legendrian curves. Given a three-dimensional compact orientable manifold
M? and a contact form o on it, we have assumed in earlier works the
existence of a “dual” contact form 3, 8 = da(v, ), with the same orientation
than o and we have introduced the variational problem fol oy (2)dt on Cg =
{z € HY(S', M)|B.(¢) = 0}. We have defined a homology related to the
periodic orbits of the Reeb vector-field £ of o on Cg.

We prove in this framework two main results. First, we establish that
the hypothesis that 3 is a contact form with the same orientation than « is
not essential. The techniques involved in order to prove such a result (on a
typical example) have the definite advantage that they are quantitative: as
we allow regions where [ is no longer a contact form with the same orien-
tation than «, we track down the modifications of the variational problem
and we provide bounds on a key quantity (denoted 7) as we introduce a
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large amount of rotation for ker o along the orbits of v near these areas.

We then move to prove a compactness result about the flow-lines of
this variational problem which originate at a periodic orbit of £. This —
still slightly imperfect — compactness result indicates that all flow-lines
originating at periodic orbits go to periodic orbits (at least if the difference
of Morse indexes is 1), unless the number of zeros of the v-component of %,
the tangent vector to the curves under deformation, drops.

No critical point at infinity (asymptot)interferes with this homology. We
strongly suspect that this homology is, in the case of the standard contact
structure of S3, the homology of PC>. We expect that we will be able to
compute this homology in some easy cases at least.

We had been searching for a long time for such a result. This work
entitled “Compactness” will be published independently by the first au-
thor and dedicated to his long time friend and collaborator Haim Brezis
for his sixtieth birthday. Both directions of research i.e. Conformal Geom-
etry, Einstein equations, Yang-Mills equations on one hand, Contact Form
Geometry on the other hand, are also studied by other techniques due to
“hard-chore” Geometry and Symplectic Geometry.

In fact, Geometers have always been our “co-area researchers”. We
view these areas which we have contributed to define — for Contact Form
Geometry — in a different way and with different techniques.

This book is a book of collaboration and research. It also defines new
goals and presents a new understanding. It is not (yet) a textbook for
graduate students. It rather informs our collaborators about a definite
progress in the two above mentioned areas.

This research has been long; and at times hard and difficult. It has
been a strain on our friends and companions. Thanks are due: Abbas
Bahri wishes to thank Haim Brezis, his long-time collaborator and friend,
not only for his obvious support but more so for his friendship. Having a
friend — and of such a quality — is a rare blessing in life.

Abbas Bahri wishes also to thank Diana Nunziante, his wife, for her
patience, her understanding and her love as this book was being written.

Lines and equations are written, but only with the overwhelming intel-
ligence and love of those closest to us.

Both of us extend our warmest thanks to Barbara Mastrian for her
wonderful work as well as her wit and life. It has been a pleasure to work
with her all these years.

Finally, we would like to thank H. Brezis, S. Chanillo, R. Nussbaum
and Z. Han for giving up so much of their time and patiently listen to our
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arguments as they developed.

We also thank them, as well as our friends and colleagues of the Math-
ematics Department at Rutgers, for their thoughtful remarks and observa-
tions.
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Chapter 1

Sign-Changing Yamabe-Type
Problems

1.1 General Introduction

Let us consider a very simple (and classical) model in Nonlinear Analysis
and Riemannian Geometry, namely the Yamabe problem on S2, with the
standard metric:

—3Agsu+4du=u®> u>0. (1.1)
Equivalently, we might consider
Agsu+u® =0 u>0. (1.2)

This problem has received a lot of attention in the 1980’s and the 1990’s
because of the Yamabe conjecture and the scalar-curvature problem. Two
or three main techniques have been devised to solve such problems: mini-
mizing techniques combined with geometric results (positive mass conjec-
ture etc.), variational techniques combined with topological techniques and
study of critical points at infinity, maximum principle techniques to derive
a priort estimates. We are interested here in the variational techniques and
the study of the critical points at infinity.

In order to describe this technique, we recall that (1.1) or (1.2) are vari-
ational problems with defects. The defect relies in the “non-compactness”
or failure of the Palais-Smale condition. Indeed, the set of solutions of (1.1)
or (1.2) is non-compact because the conformal group of S* (which leaves
(1.1) or (1.2) invariant) is non-compact. All the (for (1.2)) functions

VA

é(a,\) = (1+ A2z — a|2)1/2

are solutions of (1.2). Combinations Y %_; 6(as, A;) of such functions (A; —
+00) are almost solutions. These problems have asymptots.
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Our aim is to complete for them a Morse Lemma at infinity (see [Bahri
1989], [Bahri 2001], [Bahri and Coron (1988)]) from which formulae for the
difference of topology in the level sets of the associated functional and (quite
involved sometimes, see [Aubin (1976)]) mechanisms of existence could be
derived. All the techniques — including the geometric techniques used by
Aubin [Aubin (1976)], Schoen [Schoen (1988)], Schoen and Yau [Schoen and
Yau (1988)] etc.— use heavily the assumption that the function u which is
sought for should be positive. This further requirement, which should make
the problem more difficult, makes it easier in some regard, since the varia-
tions (this is a variational problem) can be restricted (because of the special
structure of (1.1)) to the set of positive functions. The non-compactness
is then less stringent (limited to the d(a, A)’s and their combiniations) and
more controlled. The maximum principle can be used as well as Alexandrov
reflection techniques. The positivity helps also considerably in the proof of
the Morse Lemmas at infinity.

However, (1.1) and (1.2) are well-posed problems without the assump-
tion v > 0 and it makes perfect sense to study these questions, as well
as equations of this type on domains or with other metrics or manifolds
without the positivity assumption.

There are several motivations to study (1.1) or (1.2) without the pos-
itivity assumption, besides the main ones, namely that it displays new
phenomena, and a new and interesting direction of research.

One of the main mathematical motivations is that (1.1) or (1.2) has
infinite many changing-sign solutions which are not explicitly known. Thus,
understanding the non compactness in such problems is closer to the (two
dimensional) harmonic map problem or the Yang-Mills equations (away
from minima).

The Yamabe problem, without the positivity assumption, is a sim-
pler model of less explicit non-compactness phenomena. (1.2) is “un cas
d’ecole”.

1.2 Results and Conditions

We state now the result which we wish to prove, then the result which we
have established and the conditions under which we have completed this
work. We then discuss these conditions.

The functional is

1

Ju) = Jps ubdx

forue Y ={w; [|Vw* + [w® < 4o0; [ |[Vw|? = 1}.
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Let
Wy, . .., 0,

be p (possibly changing) solutions of the Yamabe problem (on R?® or S3;
these are non singular solutions).
Let

al,...,apeRg or 83

be p points away from infinity (we view them on S3).
Let

be very large so that, ¢ # j,

Eij =

1/2
) A
(i—; + )\—JZ + )\i)\j|ai — aj|2>

is small (< go(p)).
We wish to establish a formula for the difference of topology due to the
asymptot of J which corresponds to

Z\/—wZ i —a;)).

i=1

We thus need to find a normal form for the expansion of

<Zo¢z\/_wl iz — a;) +v>

=1

where v satisfies (w; = V@i (Ai(z — a;)), 0; are rotation parameters).

[ IVv|? small
f VoVw; =0
(Vo) vaVgt\”j =

i wvgg; =0
VoV —
f do;

Such functions

P
U = E o;w; + v
i=1
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where v satisfies (Vo) can be seen to span neighborhoods of the asymptot
(neighborhoods of the critical points at infinity).
The conjecture is then:

Conjecture 1  There is a change of variables in the (o, A\, a;,v)-space
such that

» 3

. (£ a2 wa)
J (Z aiwi—i—v) = =l

i—1

p
> oy [ o
i=1

2

X< 1— EZ@Z-(&J-)@;?O@J- — Z Cij (@i,u_)j)éfj + Q(V, V)
i#] i#]

(di,di,j\i, V) are the new variables. Q is a nondegenerate quadratic form
in V.V isin a small neighborhood of zero in a Hilbert space.

The expression @Z—((:zj)u_);?o requires some explanations. @$° is the value of
w;(x) at the north pole when w; is concentrated at the south pole. When w;
is totally deconcentrated, wi(éj) is the value of @ (w; after deconcentration)
at a; the concentration point of w; (see [Bahri 2001]). Index @ is the sum of
the strict indexes of each w;. We assume that each of them is nondegenerate
transversally to the conformal group.

The result which we prove here is close to Conjecture 1. Its proof relies
on two additional assumptions which we conjecture to hold and which read:

Conjecture 2 There exists a constant c(p) > 0 such that, for any
(a1,...ap) € R¥ and (uq,...,u,) € RP,

3

0A u?
Aul? + sup [fu—u| > ¢ —_t
A +sp g > o)

A is the matrix

0 1

lai—a;]
1
lai—aj] 0
Conjecture 3 Let g; be the compact (rotation-related) parameters of the

conformal group acting on ;. Assume that, for each i and for a small
constant c:
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If
_ @ _ de;
_Ce; <Z_w}>o€ij> Z Jor el
J#i
— — 700(\2272 \) i
DY (Wfo(w})o Ra vi sy +3% 5?;‘) €ij
i | i
| Y el + > 0%y,
— (%] [ ¥ .
i#£]
then,
— 00 a; —aj
> | Sorer G+ Sever i (S
B £ ] 8a /\j|ai—aj|
Tz ch ”8 Z)\|az—a]| Z|al—aj
J?ﬁz
Observation.

| i we can see that, if Conjecture 3 does not
a;—aj

Replacing €;; by \/ﬁ
hold, we have more conditions than variables.

There are variants of Conjecture 2 and Conjecture 3 which we need also
to introduce:

Conjecture 2’ Let ¢ and ¢’ be two different charts of S —{pt} where the

South and North poles are “far” from the points a;. Let @ = | a=/vx |,

in the first chart and @’ = | @ /\/7 , in the second chart be the corre-

sponding vector associated to > aiw;. Let A’ be the matrix A at the points
a); in the second chart.

There exists c¢(p) > 0 such that, for any (ai,...ap) € R3* and
(w1, ...,wp) solutions of the Yamabe problem on S3:

w2
_ %
- C(p)z Aila; —aj?
i=j

t 0A t, ! oA’ =/
sup ["a——ul| + sup [‘v' —-a|
(ig) Oal (i.9) a;
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Conjecture 3 Let o; be the compact rotaliwn pammeters corresponding

Assume that, for each i,
gc” 3 =0.
izi 77
The a;-equations
e — » de; 9 Do<® (—‘Zl:z ‘)
> ; (wfewse + 3¢ el;) Fat + Z €ijW5° Har < )ji|al—a]\] =0
i | j#i

hold in both charts

Then,

% JFi

Do (=2 g
—00 [ — 00 J Mai—ay] Cij 2 .
Z | Z <wi (wj * Ajla; — aj) T3 s ) ci

3 — 002
E eij+g Wi Eij

i#]

We also define a well-distributed packing in groups of a configuration
> ajw; + v to be a packing of the concentration points a; of the w;’s into
groups G1, ..., Gy such that

i) d(a;,a;) = o(d(a;,ar)) if i,5 € Gy, and k € Gy, s # m.
ii) If, for (4, j,m) pairwise distinct, d(G;, G;) < d(G;, G, ), then

Z 5stzc Z Est-

st s#t
seG; s€eG;
teG; teGm

We prove in this work the two following results:

Theorem 1 Assume that Conjectures 2 and 3 hold and that

1
€;; ~ ———— for each i . 1.3
J /—)\i)\j|ai_aj| [ FJ ( )
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Then Conjecture 1 holds for a well-distributed packing of a configu-
ration such that, for each i, Y es > ¢ €qt.
seG; S7ft
tEGj
i
Theorem 1' Assume that Conjectures 2, 2, 3, & hold and that (1.3)
hold. Then Conjecture 1 holds for every configuration Y a;w; + v.

These results open the gate to the finding of an existence mechanism
for the solutions of (1.1) or (1.2). Such a mechanism has been found for
positive solutions [Bahri 1989], [Bahri 2001], via variational techniques. The
existence of solutions has been tied directly to the existence and behavior
of the asymptots.

This project is however more difficult for changing-sign Yamabe-type
problem since now once a solution u is found, an infinite number of genuine
asymptots arise out of combinations u + Y w;, while for positive solutions
u+ Y d; never forms an asymptot. Nevertheless, despite this complication,
interesting “structures” emerge from our analysis, in particular we find a

N =l

nice extension of the use of the symmetric matrix A =

0
already appearing for the study of positive solutions. It turns out that
there is a way (see below) to combine the asymptots so that the p x p
matrix A appears, acting on R? — {0}.

1.3 Conjecture 2 and Sketch of the Proof of Theorem 1;
Outline

Conjecture 2 is a very interesting direction for research, which is easy to
establish in the case of two masses i.e. p = 2. Much trickier is the following
results due to Y. Xu [Xu].

Theorem A (Y. Xu [Xu]) Conjecture 2 holds for p = 3 i.e. for the
case of three masses.

Sketch of the proof of Theorem 1

We now sketch the proof of Theorem 1. The proof is divided in three
steps which correspond to the subdivision of this work in three parts. Part I
and Part III are basic and are required for the proof. Part II provides an
intermediate result, a partial progress with respect to Part I. Part III goes
much beyond Part II. However the results of Part II provide a natural
insight in the problem. It is only after the work of Part II that we find
out what should be done to overcome the problem of clusters of w;’s having
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little interaction among themselves.
Part I
The main new ingredient in the proof of Theorem 1 with respect to
the study of the same equation with w > 0 is, under (1.3), to think of
P

equation (1.2) in a matrix way as u reads Y a;w; + 0. 0 is the optimal v

i=1
under (Vo).
We define, for each ¢ a domain of influence of w;, after setting:

1 1
Q; = {x such that \;|z — a;| < Min and Aj|z —a;| > — for A; > A}
i#i 8€ij €ij

We then split ¥ in §2; into two parts:

v

=0+ hy

Q;

where o € H}(€;), h; is harmonic and we prove the estimate:
Theorem B [0y + 4= < C <; @i (@) |ei; + 5%—) :

This theorem does not assume (1.3). All the estimates, for every i, are
tied to each other by (1.2) and the related equation satisfied by ©. After
carefully splitting © in Y. 9; + h; and a remainder portion in (U);)¢, we
estimate each part separately. The estimate involves for ¢ the other indexes
j. We derive a matrix and bootstrap our arguments.

Theorem B is quite essential for the following reason: when we were
working with positive functions, the w;’s were d;’s and the w7°’s were pos-
itive quantities. Then, we used to combine ([Bahri 1989], [Bahri 2001],
[Bahri and Coron (1988)]) estimates using A;-dervatives (along )\1-6%1_) and

estimates along _GT of the normal form

P= Z(w ©5°ei; + ijef’]).

The positivity of @, @w?° played a very strong role and allowed us to derive
very good lowerbounds on J'(u) = gradJ(u).

Once the positivity is removed, these lowerbounds disappear. We cannot
use Aiia%i anymore because the derivatives of the remainder terms can be
large when compared to the derivatives of P which do not work together
anymore.

We have to work with 63 instead of < oW 6— and we have to track down
the contribution of the remainder in a much better manner. Thus, the

estimates of Part I set up the general framework and lead to the proof of
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Theorem 1 under the additional condition:

There exists C' > 0 such that % < — Ai § C. (1.4)
Part 11
We derive in this part various estimates which improve, without getting
rid of (1.4), the estimates of Part I
The main improvements concern three quantities:
We first improve the estimate on

(/ |wj|24/5|w¢|6/5+/
Q Q

This expression is bounded by C(|w;(a;)lei; + €3;)-

This minor improvement considerably changes our estimates though.
We then provide a better estimate on the optimal v, after using a boot-
strapping procedure. Namely, we prove:

5/6
|wi|24/5|wj|6/5> for A; > \;.

3 3

Proposition A For every h € N, there exists a constant Cy, > 0 and a
function 0, € H' such that

(i) [v— Onl(z) < Cp S e(z) Vae S
(it) |Onm < CrY_ely
(iii) [v — Op|(z) < chz(m+|w|m+%)5g(x) Ve € Q° =
(UQ)°.

Lastly, we start the proof of precise estimates, to the improved in
Part 111, on f w"lw” . We establish:

Proposition B [ “f;‘“;"“ <C E £ij0; fory € (U Q)°.
ASA
IS

We then revisit all the estimates of Part I. They all improve as well as
the derivatives of the remainder term. (1.3) — (1.4) can be weakened but
the result is not decisive. We still have a problem with clusters of masses
having little interaction between them.

Part III: Taking care of the clusters

We assume here that the w;’s can be subdivided in several clusters,
basically two clusters. Each cluster have a least concentrated w;.

The masses inside a given cluster have concentration points very close
one to the other when compared to the distance between the average concen-
tration points of the two clusters. Yet the interaction between the masses
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inside a cluster is small with respect to the interaction between the two
basic masses of each cluster. This is the difficulty which we are facing in
our expansions. We then rewrite Y a;w; + @ under the form

<Z iw; + UI) + (Z iw; + UII) + (v — (vr + v1r))

i€l icll

where vy and wvy; are the optimal v’s for each cluster. v is optimal for
>~ ajw;. In this part, we think of each cluster as a single mass and we thus
move them together and we think of them as combined. Accordingly R? is
now derived in three regions Qr, Q;; and R® — (Q; U Q). Q and Q;; are
smaller versions of Q; and Q;;. The distance between Q; and Qy; is |al.
We then prove the three following basic estimates.

Proposition C

(i) 1o(z)] < CY(Jwp*l + 3 lwk(ae) [V klar — ae| + exe)erede(x)
(i) |or(z)| < Ck;GIUwEOl + 27 |wk (ae) [V Aklak — ae| + ere)ereds

(i) |orr(z)| < C 30 (Jwg®l + 20 lwk(ae) [V Ak|ar — ae| + exe)erede
k.ecll

(iv) [o—(@r+o) < % (15 we®| + ee) ene + 1Znlel] 5,0
(k,0)€(I,IT) H g VA

(I wiol+exe) epe + 2elo | 4 5 O( cum)eisdi

(4,5)€(I,11)
or (II,I)

Proposition D (Gradient estimates)

(i) Assume that y is in Q;r a smaller version of Q1 such that
d(Q[,Q]}) Z c|a|.

Then, fory € Qy,

C

[Vor(y)] < Tal > (wsPl + lwjlan)lV/Ala; — akl + ex;)er;ok
(k,j)el
e
(ii) Yy € S3,|Vor| < C Y V62
ell

Similar estimates hold for vyy.
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Lemma A
/wilwesz‘Iwkl
|z -yl
< C[(Jwg°] + en + |we(ar) |V Aclar — ae|)d

+ (|wi®] + eer + lwr(ao)|V/ Alar — acl)de] e

Ultimately, all these propositions allow us to prove the following key
estimates (as usual, ¥ — (07 + 9yy) is split in each Q; — Q; adapted to @; -
into an H{ and a harmonic part (v — (o7 + vrr)); + hY; h$ are the harmonic
parts in domains Qg with Ay > \;).

Theorem C

o |1 s
|(U_'UI+'UH)1'|H3+ N + Z Eislhi|oo

)\52>\1
Ss#£1
Eik 1
<C ) > ajwilar) ~ T 7 > ajwja)
ki jelr V Ak il jer if iell
kel or keIl or jel JEII of i€l

+0 Z'w;o|€ij+25-- Z e?
Ailal Y I

J#

or (II,I)

Observe that the estimate of Theorem C clearly shows that > ajw;
jel
and ) «jw; behave as a single mass. Also the remainder term in this
jell

estimate is multiplied b L_ ot b L
PReC DY g Y Tl

We then complete our expansion of J and of its gradient and we show

that the remainder terms are now controlled by the corresponding in P.
This establishes the Morse Lemma at infinity.

1.4 The Difference of Topology

We indicate here the main contributions in the formula for the difference
of topology. We also indicate how this difference should be thought of if we
need to compute it more precisely.
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An explicit formula requires the removal of (1.3). This, in turn, would
require a tedious checking that all estimates can be extended, unless a way
of continuously rescaling all the configurations so that the concentration
points would be pointwise distinct and (1.3) would be satisfied is found.
This might work on S3, not on domains of R? though.

In addition, some more work would need to be completed to express the
exit set (the contribution of J._. in (Jete, Je—e)oo) When the w;’s are so
configured that @?° is zero for each of them. We have a preliminary good
description of this set but we think that the general picture can be worked
out far further.

The parameters set when the concentration point are distinct and the
masses @;’s have no symmetry (which we assume for sake of simplicity) can
be described as follows:

We choose a mass w; as reference. ws,...,w, are then each defined
up to the action of O(4) on each of them. 7P thus designates the pa-
rameters’ space component O(4)P~! which indicate in what positions are

W1,W2,505 - ,(Dppp.
We also choose p points (distinct at this stage of our work) on S* and
p coefficients a,...,a,,0 < ag < 1,5 ; = 1. This component of the

parameter space is denoted (S3)} x A,_1. A,_; is the (p — 1)-dimensional
simplex. (S*)Y = {(a1,...,a,) € (S*)P;a; # a; for i # j}.

We also need p small disks D/, ..., D? in the unstable manifold of each
@; (the strict ones) and p parameters A1,..., A, in [4, +00) so that g;; ~

-1
VAiXjlai—ay]

The parameters’ space reads them as a fiber bundle, with fiber P, over
a base which is (S®)¥ x A,y x IIIZ, DJ, x (A, 400)P.II}_, DJ is the space
for v.

P

(S3)F x Ap_1 x IIDI x [A, +o00)P.

It is extremely useful and fruitful to think of all asymptots

Zai@i E; = +1

together. The parameters’ space glue up in a natural way via the A,_1’s
which rebuild then the sphere SP~1, the unit sphere (up to rescaling) in RP —
{o}. The glueing occurs when at least one «; is zero i.e. below the critical
level ¢o, (which is the same) of all the > e;&;. In terms of parameters’
space, a configuration is below ¢« if either it is in (A,_1 x [ID?) or if the
principal part P is negative (non positive) at this configuration.
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P is made of two pieces, one usually of higher order than the other one.
The first one is

Z €i€jWi WP
VAN lai —aj|
Eiijfow;?o

VAidjlai—aj]

Yo Eiiw; is below oo if @/, is ot 14 0(1), we can expand this set into

We are thus naturally led to the set where > > 0. Since

Z €404 E jOL WP wJ

VA la; faJ|

The %’” ’s for those w®’s which are non zero form then a system of
coordinates and this set becomes, with ¢ < p,
N, = {u € R* — {0} such that'uAu > 0}
0 ﬁ
A is the £ x ¢ matrix corresponding to those indexes
Tag—ajT
7 such that w® is non zero.

In the description of the parameters’ space, we have left a part largely
not explicit; it is the part P corresponding to the relative positions of w; 4,,
with respect to @w;. We can think of P as follows: we choose a point a; on
S3. We rotate @; around @; and we identify d; and a;. Then @; is changed
into ; ,, through the rotation o; around a; and & becomes @;(a;). We
then rescale around a; the function w; ,,. In this way, the concentration
point a; is thought of as made of two points: a; itself on S and another
point on S3, with the standard @; attached to it, which will be the point
a;. We identify a; and a; through the action of an element of O(4). We
also rotate @; around a; and we rescale the function which we obtain (on
the original S?) in this way.

We thus derive a stratified .S, which can be described using the a;’s

There is a natural map:

I:5, — (53);7 X (53)5

s— (G1,...,4p) X (a1,...,ap)
F=1""((a1,...,ap),(a1,...,ap)) is a set very similar to N, i.e. there are
¢ indexes iy, . .. ,i¢ such that ©3° = w;(a;) is now zero. F' can be identified

as N, (i1,...,1r), where N, (iy,...,ir) is defined as N, above, with the
indexes i1, ...,1y.
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Accordingly, the topology of S, can be computed using the distribution
of the signatures of A over (S2)% and the zero sets of the w;’s.

We will discuss this more elsewhere.

The last piece of information about the difference of topology which we
need to study comes in when all the w{*’s are zero.

Indeed, under the hypothesis:

(H) For every p, the function f(u,as,...,a,) = ‘uAu defined on SP~1 x
(53)% does not have 0 as a critical value,
the principal part P of the expansion should reduce to

WPWe
I
Aidjlaj — ajl
if the @{®’s are not all o(1).
If all w*’s are zero then the second piece of P, — Zcijef’j enters into

play. We know [Bahri and Coron (1988)] that ¢;; = cVw$® - Vw©.
Thus, we derive a set of the type

—c> VX  Voel, <0

which should provide a condition on the relative positions of the w;’s in-
volved in the configuration.

The a;’s are subject to the requirement @;(a;) = 0.

This gives a qualitative account of what we expect for the difference of
topology. We think that this program is within reach.

1.5 Open Problems

1.5.1 Understand the difference of topology

As we explore the normal form in our expansion:
P=—c) wi(a;)w%e; -y cijey;

a quantity very close to P, which we denote P.,, appears:
Py = —EZQ;)O(D;OEU - Z cijsf’j.

Thinking of ¢;; as el we find

Poo5<...\/j)\_j...>A w°°/\/A_ chijef’j-
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Thus an important piece of information comes from the behavior of
S ={u e RP —{0}s.t.(Au,u) > 0}.

This does not seem to be quite true at first glance since the u which appears

in the definition of S is equal in our context to | @/vx; |, so that the sign

of u; = r/’; is prescribed. However if all asymptots > +w; are combined,
the various pieces combine and S is naturally found.

Another piece of information is provided by the zero sets of the @w;’s and
a last piece is less explicit, more related to the relative position of Vws®

with respect to Vw3e.

1.5.2 Non critical asymptots

Assume that we have only “masses” w; such that @ is positive.

It is then fairly obvious that such combinations of w; do not build a
genuine asymptot since ‘uAu is negative on them. The same observation
holds if the w{®’s are all negative. The result holds as well when there
are many more negative (or positive) contributions than contributions of
the opposite sign. One would like to understand the behavior of the crit-
ical configurations as p tends to + and relate them to discrete as well as
continuous geometric problems on S3.

1.5.3 The exit set from infinity

The expansion shows the use of the quadratic form ‘uAdw, with u =
ox/vx |, Tt is a quite striking fact that the expression of the nor-

mal form depends so little on the actual functions themselves. The main
dependence is via the vector u i.e. via the signs of the w{°’s. If we except
the case when one w{® is zero, we could think of a model where the asymp-
tot > w; would be replaced by > @£°d;. The critical levels, the indexes
at infinity etc. would not match; but the value of ‘uAu which indicates
whether with the preassigned concentrations Aq,..., A, and with the pre-
assigned values w{°, ..., wy°, the asymptot is genuine or not genuine would
match. So would a decreasing flow defined at infinity.

We thus see that the exit set from infinity is independent of the actual
asymptot. The simplest model i.e. the model involving > +0; intervenes
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as a basic factor in the understanding of the functional J at infinity.

1.5.4 Establishing Conjecture 2 and continuous forms of
the discrete inequality

Conjecture 2 is a key hypothesis in the proof of Theorem 1. The proof
provided in the case p = 3 [Xu] is quite involved. Y. Xu has also provided
in [Xu] heuristic reasons why this result should hold in general.

A continuous form of this inequality should also be derived as the num-
ber p of points tends to foo.

1.5.5 The Morse Lemma at infinity, Part I, II, 11T

The proof of the Morse Lemma at infinity is divided in three distinct parts.
Part I and Part III provide the proof. Part II is an intermediate step
which on one hand provides insight in what should be completed to remove
the restrictions involved in Part I (where the Morse Lemma at infinity is
established when the concentration are comparable) and on the other hand
provides a key estimate (Theorem 1).

1.5.6 Notations v, v;, h;

The w;’s are solutions of the Yamabe problem on R3. They are rescaled
version of @;’s which all have concentration equal to O(1).
For each w;, a domain of influence

1

Q= {z e R3s.t.\i|x — 2] < Min8 Y7,

Eij
1

)\j|$—xj| Z — if )\j Z )‘z}
Eij

P
Any u is defined close to Y- w; ([ |[V(u— Y w;)|? is small) can be uniquely
i=1

P
written as u = ) asw; + v where v satisfies a family of orthogonality
i=1
conditions which read

f Vw;Vv =0
[V&vy =0
(Vo) awf . (Vo)
f Va)\z Vu=20
[VEEVY=0 (0iis in O(4))



Sign-Changing Yamabe- Type Problems 17

The functional J(Y  a;w; + v) can be max-minimized with respect to the

i=
variation of v (under (Vo)) if we assume that each w; is a non degenerate
critical point of J transversally to the parameters of the conformal
group. We will work under this assumption. Then, following the results of
[Bahri and Coron (1988)], the expansion of J in v reads as (f,v)+Q(v,v) +

P
o((|Vv]?)3/2), where @ is non degenerate of index equal to p— 1+ Y index
i=1
J' (wi). Such an expression can be max-minimized. We derive an optimal
0.
This v can be decomposed in each €2; into v; + Bi, where h; is harmonic

and Vi is in H&(Ql)

1.6 Preliminary Estimates and Expansions, the Principal
Terms

The Content of Part 1.

Part I provides the framework for the completion of the Morse Lemma
at infinity. After two preliminary estimates (to be improved later), the
equation satisfied by v is extracted and it is decomposed accordingly to
the Q;’s. © is split in > (#; + h;). Due to the constraints (V0) on o,
this equation involves projection terms which are global by nature (they
express orthogonality conditions). Thus, the various o;’s, h;’s etc. are tied
although their supports are disjoint. The main quantity tying them is the
matrix A of the H}-scalar product in

Sy, {025, 2, 21}
=1 v )\i (’)ai’ 16)\1', 801' ’
We thus need to estimate A and also v, hi.
In a first step (Lemmas 3-11), the estimate on [;|p1 is shown to depend

on an estimate on |h;|oo-

Next, using the Green’s function of an annulus-type domain, a pointwise
estimate is derived on h;(Lemma 12).

The estimate is complex because it involves (via the right hand side of
the equation satisfied by ©) an enormous amount of terms and expressions
related to Q; but also Q;, for j # i, (UQ;)°. Tt ties v;, h; with v}, h; etc.

We need to estimate carefully all of these expressions. This is what we
complete in Lemmas 13—30.

We then are in position to derive an estimate (not yet optimal) on [;] s

and || (Lemmas 31—34).



18 Recent Progress in Conformal Geometry

Using this estimate, we derive in the last section of Part I, after estab-
lishing two further estimates (Lemmas 35—36) on the contribution of @ in
J' (3" ajw; + ). Ow;, our Morse Lemma at infinity under (1.3)—(1.4).

1.7 Preliminary Estimates

We will denote in what follows
gwi

any of w;, %g—‘;j, Ai g‘;l and by v; the Laplacian of any of those functions.

We will work on R3 or S$3. Apgs transforms into the Yamabe operator L on
3. We differenciate (V) to get

2
/vm% /va“’
Oa;0

We decompose ¥ into > @, + h, where each 7; has support into Q;; the Qs

are disjoint and & is harmonic in uQ;.
We thus need to estimate

ai
0w, __
%’/Vwﬁvl
2
/va%Vh
0a;0
Observe that
2 2
O ooi), AZYE Z o(n00).
(’)ai(’) (’)ai

It is difficult to estimate ay; if A; > A, in particglar ;. We need more
insight into the equations satisfied by the Ty’s and h.
We start with the following preliminary estimates:

5/6
_ 5/6 _ _
Lemma A (J"m |6wi|6) + (f |5wi|6/5 S |8wg|24/5> <
0F£i
oo o0 5/2
CO_(lwi®l + [wie ey +557)-

Proof. The estimate on ([ |0w;|®)5/6 will follow from 1. of Lemma
13 below and from the definition of ;. In order to upperbound
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([ |0w;|%/%]0w,|#4/5)5/6  we observe that we may assume that w; is the most
concentrated mass (A; > A¢). We define ; , = {zs.th|x — ;] < i}
Then, on Qié, Ow; reads as (see [Bahri 2001]):

0(5;)

Ow; = cw®0(6;) + ——F——.
Ow; = cwi®0(6;) + T+ 2z —a?

We thus need to estimate

5/6 1/6
59/ r2dr
/ 2 2)6/5 Jwe[ 4/ <C / 1+2)9
o, 1+ A7z —ai?) r>t— (L472)

Max £;;

5/2
ij o

< C Max ¢

On Q; ¢, we know, from [Bahri 2001, proof of Lemma 3.2, that the contri-
bution of dw; — cw$®0(4;) yields 0(e3,). The claim follows. O

Lemma B Y [wjw? + wiw} < C (w2 + wi®?)ed, +€§;).
iZi

Proof. We come back to [Bahri 2001, p. 461] and we observe that, for
r < 1 we used the upperbound

w? <wi (0> 4 Cr
while we could have used
wi < C(w1(0)* +7r?).

With this upperbound, the estimate improves into the one provided by
Lemma B. We will use this estimate in this work. O

1.7.1 The equation satisfied by v

T satisfies
Qe (' (D ajws +7) ) =0

where Qp. is the H}-orthogonal projection onto Span?_,{dw;}+. This
reads (L is the Yamabe operator on the standard S3)

Qrt (J/ (Z Oéjwj)) +Qpe (J' (Y ajw;) D)
+QpiLt (0 (Z il + 3w PR+ RP+ Y |m|5)) =0.
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On the other hand

J" (Zajwj) T=» Ti+h+5L7" <(Zajwj)4 (Zm +E)> :

Applying L and observing that LQprp. = Q*L, where Q* is the dual to
Qp: inthe H-'/H! duality, we derive:

QL (J/ (Z ajwj)>
+Q" (Z AT; + AE) +5Q° ((Z ajwj)4 (ZU + E))
+ Q0 (Xl (72 +77) + 7P + 3wl ) =0
Observe that, since v satisfies (Vo):
Q (A (Zm +E)) =A (Zm + h)

so that, since the §2;’s are disjoint, the above equation can be seen as a
family of equations on the various 7;’s, with very little interaction between
them, except for h. We need to write the equation satisfied by h. Multi-
plying the equation by 1, we have:

Ja(Zrnen)v=[ro=3 [ e [ so

(UQ;)e

Thus,
B IECESS (/mw— f¢> + [ @i-p-
T J O ov; Z Q;
(UQ»;)C
Thus,
5 [ (2 oy / n-ag! v [ (@F-p -
o0, ayl ? Q;
(UQ)°
Hence,
Lemma 1 (7;,h) satisfy
_ ov; 0
— —1 _ . Ne 27 T —1
Ui = Aq. f,Ah = fin (UQ;) B o Ag/ [

Proof. Straightforward. g



Sign-Changing Yamabe- Type Problems 21

On the other hand, > 7; + h is smooth, so that

ov. oh __ o0
oy; oy; N 8VZ_

where % is the outwards normal derivative of ; and =2 is the inwards
k3 Vi
one.
f reads as

=@ (Y o) +5(Xaw) (X5 +)
+0 (Yl (B2 +7°) + B+ X [wl”)

so that the equation on v; reads:

(1.5)

AT; + Q* (53X oywy) Wi + 03 |w; P77 + [13]%)) = —Q* (A" (X ojw;)
J

+5(3 ) (S5 +R) + O(X PR + 57 + [P + 3 [0a]?)
J# k ki

#i
T; = 0]ag;
(1.6)
Let
—fejL_lei

e, = Low;; A= . (1.7)

Then
Q) =g-Y_ |A"| —[oL e ej. (1.8)

We write h as
b= hi+k* (1.9)

when h; = Exgi then rereads:
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AT, + Q*(5(3 ajw))*D; + O(Z |w; P07 + [7:]°)) = —Q* (AT (3 ajwy)

J

—Q*(5(X ajw;) i + O(S |wy B (s + [7sl?))

(S 5(Z aswn) @ + oy + ) +O(T |y "2+
- 37 k#i
+X 1At o T o
oy + E2) + X ([T + [Fl® + [E*7) L e
k#i

V4
= 0|69i.
(1.10)
In addition, we have
oh  oh o,
__9 ) _ 1.11
with
fi=-@Q" (AJ'(Z ajws) = 53 ajw;)* (0 + )
_ -2 - _
+O(Y lwsP (@ +B) + il + [5:]%))
— [ cewe)* Zv; +hj + k")
J#l
FX AT FOUZ P+ B k) Dl | e
[Tk |” + [ P)IL e
V4
(1.12)

Our aim is to find a good estimate on each ; in H} and an estimate
on |hi|s. The two estimates turn out to be tied. The estimates for two
different indexes i # j are also tied. We will derive these estimates after
a careful analysis of the contribution of each term of f; in (1.12). These
terms are either projection terms due to @Q* or other terms involving the
interaction of the w;’s between each other or the v}’s, hi’s.

We need to estimate each of them carefully. This is what we complete
below:
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1.7.2 First estimates on TU; and h;

A key step in the estimate about ; is to obtain a good estimate on the
mean value of h;. This will lead us to a good estimate on h; in a sizable
ball around x;. We start with

Lemma 2 Let ¢; = Adw;.

/@'1/% = - /Eﬂ/h' + Mazx 5%20 (Z Eu) .

/Uﬂﬂi:/@wi—/Eﬂﬂi—/@—@i—ﬁi)w

Jvi; is zero and since v —v; — Y h; is zero on €,

1/2 5/6
___i_ﬁi i_C v—2) i6/5
[w-m—tou|<c([iv (/wa )
1/2
<C </|V5|2) Max 55/2

from which Lemma 2 follows. O

The above estimate on ([, [13/%/°)%/6 will be established later. (1. of
Lemma 13) l

A weaker estimate can be seen to hold as follows: € is made of an
exterior part
{z stz —z;] > Min i} where the estimate is straightforward and

Proof.

interior parts
{zstjlo — x| < =, for j #14, M > \i}.
On such parts, 1] < C6? and because \; > A\i, \jlz — 25| < =, by
k¥
[Bahri 1989, (3.64)],

5; < C6;

for such values of x.
Thus

5/6

/ |;|8/° (/6353) < Cei10g™0 e}

A lw—g < 2%

using [Bahri 1989).
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Let B; be the natural ball containing 2;

B; = {:r/)xi|:17 -z < % Min —. } (1.13)

im

and let B;/2 be the ball of half radius.

Since [ 67 = > we have:
Lemma 3
— C — C
hi i S Maxh + / hl i S Maxh
|| o] < T M Pullés] < <= Max

Qi-B,/s

1/2
+0 <</ V6|2> X Max55/ ) .

This implies:

Lemma 4

[ <0 (S ) (s 8+ S ) o g

Next, we estimate:

Lemma 5

If 0 41,

/ |eg|w’ < 055/2|w|H& Yw € Hy (%) if de > N

5/2

<C¢g, log®/® et [w| if Ao > ;.

Proof. 1If \g > N\, 0 # 1,

5/6
ol ()t <0

since Q; C { |z —zg| > =},

> =
If Ap < i, € # i, then, on Q;,6; < C8; since Q; C { Al — 2] < L3}
Thus,

|€4| < 0515

6/5 o0 353 o/ —1\5/6
e < 5307 < C (e} loge,;")

and the estimate follows again. 0

and
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We then have:

Lemma 6
/ Q" (AJ’(Z ozjwj)) w
o)
<O (X (less + lw¥les) + 30 €32 1og¥® et [wly.

Proof. The operator Q* removes from AJ'(>" ajw;) the contribution of

w?. We are left with w} for £ # i or wjwy or the like. Q* of such terms
involve first these terms themselves. Their contribution is given for ¢ and
k # i by the previous lemma and for ¢ or k = 4 by [Bahri 2001, Lemma
3.2]. In addition, there are the projection terms related to A~!. Those
corresponding to ey, with £ # i, are again controlled by the previous lemma.

The term corresponding to e; is typically:

A = [wiwr L7 te, €.
’ O

Here, we need to understand more the matrix A and its inverse.

1.7.3 The matriz A

A can be written as
B+ C

where C' is an almost diagonal matrix which separates the block ¢ from the
block j:

()o0o
B=|[00o0
0

—

0 (

—

Each block is nearly the identity matrix and, in fact, after a change of basis
which does not affect our estimates, can be considered to be the identity
matrix; so that B = Id.
C corresponds to the interactions between these various blocks. Typi-
cally, it involves terms such as
— /ejL_lei
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which, by [Bahri 2001, Lemma 5 and Lemma 3.2], after splitting the con-
tribution onto € and €2;, is
O ((Joge| + o5¥l) iy + <3 og?/° 1)

AL is (Id—i—C)_1 =Id—-C—-C?....
We then claim:

Lemma 7 The coefficients of A~' at the line i, by, for m in a different
block than i, are

O (Jw3°] + [wiS)eim + S eoll log™ 0 L.

Proof of Lemma 6 completed. In view of Lemma 7, we need to under-
stand only [wjwrL~'e;. Either ¢ or k = i and [Bahri 2001, Lemma 3.2]
provides the result. Or ¢,k # i. We then split the integral between its
contribution on §2; and on €2 and use Lemma A and Lemma 5. O

Proof of Lemma 7. First observe that the coefficients b;,, of Id — C —
C?... build convergent series as each multiplication adds p terms, but
which are all multiplied by an additional o(1). These series are, in absolute
values, bounded above by a geometric series.

Furthermore, the coefficient of the line ¢ of C" are obtained after mul-
tiplication of the line ¢ of C' with the columns of C"~!'. The estimate on
—f e;L~1e; provided above yields then the result. O

1.7.4 Towards an Hg-estimate on v; and an L°°-estimate
on h;

We would like to derive an H&—estimate on v; and an L*°-estimate on h;.
We thus need to estimate all projection terms in (1.10)—(1.12) and we also
need to estimate each term in [ fiw, where w € H} (). We start with:

Lemma 8

[0 ([ S ol 8D+ o 4 | 0] <

ki

C (Dbt + Y ermell? + > e (Do (] + Doy +€3/%) ) -

Proof. vy, hi, k* have all supports in Qg. O
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Thus, denoting

s=0 > lwel*(1D&] + k| + K*[) + [0 ]* + [Fk]® + &7
ki

we have:
SC/ il | Y lwel* 1Tk + [Re] + [E*]) + [Tx]° + [Re]® + |£*]?
Qf

’/sawi
k£
52 1/6
<c|([fvee) (/ |soi|6>
o
5/6 1/2
(i) (o)
o

It is then clear that

and, by Lemma A, that

5/6
(/ DY w““) < O (00wl + ey + <7)°).
Q¢

The result follows. _
We move now to estimate the contribution of h;. We observe that

5 (3 ajwj)4ﬁi +0 (3 1wsR; + Rl ) = O (3 sl + IRl

and we then have:

Lemma 9 Vw € H} (),
o 1/2
S [ st + Pl < [ 1vuP)
|El|oo —
X (Z €0 + WBZ'Q + (Z Ekm) (Z e7; log™/® 5&'1) :

Observation. |h;|o 5/, = Sup,ep, /s |hi(z)].

Proof.  The contribution of [, |w[|h;|® is clear.
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For A\; > X\, 7 # i, we have:

B 1/2 N2 2/3
Josmaze(t) " (fesr) (£
6
/ w; < / wJG- < Csf’j.
Q;

Nile—i|> -

and

For Aj S Ai7>\j 7& )\1‘, |Wj| S O(SZ on Qi, so that

[ (f ) (f55e) ()

and the estimate follows again.
For j =1,

3 1/2 5/6
[ttt <c( [1vuP) (Ih s (flo2)”
2/3
1/2
+ </|Vv|2> [

Ai|x—x4|> Mins%ﬂ_
and the estimate follows again. g
Lemma 4 and Lemma 9 can be improved as follows: for j # i and A; > A;,
2
Q CBj=qzsthjle —zj| < —».
€ij
We claim that:

Lemma 10 In Lemma 4 and Lemma 9, Maxp,/, |hi| can be replaced by
Maxp, /,— B, |hi| if the remainder terms is replaced by O(3 55/2 logf’/6 71).
Proof. The main fact is that we are now missing the contribution of h;
on Bj.

We observe that

/B‘ owl =0 (/B 8wi35§’> =0(e}; logsi_jl)

J

and the results follows. O
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_In order to complete our estimates, we need some additional work on
h;. We have:

Lemma 11

S [ ket + ) + ol + o

+0(0(futmaw + [laPiowiet + [P 10wl + 3 [l

J#i
Vi|Hg1 |5i|5 1 E- 00
/|8w1|5 <C v |H T | | B;j» — B;
1/)\ Max ;4 j

D Ehe Z £k £ ng/z _
1/)\ Max EU

Proof. Using [Bahri 2001, Lemma 3.2], we have:

/|wz| B2 +/ B (0wil + 3 s 4153l 0] /|awz|5

J#i
-c Tilty eislTil g
= + .
Ai Vi

Through Lemmas 2, 3, 4 we have estimated [ w}7;0w;. We have

‘/w Uzawz /|(9w1|5
< O (e g s (S (e )

Observe now that either A\; > A; or |w;| < C§; on Q;. Observe also that

1
0, CB; Gy
<:C )\i Max Eij>

so that

1 1
41— — |5 _
Wi o] + o]?) < Clo;g + [T x —— | .
/Ql(j|| ||) ||H§<\/)\— | H} \/m)
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On the other hand,

- 7 E’L 00
/ wilhi| + [hi|” < C (' )\| B2 — By
Q i

5/6

24/5 255
+ ZEMZ / wj + \/)\1‘ M;f( 5ij

J Qi —(B;/2—Be)

Either Aj Z /\17] 7é 7. Then,

5/6 5/6

24/5 24/5 3/2
wj / < / wj / < \/)\_iO(Eij/ ).

Q2i—(B;/2—By) Njlz—z;|> A

3

Or Aj S /\i7 |Wj| S C(SZ on Ql and

5/6 »
4
</Qi(Bi/2B€) w? /5> =€ </Qi(Bi/ZB@) 5324/5)
<C 1 M 3/2 2175 5/6
<o gz (o)),

On Be(Ae > M\, L # 1),

0; < Céy

and

5/6 5/6 )
52/ 5> < / 57 < —=0@E).
</QiﬂB[ ! )\@'I*I['Z% ¢ \/>\—’L i

Next, we assume for sake of simplicity that €2; is:

B; = B(xi, pi)
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1.7.5 The formal estimate on h;

Using the Green function on annuli-type domains, we derive in what follows
a preliminary estimate on h; (Lemma 12).

This estimate involves the contribution of f i.e. of the f;’s on €; but
also on Qf; it is an intermediate result which displays the expressions which
we need to estimate in order to upperbound |h;|s and |v;] H-

We give an estimate for h; in QZ—.
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Lemma 12 Fory € SNL-,

- 1 T |f]
h; <C|—
Ihay)] < (pz-/m'f'ﬂym R r—
)\i (Sl )\j(Sj .
+y/ /Biclfl e (y)/lefl>

Proof. Let At be an annulus-type domain such as €2; but with outside
t

radius (1 —3 ) p; and inside radius (around x;) (1 + §> Ti, t € [0,1],

__(1 C)'_'_lll

P = 10 Pir, Ti = 10""1- O

Since h; is harmonic in ;, we have

= [ e (1.14)

where Gy is the Greens function of A;.
Averaging and changing variables, we find

- 2 1 _
hily) = — /O (7) X(1— )5, <la—a:] <p, B (x)da

Pi

2 1 _
ool O e I PG ~ h;(x)dz.
1y Kl ) R

Indeed, for y € SNL-,

0G 1
E(m»y)‘af;t’m =0 (p_zz)
8Gt

(2,9)| <C 1 | <G
o PP o =E\ e =yP e —yl) oA = iy — o]

We solve

1 1
—Ay = —O _e o O | X5, <|p—x. <37
Y= cpi (PZ)X(I 5)p; <lv—=i|<p, + (Ti|yxj|)xnﬁw x| <37

and if |y — z;| > 2r;

1) is positive, splits naturally into two pieces:

Y =11 + P2
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and it is easy to check that
pi1 and ry)g are L°° — bounded independently of 4 for y € ﬁz (1.15)

Thus, using (1.14)

s . ohe  Ohe
hily) = /]R3 Agh /(um vah+ Z /asze <3W 31/[) v

= — AR — AT — ~
/(UQIZ)“ v ; O 31/ B A0V = /(UQZ)C v ; Q Feve

where 1@ is the harmonic extension of 1/1’ 20,
Using (1.5), we find

hi(y) = _/(um)cwf_zg:/m fee

w} (UQy)¢ and the ’LZ@ are harmonic positive. They are all upperbounded by
the original ¢. Thus,

|E-<y>|s/(um ulfl+ 3 [ wlrd
0)°¢ ) ¢

1) reads as

“/’(”/Rsﬁ

2 1 2 1
X< —0 _ e +—O [ ————— v _
{Cpi (PZ)X(l §7:<|lz—=x;|<p; + i (Ti|yxj|)Xri<xxj<gm}

= T + II.

If z € Q;, then

<<
Pi

IfzeB;, I< %Xzij < C6;(y)\/AjXzeB,-
If z € Bf, then by choice of p;,

1 c

|X<1f§>ﬁiswxm|§m <

|z — 2 |z — @]
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Since \;|z — x;] > \ip; is large, this is upperbounded by Cv/\;d;(2) so
that

I < CVNibi(2).

Thus, the contribution of I to the upperbound on |h;(y)| is
C
= [ eva [ 1n sV [ i
Pi Jo, B¢ B

If z € B¢, the contribution of (II) is upperbounded as for I since |y —
SCj| Z 27"1'.
If z € Bj

1 < C
|£C — Z|XT¢§|I7IJ'|§%FI- = r_iXTiS\:cfrcj\S%Ti

and

1
| | < Céi(y)\/A;  since ly — x| > 2r;.
y—j

Thus, if z € Bj, the contribution of II is upperbounded by

C\/A_j(sj(y) fBj [f1-

Finally, if z € €, either |z — z;| > 2r;. Then,
1 C

XFiS\xij\S%Ti < ‘|Xﬂ§\xfrcj\§%7i'

w2 F -1,
This contribution of II is bounded by
Cr; |f]

ly — 4| Ja, |2 — ;]

X|z—z;|>2r;-

Or |z — x| <2r; and |z — 2| < 4r; if X, <|o—a;| <7, 1S DON Zero.
So that
1 2
/ —X7i§|I7I]‘|§%Fi < C’ri

|z = 2|
|z—x;|<2r;

and this contribution of II is bounded by
C C r; f
I

ly — ;] ly — il Jo, [z — =5
ri<|z—a;|<2r;

Lemma 12 follows.
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1.7.6 Remarks about the basic estimates

(1) We note that the values w® are intrinsic. They are related to the a;’s.

(2) We therefore note that

/wiij =0 ((|w§’°| + wi®|)eij + sf’j) )

5/6
(3) We note that, in (f |wf4/5| |wg/5|) , we may always assume that ws is
the most concentrated. Hence, we derive the estimate |w$°|e;; —i—O(s?j/Q).
This is a direct estimate.

(4) [ widwi0ws.

We may assume that wo is the new concentrated one. We split between

/ wf8w18w2+/ w‘fawlawgz/ wf@wlawz +0 (6%2)
0 Q¢ o

(€]

wy is completely deconcentrated. On Q1, A\r = A|xz—az| > i where A = L

€1
(due to rescaling). ’

Then
|(1)|<’/ wiow w°°0(5)’+0/ P L B
“ g, o TNz —af? T
0(Jws®le12)
1/6
. r2dr oo 5/2
Ol +0 | [ s | = OUeFlen+eil).

> 1
—e12

1.7.7 Estimating the right hand side of Lemma 12

The expression of f can be read on (1.10), (1.12). It is quite complicated.
Lemma 12 provides an inequality, a gateway in order to estimate |h;|o. But
this inequality will become effective only if we estimate all the quantities
involved in its right hand side.

We thus need a series of very basic estimates, on each of these quantities.
We start with:
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Lemma 13

(1) For { +# i7fQi wd < Ce3,
(2) If £ # k[ wilok] < \/ﬁ ((|w |+|w<>o|)gm+255/2>.

(m here stands for whichever of £ or k is not i if the other one is i).

(3) 15351-:0(5%) for 04

2 5
W) et =0 (3 + T, )

00 00 5/2
(). 2 i oklenldy = 0 (| + 5 eve + <) + <5

(6) Jpe leeld; = Oleej) for £ # j
=00 Efr{?) fort=j
(1) 3 Jo, wilerld; = O(ehef”)
ke
ki
(8) Jq, lecld; = O(eiz) for € =i
= 0(e,[%e}?) for €+
(9) g; Jo, wilweld; < Ceiy (B (wi®] + lwi®leie + €5,)-
Proof of 1. If \y > Al, the estimate follows from the definition of Q;(€; C

{:cs tAelw — x| > 2 }) We thus assume that Ay < A;. On Q;, |z — ;| <

SA =, SO that

||z — xe| — |we — 2| <

1
8\igir

Thus,

A
’)\g|x — xy| — Ae|ze —:viH < c)\“/A—lf |xe — ;).
2

If ¢ is small enough, A\¢|x — x¢| and A¢|zs — x;| are of the same order.
Then,

C C 1
< —— | <
/Qi = N3z le-|6| = Ny — 2|6 (A Max 4m)3

< Cel,.
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5/6
Proof of 2. Observe that fQi wiwy| < €;]1/6 (f o, 24/5|w |6/5)
5/6
< ?\iMix — (fﬂi |We|24/5|wk|6/5) , O
Assume first that ¢ or k = 4. The claim then follows from [Bahri 2001,
Lemma 3.2]. Next, if £ and k are different from i, we use 1. and Holder to

conclude.

Proof of 3. Either |x — z;| > %|xz — z;|. Then, §;(x) < ev/Aegye and

Jp6ti=0 (\/L[) where D is the domain where |2 — x;| > —le_oml-
Or |$—$é| > §|$€_$i| and |$_$i| < 1—10|.’L'g—$6i|. Then, (Sg($) < C\/)\_igié

and

VA
T+ Xla—aiP) 7

545, < O\ M/

Dec \w—wi\g%o\mg—mi\

A2V 2 r2dr

3 G ey 2\1/2
R N (e

Cred, ) o 1 ( Eil )
< N T — x|t = ’ - -
=N 1|Cw t | \/)\i)\é|x€ —$i| )\2/2|$w —ZEi| ’ Ve

=C

O

Proof of 4. Either \y < A;. Then |wy| < C§; on §; and the estimate
follows from 3. Or Ay > \; and the estimate follows, after the use of the
Holder inequality, from the definition of §2;. g

Proof of 5. Either k = j and the estimate follows from the fact that
BS C {\jlz — x| > i} Or k # j. Then

1/2 1/2
/w,%|wg|5j < </wiw§) </wé6§»> .

The estimate then follows from Lemma B.

O

Proof of 6. Straightforward. O

Proof of 7 and 8. Follows from 1, after the use of the Holder inequality
(for £ # i in the case of 8.) The estimate on [, |e;|d; is straightforward. O

Proof of 9. Use Holder and [Bahri 2001, Lemma 3.2]. O
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2. can be modified as follows if A\; < A;, € # 4 or if A\ > A;:

Lemma 14 e If{#£k and Ny < \i, L # i,

< —)
/ e r

o Ifl#k and Ay > A,

C
4 < o] 00 3 .
[ttt < — (7l + i Dese + )

J

Proof. If £k and \y < \;,f # i, we use 1. of Lemma 13 and Holder.
If £ # k and A\p > Ay,

1/2 1/2
/ w?|wk| < </ w?wi) (/wzl) .
B, B,

J J

Lemma 15

Z/ w?|wk|5i+/ w21|wk|5j+\/%0(€ij)/ e

oo (o' 5/2
“Y -0 (zuwk ot ens + ) PEENE SPYEe
k

s#£1 k

) (S + g D + 52,

v/ Max €,

Proof. We use 5 of Lemma 13 for the first term, 7 and 9 of Lemma 13
for the second term and 2 of Lemma 13 for the third term. O

Lemma 16

Jos 0P8+ o, 198, + Oleis /35) [, 197 = O (7 (] 19912)°%).

Proof. Straightforward, via Holder. O
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Lemma 17 For O = ¢; or ¢,

/(UQm)c (Z agwg>4 KO + \/)‘—jO(Eij) X / (Z azwz>4 ||

(Uﬂm)cﬂB]‘

gc(/ww?)wzggé (zt:\/aJrzt:@)

Proof. Observe that [, w§ = O (3 €3,) and that | B;|'/% < \/#75
i j ax €js
g

The proof follows in a straightforward way from these estimates.

Lemma 18 Let s be bounded in L®. If m # ¢,

| A7t st_lem | (/ |6e|51‘+/ |€Z|5j+0(5ij)\//\j/ |eg|>
, o5 Q B

14

<O [ i (Ul + oz Deem + <3 log® ;1)
0£i

+ (et vE ek (@il + ohzem + €5 1080 27t )

teig | D (wf] + Wi Dem + eol log™ 0 e,

m#i
Proof. Observe that [, |es]6; = O(eg;) for £ # 0,0 (3 €3,) for £ = i;

that fQi lee|d; = O(eqe) if € # i since either Ay < A; and &, < ¢d; on

5/6
i, Jo, leeld; < ¢ Jo, 02085 < € (Jo, 877°0)%) " < Coigsor de 2 Ny 0 £

and the estimate follows from the definition of €2; after the use of Holder.
Observe that fQi lei]d; = O(e;j). Observe finally that

O(eij) v >‘j/ lee] =O(es) if b =3
B;

= 0(53]/2‘ /€:;) after the use of Holder if ¢ # j.
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We also know that, for £ # m, the coefficient of the matrix A is

0(y/ (W% + wi)epm + €, 5/2 1og5/6 71) .

Lemma 18 follows.
A corollary of the proof of the above lemma is the following estimate:

Lemma 19

/|eg|5i+/ ledl6; + /%0(e) / ool = Oleie + Va7 S /) if € £
o

= O(ei; + Zsfm) if £ =1.
We then have:

Lemma 20

[ttwdizred

= O((lwf] + [wiDewe + epe) (] + 1w ews + ) if k # ¢
= O((Jwf°| + |wees +edy) if k= L.

Proof. 1If k=1(+# s, the estimate follows from [Bahri 2001, Lemma 3.2].
If k # £, we have:

1/2 1/2
/wi|w5||L_1eg| < (/w,%(L_legf) (/wﬁw?) .

L~1e; expands as Ow,; does. We may assume that wy, is less concentrated
than wy after the use of the conformal group on S3. Lemma 20 follows from
the estimate on [@jw3 in [Bahri 2001] verbatim. The precise expression of
wo is never used in this proof, only expansions, which L~!le, satisfies, are

used. 0
Lemma 21
5/2
/|E|5|L_1eg| =0 ((/ |V6|2> ) .
Proof. Straightforward. g

Lemma 22

/(Z%%) NIL el < 030 2 (/IV@F)W_

Proof. Straightforward. g
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Lemma 23

}/w?L*lee(m +Ee)’ <C (/ |V5|2> (255/2 4 265/2 10g5/6 —1) '

Proof.  Follows from Lemmas 2, 3, 4 after gathering the contribution of
7y and hy. O

We then have:

Lemma 24 If{#1t
3 1/2 5/6
[ el 4Rl iz e < € < / |W|2) ( / (w?Llee>6/5|wt|6/5)

1/2
<o ([198) (ol + oo + 10

Proof. A small variant of the proof of Lemma A. a
Lemma 25 If{#1t

/ (el [Bm + o] | L]

5/6 1/2
<c < [l o i) + |wt|24/5|L1ee|6/5> < / |vv|2)

1/2
<o ([1908) (el + loiben + 100

Proof. We split between the case when |wp(z)| < |wi(x)| and the case
when |w:(2)| < |we(z)| at a given z and we use Halder. O

Lemma 26 Ifk #¢,
/wgwm Tl L el

1/2
=¢ (/|V5|2) (Z(|w130| + |wiewk + cp” log™/® 51?@1) :

Proof. Straightforward. a

Next, we have the following key Lemma which displays the quantities
that we need to estimate:
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Lemma 27

o+ Repi e

2
. 1 2 , 2
<c{miy+5m ([ 1) +xi ([ 1) +</B§|f|5e>
2
+ (/Be |f|5f) >+C/|VU|QZ€?W

Proof. Using Lemma 12, we have:

_ 1
/ fwelP [T + Fel? 1L el < Clmel2y, + / Jwel?|L e (E I
+ /b / [+ / 168+ v/ / |f|5e>

+ C'/ |Vo|? Z £, (for the contribution in £, — Qy; observe that / |we|®
D

< Ce},. on the inner radius of Qp — Q. This follows from 1 of Lemma 13).
O

Since [ |wl?|Lteo| = o( ) and [ |wil?|Lte,|02 = O(e2,), Lemma 23
follows.
Observe that the above proof implies the estimate:

(Jotoci)* e [ s R

1/2
s [ s [ s ml+ ([ 1900)
B¢ Be

x (Z ggm)) - Cy.

(1.16)
We then have:

Lemma 28

/w?wi—l—ﬁiwj—l—/ w?|ﬁg+ﬁg|6i+\/)\j0(5ij)/ w;—l|5j+ﬁj|

i 0 Bj

< O(eij)(vi +75) + Oleseve).
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Proof. we observe that

. 1/2 _ 1/2 C
/w;—le' + hj| </w;l> </w;-1|5j + hj|2> < )\"Yj
VN
. 1/2 _ 1/2
/ wj [T + held; ( / wz%cs%) ( / w[ve + he|2) < Cyeeue
1/2 1/2
g

Lemma 28 follows.

IN

IN

IN

Lemma 29

oo 0(52 )
w4 W §C|wm|5mé+ ml a
Jy ettonl < CRE S @

5/2 .
m| < €; L, . b
/ wi|wml SYRTTTE MaXE]SE if {,m # j (b)

Proof. (b) follows in a straightforward way from 1. of Lemma 13 and
Holder. To prove (a), we expand

0(82)

m

Wi, = CW 0 +
VAm

so that

1 £2
4 ) 4 4 ¢2 Im oo 4
Wi lwm| < c|wm|/ wlém—l——/ wpba < C—+c|wm|/ wy o
/Qj Qj vV )\m Qj V )\m Qj

We split [, wjdy, into two pieces A and B. A is the portion on {x s.t |z —
J
am| < flae —am|}. On B o —dn] > 1. We then have

’ ‘U«E anl‘

Clw%ol/ gy < Cleml 1 / _ridr_
o Alae = aml* X2 Jr<2mmja,—a,) VI+T2
clwee| clwlerm
\/_|aé aml/ Wi s VAeelag — am|

N clwee| ) f( 1 1 >
— " _inf(—,— .
VAmlae — am| YD
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(Observe that if Ay < Aj, £ # j, |we| < Cd; on Q). O

The claim follows.
Lemma 15 is modified accordingly. Indeed, in this estimate of this
lemma, we have used 2 of Lemma 13 to estimate \/A;0(ei;) [5 wilwkl-

For ¢,k # j, we use (b) of Lemma 29. For £ or m = j, we use (a) of
Lemma 29 or 2 of Lemma 13. We observe that if £ = j, by (a) of Lemma 29:

0(e7;)
VA O(esj / |wk|<C|w lejkeij + /A LA
J B, k 1= J \/_k J

This works for A\ > A; since we then derive:

VA O(Ez‘j)/B wilwi| < Clw®lejreij + 0(eq ei5)-
J

If A\ < Aj, we come back to 2 of Lemma 13 and we derive:

Oleys
VA OGey) [ wflenl € B0 (o5 + e + 3 17).

Max ¢,

This provides the estimate if £ = i. We thus assume now that k # i.
Since |a; — ax| < |a; — a;| + |a; — axl,
1 1 1 1

or
la; — ar| ~ 2|a; — a; la; —ar| ~ 2|a; — akl

so that either (A < ;)

c

€ii€ik < S
YR Z VR VA la — aklla; — axl

CElkEJk

or

c

cii€in < <
i€k < MV AL VA ai — ajl|lai — a]
(Bj C B,k # Z)

< Ceipeij since Aj > A

At any rate,
€ij€jk
———— < Cei+\/Ejk-
v/ Max g v
Thus,

VA O(Ez’j)/B wilwg| < C ((|w}’o|€ij + Wit leik) V/Ejk + €ij Z%) :

J
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Lastly, if & = j, we have after using (a) of Lemma 29:

\/ j EjeEi
VA O(eiz) / wilw;| < Clwi®| == J c + O(eij)e5,
B,

C|w<?°|5i<
J J 2

O(eij)es,.
= Mela; — a TOE)ese
Summarizing, we have:

Lemma 30

VA, Oes) / whlwn] < ofwi®lea + [wilew) + Ceiy 3 €2,
B

1.7.8 R; and the estimate on |v;|p;

[hioo
Vi

We are now ready to derive an estimate on [;|1 +
We denote

Ri:/ |f|5j+/ |f|5i+\/)‘j5ij/ £
Q; .BC j
r, = Z(|w,§’°| + [w)ers + 255/2 log®/6ep !,

We then have:

Lemma 31

RiSO(Fi)JrO( .1/\-/.|f|+25w (;/\ |f|+|m|Hg)
+ (ZEU) |U1|H1) +0 (EUZES/Q—I—\/;ZES/Q).

Proof of Lemma 31. The expression of f is provided in (1.5).
By Lemma 15 improved by Lemma 29, the contribution of w?wk is
bounded by

Z esil's + 55/2 + Z O(Eik&‘i]‘) +o (Fz) + CEij Z E?S'
s#£1 k

Since €465t = 0(g4t), this can be replaced by

)+ O (EU 253/2) .
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The contribution of [7|> by Lemma 16 is 0 ( /e ([ |V5|2)5/2). The con-
tribution of (3" apw,)*|k*| is, by Lemma 17,

o) sz mra))

The contribution of (3" aywe)* (T + him) and the like (the direct contri-
bution, not the one due to @*) splits between the terms where ¢ = m and
the terms where one of the indexes ¢ is not m. We may upperbound this
total direct contribution with

C | wnlTm + Pl + D @[T + T
k#m

The contribution to R; of w2 |, + hy,| is provided by Lemma 28: it is

1 1
0(g;s R; R; —_— e Vil
<ej>< " J+pl_m/m|f|+pm_j/m|f|+|vJ|HO
1/2
+</|W|2> Z%>

1 ~ » 1/2
+ 0(cir) <R4+ T </|Vv| > Zem).

The contribution of Y wi|Ty, + hum| is
k#m

/ wé|@+ﬁl|5j+/ w?|5¢ +E4|5i+\//\j O(EU)/ w§|ﬁj+ﬁj|

Qp Bj

with k #£ it £ 0,5 £ j,j #i,0#i.

The first two terms are easily upperbounded using 1 of Lemma 13 by
1/2

1/2
Ce2, (/|va|2) N </|W|2)

The third term is upperbounded by

1/2
cvesed ( [ 1ver)

1

— 3/
\/m =0 (51J5§j225u) .
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The direct contribution of (3~ apwy)?(Tm + hm)? and the like is upper-
bounded by the contribution of

C ((Z azwz)4 O + T | + |U|5) .

We are left with the contribution of the projection terms. For m # £, the
contribution of these terms to R; is provided in Lemma 18. It is

0 (Z EMFZ) + (53’5 + @2522) Iy.

For m = ¢, Lemmas 23, 26, 27, 28 provide the contribution to R;. It is
=i O (eij +Zs§m) % Co,
0 O (st a5y ) x Co

with

5/2 1/2
Co<C (Fe + </ |W|2> +3 e (/ |W|2> log®® ! + ol 7

1 2
+ R} + — + [V 25 im | -
0 Nep? (/ﬂe |f|> /' vl Qm)

Observe that

1

Ri = o1),Ts = o(1), ——

/ |f] =0(1),£ieT¢ = o(T;).
Q;

Thus, our estimates read:

1 O(Eij) R1

1
S = o) x / |fl+ E |Ue| pr1 €3¢
: iV i Ja, - °
1 R, prviiden

_ 3/2 5/2
+ 3 eylola +Oeiy S X vEw Y el
i

An equation goes here
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It is not difficult to see that

-1

0 0(eij) 0 0(ei5)
d+| - —Id+

because €;1¢m = 0(€im)-
Since eIy = o(I;), the claim follows. O
Lemma 32
1
=o'+ |v; 1)+O( el 1).
T =0 (T )+ 0 (el

Proof. Using 2 of Lemma 13 as well as Lemma 14 and Lemma 29 (for ¢ #

i), using the fact that [, e, < ﬁ efé/Q(for 0 #14) = C\/pi 5%27 we

find that the contribution of @*(AJ' (Y ajw;)) is o(T).
Using then Lemma 14 and Lemma 12, which we revisit after Lemma 31,
we find that the remainder of the contribution of f is:

— 1
0 (|’Uz'|H[} + T +Ri) +0 (W /Q» |f|>
1
=o|(|v; +Fi) + / + ) culv )
o ([Tl o(x |11+ Y el

1
o (Zsiepe\/k—e o |f|) '

Inverting our matrix as usual, we derive the estimate (use £,y = o(T;)).

O
Finally, we have:
Lemma 33
il gy = O(T'3) + o(I'y).
Proof. O

We multiply (1.2) by w where w € H}(€;) and w is H}-orthogonal to
the small eigenvalues-eigenspace of —A — 5w} on H} ().

We derive
/ (Av; 4 bwivy)w :/ gw
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g is made of several terms. The first contribution comes from
Q*(AJ' (3 ajwj)). It is estimated in Lemma 6. We have:

/Q* (AJ’ (Z ajwj>) w = O(T;)|wlg; -

Next, we have the contribution of
O | > wi (k] + [kl + |E*]) + [0 + [Fk]® + |57
ki
which, by Lemma 8, is
o(L's)lwl gy

Next, we have the contribution of h; which we trace back to Lemmas 9-
10 and Lemma 11. Tt is o(T;)[w|p; except for [ wi|hi|lw| which yielded a
contribution equal to

1 _
algolT) + lolig (2 Max [ ).

We revisit this estimate using Lemma 12. We obtain:

1
‘ 51 1
<0<F>+0< o |f|+/B§|f| >>|w|HO+
1 ) -
([, 110) e v f 1) [ o=

1
(O(Fi)+0<\/TM/szi |f|+/Bg|f|6i+/Qi |f|5j+\/)\_jfij/3j |f|>> Wl -

Using Lemmas 31 and 32, we find that it is (O(Fi+|vi|Hé)+
0 (Z WIWIHg)) Wz -

We are left with the projection terms associated to T;, h; and with the
contribution of v; to g.

4
The contribution of 7; to g comes from (Z ajwj> —adwt | v +
J#i
0(|7;|?) and thus yields

o([Vi] ) [w| -
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For the projection terms, the contribution of T; and h; is gathered. For

0 F# 1,
‘/ egw‘ < Csfe/2|w|H&.

For ¢ = i, we use Lemmas 20-24 and derive that these projection terms
contribute (use also Lemmas 25-27)

(0 (X culmely + 0Tl +To)) lwly ) -
We thus have:
/ (Av; + bwiv)w = (O(Fi) +o(; + |UZ-|H3)) lwlgg Yw € Hi(Q).
Q;

(1.17)
On the other hand, revisiting the proof of Lemma 12 after Lemmas 31-32,
we find

/hiwi = (O(Fi + |vilga) + O (ZEizlﬁeng)) :
Thus
/inizo(Fi+|vi|Hé) +O(Zsig|w|Hé>. (1.18)

Let Ow; be the H}-orthogonal projection of dw; onto Hg(€;). We have:

/ Vo Vow; = (0(1—‘1- +Joilgy) + O (Z mmm&)) jwlga.  (1.19)
We assume as in [Bahri 2001] that the operator
—A — E)w;1

is not degenerate on Span {Jw;}+ = W.
Let w € W. Let W be the orthogonal projection of w on Hg(£2;). Using
[Bahri 1989, Lemma 3.2]:

fouses [ [eovns foon
()™ (freer) )

= (0Ts) + o + il my) + O (3 ety ) ) el
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Adding up the norm of the projection @; of v; onto Span{dw;}, which we
know by (1.18) to be of the same order we find, after inverting the matrix:

[vilgg = O(T';) + o(1y).

Lemma 34 Given ¢, > 0, there exists a constant C., such that

2

2 [e%e)
vilgs < Ce, ) witei
ki

+ &0 (Z (w}j% + w?&) 5%1‘ + Zsﬁtaki 10g5/3 Es—tl) +0,, (Z EZ/Q) -

Proof. Let v be an eigenfunction on R? for the linearized operator with
eigenvalue 0; #£ 5,60, # 1

L= —A -5l

Thus 1; satisfies
—0;Ap; — 5wl =0 ,0; #£5,0; # 1.
We estimate
> / wiwki.
k#i
We pick up a special value of k. We rescale wy so that

)\ .
%sﬁsﬁ

where 7., is a fixed and large constant. We also assume, changing stereo-
graphic projection if needed, that |a; — ag| is bounded.
Let
1
A = {:17/)\1|:17 — (11'| < —}
Eik
Since ., is large,

|z — ag| = |a; — ar|(1 + 0, (1)) for x € Ay



52 Recent Progress in Conformal Geometry

wy expands on Ay, into (L is a bounded linear form)

wk(w) — o> vV )\k vV )\k L()\k(l‘ — ak))
FO+ A2z — a2 (1 + Az — ag)?)?/?
+ O(V )\k) _ wgo (1 +0(1)) + 0(7820)
T+ Xe — ax)*2 ~ aglar, — a A a; — a?

1 1
VA Lk (x — -
=+ k ( k(5Zj ak)) X <(1 + )\i|x _ $k|2)3/2 (1 + )\i|ai _ ak|2)3/2>

VA Lk (@ —ax)) w1 +o(1)) 0(+2,)
AT X2l —alPP?  Vowlar—aid (s — anl?
Ak L( A (x —
SWVw 2 al) k2( k(@ —ax))
1+)\ |a —ak|)3/2 (14 Aila; — ax]?)3/?
Calculating
4 &
wiwpi = —— [ Ay,
A 5 Ja,
observing that 1); expands as an w; does at infinity,
Ci 1 9
—0; | Ay = —0; | Ay = + O(eii)

Ay \/)‘_z Ag VA VA

and that

—0; A L(x —ax) = —0; | Ay L(x —ax) + 6; A L(z — a;)
Ax RS Ac

1 1
+60;L(a; —a AY; =0 Eik + — 2
( k) " (2 <Az ) ow O(i);

we derive
/ w?wkwi = cwileir(1+0(1)) + O(E?k).
Ag

Observe now that

5/6
/wawkz/%20</66i6> 20(5%2).

k k
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We thus derive that

2 / wlws = e y_wiem(L+o(1) + O().

ki ki

/eiwi =o,

since L~ 'e; is an eigenvalue of —A — 5w} with eigenvalue 5 or 1. We thus
see that

Observe also that for every e;,

Z/Q*(wfu}k}wi =c Zw,‘faik(l +o(1)) + 0(5%2).

k#1 ki

This holds for every single eigenfunction ), ..., %™, with 6; # 5,0; # 1.
As m tends to +o0, 6, tends to zero. We split

H'=FE, @ B
where
E,, = Span {¢}, ..., 9" L™ e;}

and Er- is its orthogonal for the scalar - product [ VAVE as well as [ w}hk.
Let p- : H — E:- be the orthogonal projection.
For w € E;; , we have:

0 (Z 521-/2> +/Q*(wfwk)w = /w?wkw < (/w?wi) v (/w?uﬂ) V2
<bm (/w?wﬁ) v (/|Vw|2)1/2.

This implies that (Jo|g = (— [ |L]py) Y2 for ¢ satisfying (Vo)
L7 (@ (wiwi)) [ = 0 ((Jw5°] + [wi®]) eak + €3r)
and thus,
L7 H(Q" (wiwn))

S Cm‘ ngosik
k#i

o (] + e +€5) + Om (3 €il).
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If we consider other terms in @*(AJ'(}° ajw;)), we can drop Q* in view of
Lemma, 18, the observations on the coefficients of A and Lemma 20.
We are left estimating

[ it + wtuiDlul.

i

We have:

1/2 1/2
[ ttutlol < ([ wtat) ([ wrute?)
Q»; Qi Q'L
1/2 1/3 1/2
co([ )" ([ )" (o)
gli gli

= o((lwf®] + |wi®Deri + €ks)

1/2 1/2
/ wgwg) ( / ww)
S)i S2i
1/2 1/3 1/2
L) () ()
gli gli

= o ([l + Wi Ners + i) -
We thus see (L; is L; acting on H}(€;)).

L7 Q (AT (O jwi)) s < C| > wite]
o (S0 + e + > e vERlog™  eit) + Om (30 €0?)

This combined with Lemma 31, Lemma 32 and Lemma 33 yields the result.
O

1.8 Proof of the Morse Lemma at Infinity When the
Concentrations are Comparable

After estimating the contribution of ¥ in J' (3 a;jw; +7). dw;, we establish
the Morse Lemma at infinity under (1.3) (which we always assume) and
(1.4) which we will eventually suppress. (1.4) states that the concentrations
of all masses are comparable.
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In what follows, we will denote

2

2
Si = CEO E w,‘josik
k#i

+ &0 (Z (wzo2 + wf°2> €2+ Z el eni log5/3 E;tl)
+ Op, (Z E?Z) .

Bwi

In the sequel, dw; is St

(1.20)

Lemma 35
Z/ Wil < o (o AaT2).
01

Proof. For a given £, we decompose_the above integral into two pieces,
one on Qg N QC and the other one on (Qg uQ, )¢ Qg and Q; are the subdo-
mains of €, and ); where the estimate of Lemma 12 holds. O

We first take care of

/ B we|8wl||vg + hg|
Qeﬂﬂc

We start with [5 -&. wi|Ow;|[Te| which we split into two pieces A + B.

A= [ w?|5wi||w|
SN {jo—ai| <dlas—acl}

B= [ wi|Ow;]|Te|.
Qgﬂﬂfﬁ{\w—ai\zﬂai—aﬂ}

Since |z — a;||0w;| < C|@;|, where @; behaves just as w; does:

1 1
B< / wi|@s[ve < Sy x ((|wS°| + |we e + €2,
( &m0 Z| 1|| | |ag—ai| |ag—ai| ((| 4 | | [ |) 7 h)

2 me

Y lwmeeml | (W] + 1w Deei + ;) +
m#L

(Z(|w°°| + |wi®])eme —l—Zs Eomlog®/ b e, —l—ZO 525/2 )
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<+ o e+ <0) =y = 3 B
Either
1
ag — a;| > 1—0|a4 — -
Then
B < 00 |2 00|22 6
m = (('wé | + |wz | )E& +€€z) |a€ — ai|
C
———— ((Jwps I + [wi®[*)eime + O(eimeess +€20)) -
lag — am|

Or |ag — a;| < 75lar — am| so that

|ag — am| 11
10 = |a; —am| — 10'

Then,
< 10 1
Etm €S —Em T 7 7
¢ ¢ 9 Aela; — agl
and
B < O (w2 + o2 + 3 ol (Wi + wi°])) eime?,)
5/2
5/2 52125
|agfa | Z (g + lwi)ee: + lar — a;]
Ak (2] + wizDeem ) i
Thus

B < 0 (M + A) (w2 + w2, +o( > s m)+C\/>\g/\iZE§’t.

This settles B for v,.
Now considering A, we have:

3 5
Z|ai —ay| <z —ay < Z|ai — ayl.

Thus,

c 5/6
A< ol | [ e ) .
Aflai — a Qen{lo—ail<a;—aq|
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Ow; expands (see [Bahri 2001]) as follows:

5 5 0(d:) 5
i = A (w00 + ——————= | = \wi®d9; 53
Ow; = A (wl 0 +1+)\12|:E—ai|2) w00; + 0(53)
where 65 is the derivative of §; with respect to rescaled variables + -2~ QC

i a J
is made of two parts E; U I;, where

3 1
Ei ={x ¢ Qi, \ilz — @] > ¢ Min <—)}
Eij

I = {z; Az — 2| <

for some A\, > Ai, Aiy £ A #E N}

Z’ITL

and we have accordingly:

_ 5/6
Clve|m 1 o r2dr
A< priull B 216/5
/\Z|a’i - a‘l| >‘1 Tgi)w}ai—ag\ (1 +r )

5/6 _
24 C|U¢| g2 5/6
+ / . 27"12 5 + | |HU 2 /wl}2/55i18/5
> (14712) / Aela; — agl I,

Max ¢;

< OXi[ve| { €50 (|w°°|\/)\ la; — ag +Max53/2)

+€§e Z 55/210g ml+ Z semeg/Q

Am >N Am > Ai
,\m;&,\i /\mix\i
C’ i€ie|Ve|my - VA [wie leZe 2 1= 12 5
< O o (il + )
)\ la; — ae|1/2 0

<o ()\isfﬂwﬁfé + )\iwfoa?e) + C\; Z s .
We now take care of the contribution of k. J; is the notation for the generic

mass (with Ay > A¢) contained in By = {x s.t \¢|x — z¢| < ¢ Min %}
We are studying

[ ) wz*menémsoe[ ) wé(suémw[ ]
Qeme Q[ﬂﬂf Q[ﬂﬂf
with

Be 5/21 5/6 —1
9e€u+—:o( wed| + |wg® Eem+€m10g Em).
P o (Sl e + 578"
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We start with

1/2 1/2
Gg/ N w215k|(§wi| < \;b, / - w21|5,% X / N w21|5wi|2
ﬁeﬁﬂf ﬁeﬂﬂf ﬁeﬁﬂf
1/2
< Aibeerk / wilOw;|? .
ﬁgﬁﬁf

We split the integral into two pieces A and B as above; ﬁf is made of two

pieces E; and I;; SND is connected, hence contained in one of them.
Then,

C w” 1
AL ——M L Ar2d
_AMNM—MP{ﬁhQ1+¥W—a#P+(1+¥w—%PP>lTT
1/2
+/ 6?} < Cely {lwlelf* +&80° + <3/}
Q@ﬁ]i

and

Nibper A < O/ N (945%)61‘4 {\/ Y |wfo|€i4€38/2 + VN 5%5?5/2}

< o(Ni(feewk) el + )\Wf&f?é) + Chigies,.-

We now have (for B, If':(;iz‘l > ¢ > 0;/\i|5w1-||:c — ai] <

0o di
O (w19 + ey )

1/2
p<——© o 1 /(/wﬁ”z
T VN a —ag| | 1M a; — a2 (1+ M2a; — agf?)? ¢

C €t )
<— @ (oo + —St
Aila; — agl (' Cle Aila; — agl

and

ook |wi®les Oecorei
Aibeeo B < C< o€ k| Wi | (€ ekEir 2)
la; — ag| Aila; — agl

<C (\/)\—gegggk\/)\_i|wfo|512g + \/)\_ZGZEM : \/A—€5?€>

< o (et 1)
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We study now

ﬁg/N N w21|(9wi|.
Qgﬁﬂf

We split again [5 . w}|dw;| into two pieces A and B.
We have:

< C)\z woo|/ fr2d7" + C w?63
- )\15/2)\?|a1 — Clg|4 ! <cAila;—ag| 1+ r? V )\é |ai - a€| ﬁg !

Clwe® e

3/2 + CvV Nigiuled loge,").

|a; — apl?

Thus,

Be \ Ve |wlew Be - 4 -1

Bz? 00?2 7
S O )\[ )\— + )\gwi Eiv + )\igi[ .
4

We study now B: (Jx — a;| > cla; — agl)

la; — ael \Ja, (1+ A la; — a2~ 1+ Afa; — aef?
C [ |w®leir Eit )

< t +
Ve (|az‘ae| Aila; — ael?

oz (f B0 o () Vi)

g 1 wi*ed, (ﬁe)
<c|2 yo| Y A + Agel
()\g la; — agl |a1—a4| AN =i

To complete the proof of Lemma 35, we need to estimate

/@ - wi|Ow;|[T].
U )¢

In (ﬁg U €;)°, there are three portions: the first one is exterior to the two
balls Bg and_ B __We denote it A We then have B and C which are the
portions in Bg N QC and in B N QC
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/ w1l
A

which we upperbound as follows:

We first estimate

s . s 54 s
4 — e’} 4 — Y] _
/Awelawillvl < Cuwy /A(Sz |Ow| ] + O/ (1 + X2z — ag2)2 |Ow;| 0]

< Cw*" Nief, (/WI?)W (/ (1+>\2|:cfaz| 3)
+ O\ </ (1+)\2|i6—ag| )/ </|VU|2> </A > '

Observe that

A e al > o}

ai| = Max €5

Ac N > —
r — a Er—
¢ ¢l = Max ey,

so that

1/2
[ wtidulil < Cluellurined ( / |vv|2> ek
A

1/2
+ C\iel, </|W|2> 1% < o(\i|wi®2e2,)

+CA\ 51/2525 (/ |Vv|2)
This settles A.

B is typically made of balls UB) corresponding to “masses” wy whose
center aj lies in Be N QC with Ay > \p.
On such balls,

1 _
el — ax] < — o /g 12—l
4€gk 4
so that on such balls,

3 5
Z|al*ak|§|$*al|§1|a2*ak



Sign-Changing Yamabe- Type Problems 61

and, therefore,

i et
<CN\ + A% X
<Ae|az—ak|4 Nlar—af) S V7 x
V) 12/ 4 1
( 2 V) 6/5) SC}V’( 2 W] 11t 36 8)
B ( 1+)\ |z — a;]?) Aglar —ag|* — Aglae — axl

/2 4 1/3
|Vv|2> (/ 5.6) | B/
v \Us,
Thus, with ex; = Max egm
[ ot
By
/5
gl 1 D\ N
< O\ v i Rt
<A2|ae—ak|4 * Nolag — ax |8 IVl o AR
1/2
<Oy )\z‘)\}f)% (/ |VU|2> Eincy) =0 ()\iffk > e+ Mei ZEZ) :
kt

This settles B.

Arguing in the same way on C, we have:

/ wi|Owi||T] < CAs (( |lwi |V A N Now )

1+ Mai —ak?)  (1+ Aflai — ax[?)3/2

2/3 1
o) ([ ) T

</| | Ch ¢ ApMax ept

|w ik e2 (JIVeA)2  ([IVOP)%ef, e

la; — ar] " /Max eg VMax gt Aila; — agl?
1/2 1/2
< CV A |willeir - \/)\kE%QEik (/ |Vﬁ|2) + A (/ |VU|2) 5%2 ?k

2

This settles C.

<C
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Lemma 36 E Jo, @ wi[T)|Ows| < CA;S2.

Proof. In view of Lemma 35, we just need to estimate

3 5/6
S [ st Rtoa) <0 | Sl ([ o)

LFi 172

1 i
+§j<—, [V [ Ifl&-) | ot
oz \Pi o B Q

+ ; < Max €5 / 17185+ \/_/ |f|> /N wil0uils

O
Observe that [dw;| < C (v Ai|w®|02 + §3) so that
/N wiOw;| < Cv/ Ailwe|e?, —I—C\/)\g/N w3o?
< OV |wiRled, + C/ el loge,!
while
) 1/2 ) 1/2
/ wi|Owild; < Ni (/ w?&?) (/w?|6wi|2>
< Niegj (Wil + [wiee +ez;) -
Hence,
3 [ttt Bl < € | 3 himdag (] + e + €3
0#7 0#7
1
+> VA / |f] +/ [F10: ) (VAilwiled + VA el log ey,
; (Pz\/A_z Q; B¢ ( ¢ ¢ ¢ )

£V (@% | |f|> VN (] + o Dere + )

(#i

Ai 452 Y2 oo 00 4
T i ([ i) (ol + o+ e5).
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- 1/2
Either A, < X,. Then |w, < C6;onQ; and (fﬁiwz}éjz) <

1/2
Or Ay > X\;(£ # i). Then,

1/2
(/N w?&?) = O(E[i,/{fij).
Q;

i 1/2
Max 25, / 17105 < /ﬁiwz*é?> (5] + i)z + )
<C<\/—/ |f|5) i (Jwg®| + |w° e + €4;)

and the estimate follows.

Lemma 37 Y [5 |w7?|0w;| < C\;S2.
£

Thus

Proof. 1If { # i, either |we(x)| < |[v(x)] or [v(z)| < |we(zx)| so that

3 } 5/2
/ﬁ |we 2720w g/ﬁ W |T]|0wi| + \i </|V6|2)

and the estimate follows from the previous lemma. O

Lastly, we have:

Lemma 38 [ |w;|?[7]?0w;| < C\;S?.

Proof. We split the integral in [ |w;|*7%|0w;| and [5. [w[*7%[0w;]. O

For the first part, we have

/ |wi|352|5wi|§0/ |wi|3ﬁf|5wi|+0/ i 72|
X 2
< C/\Z-|m|§{1 +C (—/ /14 v/ >\i/ |f|5i>
0 Pi Joy By
2
N ) 1352 )
+C ( / Max €4 /QZ |f|5]> . /le il 180



64 Recent Progress in Conformal Geometry

2
1
<OMN | T2 + —/ f+/ f16;
[0l <\/)\—ipi9i|| fll

+C(\/)‘—J’5ij/3j|f|+/ﬂi|f|5j>2

The first part is thus settled.
Next, we estimate
[ el
Qs

|dw;| is bounded by \; (|w§’o|5i + W)
Thus,

- 54
3 =2 00 42 i —12
w;|?|0w; |77 < CAi|w; 0,07 + C)\i/ v
/ﬁg| 1k | |/§zg e (1+A?|~’C*ail2)2| |

2/3
56
< C\i|ws® ik 2 1/ v)? / - ‘
< O\ |wi®| </|Vv| >st+0>\ |Vl o 1+ N2z — a2)?

The first term is easily upperbounded by
2
CNilwi® ) "€ + O\ (/ |va|2) > ek

For the second term, we split the integral over ﬁf into two pieces.
The first one is

2 55 2/3
C/\i/ Vo / L
Vol Mlr—ai)> i (1 A7z —a]?)3

Maxe;;

< CN\ / |VT|? Max sft.
The second one involves integration over subdomains By of B; which cor-
responds to masses “wy” having A\ > A;.

On Bk

1
il — a;| > 5/\i|ak —a;
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and we have:

2/3
CA-/|W|2 / L3 <O>\-/|Vﬁ|2-;52
' B, (1+A|z —ail?) - Mlar —ai*

< _GVAM M/IWI%% :o(Ai/|VE 25§k+Ak/|w2g§k).

= NMlag —aif®

Lemma 38 follows.
Next we observe that:

Lemma 39

Z/Iwilslwelléwillﬁl + |wel|wi [9]] O]

(#£i

<c / wil Bwil o + 3 / willBwile? + 3 / Wi

(i (i
Proof. Observe that

[ erbleildudel < [Tastofeln? + [ wffudel
|ws| > |wel lws | > |wel
< [ loifnie? + [ fosf Bt

Lemma 40 follows. The estimate of Lemma 8 on [ |w;|*w? extends of course
to %f|wi|3|8wi|wf. O

We expand
J/ (Z Wy +ﬁ> . awi = J/ (Z CYdej) . 6&]1' + JI/ (Zajwj) - - awi
+0 (Z/w?v2la<ﬁil+/lﬁl5l&pil)-

The expansion of J'(> ajwj)% is straightforward and yields as prin-

cipal terms
—. a;—aj
W [ fwpe 4 el ) ) Z%‘—”
J aai )\i|ai — aj| aai
w; 1s the rescaled version of w;. There are additional terms which are
wf°2 5?~
© (Z Ma—a? T lama] T ) '

i#]
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We split the various integrals involving v, after the use of (Vo) to get
rid of all [w} g‘;;v etc. between the various contributions over each do-
mains §2; and the contribution over (U;)°. We use Lemmas 32 to
39 and we find that these contributions can be thrown into a remain-
der. However, the remainder does not behave as a small o of the princi-
pal terms for two main reasons: first we find, because our estimates over
|vs] gy are not suitable, contributions of the type o ()\iwfo%ij), which are

we? we?
_ n _ .
o (Aﬂai—aﬂz) », mot o (Mlai—aﬂz)

Second, because the remainders in these estimates (and in the estimates
on % + ;A €is|hi|s0) are only O(e;; Y. €%,) at best, we find terms such

€ 3 2 . £3.
as o [ =2===t ) which are not o o .
lai—aj] lai—a;]

Nevertheless, if the A;’s are comparable as well as the €;;’s, these re-
mainder terms are all

IR G
Aila; — aj? la; — aj|

Using then Conjecture 2 and the o;-equation (see Proposition 8 in the third
part of the book), we can establish the Morse Lemma at infinity.

The details about this proof and this expansion are provided at the
end of the third part of the first half of the book. We refer the reader to
“Basic Conformal Estimates” and more precisely to Lemmas 62-67 and to
the sections “The system of equations corresponding to the variations of
the points a;’s” and the following sections for all details on the expansions
and proof of the Morse Lemma at infinity.

If the \;’s are comparable as well as the €;;’s, the estimates provided
above are sufficient. But these are strong hypotheses which we remove, step
by step, over the remainder of this work.

1.9 Redirecting the Estimates, Estimates on [¥;|g1 +

Rlloo + 3 71hfloo
As>A;

1.9.1 Content of Part 11

Part I contains three new estimates:
First, a simple observation allows to improve the estimate on

3/2
</ |Wj|24/5|Wi|6/5 + |wi|24/5|wj|6/5> for )\j Z )\i-

J
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Instead of C (([@7°] + [@3°|)ei; + €;) , we find
C (|ws(@;)|ei; + sf’j) i.e. basically C(|w;°le;; + E?j).

Second, we derive an L°°-estimate on T after bootstrapping in the equa-
tion that U satisfies (derived in Part I). This L>-estimate reads

T = 0nl(z) < Cn Y _de(x) Vae S
with
|01 (53) < Ch ZEZe
h is an arbitrary exponent. This pointwise estimate can be improved in
(UQ)e.
Third, we derive a better estimate on

W |wg|
|z —yl

We prove (Lemma 40) that:

4
WZ|Wk| <C Z sijéi for ES (Qz U Qk)c .
2 =] Xi>Ae
‘or
AS AR

After these three estimates, we revisit all the estimates of Part I, Lemmas 13
to 30 in particular, which we improve considerably. (Lemmas 41-56)

The remainder terms in our expression, on each {2; involve now a power
[hi

of [Ui] g1 + ‘;_"; this power is however too weak to allow us to prove the
Morse Lemma at infinity without (1.3). (See Lemma 57).
After Lemma 41-56, we derive the main improvement of Part II which

is provided in Theorem 1: we establish that a much better estimate on

0]y + 124
up to a remainder term equal to Cj, >_e”, (due to bootstrapping; we will
get rid of it in Part III).

If we remove the remainder term, the estimate on |U;|p is optimal

when compared to the ones provided in Lemmas 33-34 holds,

because the remainder is then (essentially) O (Z sf’k)
¢

Lemma 57 of Part II can be skipped if one wants to go directly to the
proof of the Morse Lemma at infinity.
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1.9.2 Redirecting the estimates

In the previous sections, we have devised a method and a number of esti-
mates. We have thought of S® as subdivided in various regions Q;, Q. =
(UQ;)¢ adapted to our family of solutions w; and we have thought of v as
decomposed in Y (v; + h;) + k*. We have estimated the various v;, h;, k*,
thinking of them at single entries related by “a matrix of interaction”.
However, these estimates are not enough to cover the general case of any
possible configuration. So far, we can complete our Morse Lemma at infin-
ity only if the concentrations \; are of the same order and the points are
not “too close”.

Here we redirect our estimates, keeping the same general framework and
work out in this way improvements in the estimates. Eventually, we will
work out the general case.

We start with an observation. Namely,

Proposition 1  Assume that A\; > X\;. Then,

5/6
</ |wj|24/5|wi|6/5+/ |wi|24/5|wj|6/5>
9] 9]

< O (Jwi(@y)|es; +€35)

where w,(a;) is the value of w; set in its standard form (with concentration
0(1)) at a;, the (then new) concentration point (on S*, after dilation) of
wj.

Proof. We revisit [Bahri 2001, proof of Lemma. 3.2].

5/6
For (fﬂj |wj|24/5|w1-|6/5) , there is nothing to change.

For (f |W'|24/5|w‘|6/5)5/6 we notice that
Q; g J )

Qj C {)\J|$C —aj| < E} .
Eij

All our domains in fact are defined on the sphere, using the geodesic dis-

tance. When needed, we complete a stereographic projection with respect

to a North Pole which keeps all points of concentration in a given compact

set and all concentrations roughly of the same size than they were on the
sphere if needed.

Thinking of a; as being the South Pole (we are here only estimating

fQj |wi|?4/%|w;|%/, not considering all the mases together, our observations

which we just stated do not apply) after rescaling so that w; has concen-
tration 1, performing a stereographic projection, €2; becomes:
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Eij

Now, ¢;; is of the size of 5\;1/2, hence (~2j is a very small ball of radius

0 (}\11/2) around the origin.
J

w, expands as w,(0) + 0(|z|) and we derive that

5/6
5/6 5\ 6/5
124/5|~ (6/5 < Cuw.(0) / V"
( 1 ) < Cuy(0) ESTTE
r<—k
A
] o5 5/6
A w; (O 1
+ C / T24/5 R, — <C | =4 —
(1+ A2r2)1/2 - \/;T A3/
J

r<—k
Aj

We now move to prove a much finer estimate on v, namely:

Proposition 2 Vh € N, there exists a constant Cy > 0 and a function
0y, € H' such that

(i) 1o — 0n|(x) < Cp X 60(x) Va e S
(i) |Onlm < ChYely

(iii) v — Opl(z) < C'hz(eke+|w|Ls+|h4|Oo/\/)\—e) de(x) Va € Q. =
(U,

Proof.
Proof of (i) and (ii). v satisfies

_Ap— ((Zajwj +v)5 - (Zang‘)s ~5 (Zajwj)4v)
:f+5(zajwj)4”

which we rewrite as

—Av —b(z,v)=f+5 (Z ajwj)4v.
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Let

4
1 <f+5 (Zajwj) v) :
It is easy to see that, with a suitable constant C"

z)|gc(25;?).

We consider

|z —y|

Either |y — x;| > )% Then

/ffﬂﬂ|§ | = | *CHVF_ | et @

|Ify|§ﬁ |I y|>2)\

and

Thus

3

4|’U| 5?(:617 ’L)( )|U|L6
/ |‘T - yl s¢ /\3/2 < C¢; (:171; z)(y)|v|Le.

le—y|<z%7

On the other hand,

4 24/5 6/5 5/6 Clv|e
[t ap@iol < Cloles ([ 820 @ars @) < g

Thus,

/| |“|| < Cololpodi (s M) (W) i Aily — 24| > C.
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If ly — x| < )%, then (observe that |z — 2;| > % = |z —y| > L;‘)

4 4
/“’1'“' < “Z—“"+c\/Ai/6?|v|
|z —yl lz —y

le—=s| <3E

< C16} (i, M) (y) / |x|ﬁ|y| + C16i(wi, \i) (y)|v| s
lz—y| <5
(S?|’U|L6
< Cy + Cadi(xi, Xi) (y)|v|Ls < C3ds|v]ps.

n2

Combining these estimates and the one of f, we derive that
@) =0 (3 o).
Then,
—Av =) = (b(z,v) = b(x,¢)) = b(x, ¢).
Since b is of second order in the second variable,
|b(x, v) = bz, @)|pers = o(|v — ¢|Ls)

and

/ V()P <C / b, ) (=) < Clo—glalb(e, 9)|ors < Crlo—pluslole.

Thus,
1/2
([1vw-9r) " <culol.
Set
o1 = —A7" (b(z, 9)) .
Clearly,
lp1|ze < Cslpl|3e.
Then,

—A = (p+e1)) = (b(z,v) = bz, + ¢1)) = bz, ¢ + 1) = bz, ¢)

|b(z,v) = b(x, 0 + ¢1)[pers = 0 (Jv = (¥ + ¢1)|Le)
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and
lb(x, 0 + 1) = b(z, @) | o5 < Cleon|rs (gl + le1]Ls) < Calplie
so that
N\ 12
(/!V(v (e + 1)) ) < Cslelis
and

er(@)] = | = A7 (b(w, )| < C Y be(a).
Bootstrapping and observing that
f= (Z %‘%‘)5 - (Z ajwj + 17)5
-Q° <(Z a;jw;j + 5)5 - (Z Oéjwj)5>
- <(Z Oéjwj)s) :
So that, since 0] < C'Y g5 and since |Q * (3 ajw;)®) |pes < CY i,

|flzes <CD ey,
we derive that
lels <CY s

(i) and (ii) of Proposition 2 follow. O
Proof of (iii). v satisfies

—Av — Q* ((Zajwj + 1))5) =0
which we rewrite:
—Av—Q* <(Z ajwj)5 + ”y(x)v) =0.

Using (i) and (ii), we can estimate v as follows:

{|7—7h|($) < Ch3 0

Valps 2 < Ch el
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Thus,

_Av—Q ((Z ajwj)5 o, (Z 5;*) v +w) —0

and

o / Q" ((Z ajw;)’ + 0y (X0 v +%U)

|z —yl

We now prove the following;:

Lemma 40

4
Wg|wk| <C Z 5ij5i fOT ES (Qz U Qk)c .
|z -yl =,
‘ot
Ai 2 Ak

Observation. The dependence on §; for i also different from ¢ and k is
due to the definition of €2}, €2} which involves other 4;’s.

Proof. We first establish the lemma with Ay > Ag, M|y — x|, Aely— x| >
1, with only the two masses d; and §; involved in the definition of €, Q.
We reduce, after the use of some arguments which include the action of
the conformal group, the general case to this one.
We first claim that (€}, Q) are two smaller versions of ¢, Qy):

4 C
/ e = wi|w |-
Q, =yl = |y = Jo,
Indeed, in €2},
Ml — x| <
e = | < 18¢eyy,
while
Mely — x| > ——
ely — el = "

so that, if x € Q), |y — x¢| and |x — y| are of the same order while |x —
is of the order of |z — .
Thus,
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/ W21|Wk| < C 4|Wk| Ch 4
o lz =yl = ly =z Joy Ty = we|V Akl — x| Jay

Cy
< —=——¢ke ~ Cheqrdy.
VAdy — | ’
: In Q), \e|lz — x| > @ and \g|z — x| < ﬁ, while A\gly — zx| >
5o OF Ak|y — x| < et
Thus, either |z — y| is of the order of |y — x| or | — x| is large when
compared to |y — x¢| so that

ly — x| > cly — 2.

4
i e )/ o]
e R
5 1 &
§O<a o + ><C€ke5k+5z
Lk | _wd\/— ( )

In all,

For z € (Q, U )",

wy |wk| wi lw|
x—yl = lz —yl
(Q,U0))° lo—y| <% inf(ly—z|,ly—z|)
(Que))°
1 1
+C ( + ) / w21|wk|.
ly — x|y — 2
(2, 00,)°

Since |z — y| is small when compared to |y — x| and |y — x| for the first
integral, we have:

{w?(iv) < O3} (y)
|wi ()] < Cox(y)

and

< C6}(y)oe(y) inf(ly — zxl?, |y — ¢]?)

+C< ! + ! ) 152
ly—ail  Jy—=ml) V%
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C

< Cepe(Sx + 6e) + — inf(|ly — zxl?, |y — xf?

C5k . |y—xk|
< ) - inf 1).
< Cere(r + 0¢) + >\?|y*$e|2 in <|y£1?e|7

ly — x¢| or |y — x| is lowerbounded by c|xy — x¢|. Thus,
1) 1 1) -z €
_ k ~ S ] k « ly k|+ _ ke
Ay — @l Mly = mellee — x| |y =zl X3Py — )2

1
< —€peby.
C

This provides the estimate.
Suppose now that the definition of €y, Qf involves a third mass w;.
Then, y could also be in the domain 2} of this mass and we have to prove

the estimate on f w"lw"l for y in Q¢ N QL.
We rename Qg, Qk the domains related to wy and w, when there is no
additional mass. Our estimate is established for y € (Qe U Qk) . We need

to do some more work if Qzl has some intersection with ﬁg U (~2k. Then,
Ai > A
and
|lwr|(z) < C8;(x) on QF D Q; D QL.

Thus,

/W?|wk| S/ wilws| +/ wi |wr | SO/ wy i +/ wilws|
lz—yl = Jar lz =yl Jaie [z -yl ar [t =yl Jare [z =yl
i ‘w@ L can now be estimated as above, since y € (Q, U Q;)°.

We need to consider
4
/ wy|wil
Qle [T — yl

Assume for sake of simplicity that Q; reduces to a ball {z|\;|x — z;| <
% Min%} around x; which does not interest {2, and is entirely contained in
ij

Q. The general case is only a variation of this one. We might shrink some
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domains, enlarge others when there is some intersection, but the arguments
remain the same. _

Then, y is in an annular region Qf N Q) around z; included in Q}, (in
the remainder of (2, U Q, U §;)¢, the estimate is already established) and
x is outside an even larger ball

¥ is here

Thus,
1
E)\l-|:c — x| > M|z —y| > ehi|x — a4

and

z —y| Qle

4

Wi |wr _
/1 k| <c N\ wiwe|di(x) < OV Nigpiee-
ole

Observe that:

xp — ;| > clze — y)

since x, ¢ QF.
Thus,

Ve < Coi(y)
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and

4
/ M < C&‘gk(ég-i-ék).
Qle lz =y
The estimate follows. There are other intermediate, overlapping domains,
but these estimates extend to them in a natural way.

We discuss now the assumptions Ay > g, M|y — @¢|, Ak|ly — x| > 1.
We come back to the sphere where our domains have the following typical
profile (there are others, intermediate ones, but they are of the same type,
with small variations):

e //,//'”__ —___h“x::;X @
/q </’r:__‘g\\
/
— B //
== = Q, or £
° |
e {

(I)Qg or Qk

4
For y € (II), the estimate on [ ““;’ﬂzf does not require A\, > A, since
then
1 C C
< +
2=yl T ly—zel |y — @

for x € Q, U and if z € (Q) U Q})¢, the proof stated above does not use
the fact that A\p > \x.

Removing (IT), we derive that we need to prove the estimate only for
y € (I). But this rescales easily and we may assume, after rescaling, that
Ak > Ak. In fact, we can even asume that Ay = 2A;. Then, in (I), A¢|y — x|
and \g|y — x| are larger than 1. O
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Next, we have the estimate:

|z — yl
Proof. The estimate on f Toal
sition 2.

Lemma 41

For h;, we split between the case
a. |y — z;| > <. Then,

o / 54 N
le —y| — lz — v

|z—y|<cly—=il

5t < o< I
CIy*:rzl/ /\2nyle2 VAT VN

b. |y —z;| < )\Q
Then,

I / -
le —y| — lz — v

le—ylZcly—zi

oyl cly—w:|< G

)
Vilre + 0;.
< (fo + 2

has been completed in the proof of Propo-

< Co(y)ly — wil?

54
[
\w y|=cly—=il

Co; _ Cié;

s
/ lz =yl

C

< / o + O ()| 2
= Yy—x;
lz -yl

le—ylZcly—zi|

54
< / I
|z -y

lz—y|Zcly—zi|

< Ch
= [ Xy — P

Lemma 41 follows.
Next, we have

Lemma 42

_ 4
i — 0 / 5 |v|
e |z —yl

55
o
Qe lz =y

64 4 2
— + O (y)y — i
lo—y|>cly—x|s|
‘1*y‘§7i
1 Coty) Cs;
d o < ==.
]

< Ch Y gjid;

with |0p) g < Ch(32e},) for Y € Q. = (UQ)°.



Sign-Changing Yamabe- Type Problems 79

Proof. We use (i) of Proposition 2 and replace |v| by > d,. The price to
pay is the introduction of the function 6.
We thus need to take care of

/ 546,
o lz =yl

For ¢ # i, since y € Q¢ = (UQ)¢, Lemma 40 provides the estimate.
For ¢ = i, we notice that £, is made of two parts; one where A;|z—x;| >
== and another one where )\ |z — x;| with A\; > A;. On the latter sets,

85
5; < C6;.

5 546;
/ 61 S C/ J
e |z —yl |z =yl

and the estimate follows from Lemma 40.
We thus assume that 2 € ;¢ = {x such that \;|z — z;| > g2}
We then have

5 5
/ 0; < / 0;
Qr [T — Y| Qren{le—y|>L|ly—zi|} |z -y

+osi) [ =)+ )

Qren{|z—yl<tly—ail} 1T =Yl

Thus,

Let
*C 1
A= N{lz -yl > gly—wil}-

Then,

W< ([ ) VRt = Ofeusi) it by i) = £

C
1) S O\/ )\1 516 S OE?@\/ /\Z = 0(61451) if |y - 1171| S )\—
Qre 1
since, on 27°,
1 1 1
—ul >l — s — oy — s > — [ — —
o=yl 2 lo-ail <l -l 2 (- C) 2 5.
On the other hand,
Xy — zif?

(2) < Oy — =il < o 2B < ose,,

(1+ Ay — if?)?
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since, if
1
o=yl < Sly -
then,
9
gly — il = | — @i
and

8 8
Aily — | =2 il — xif = -
vl > GAle — ] > o

In the sequel, we introduce on €); the two quantities:

o _ofL , .
|hi|°o_c<pi /Q |f|+\/)\_1/35|f|5z>- (1.21)

L= : 1 4
|hijloc = C <\/)‘—J/BJ | ]+ - /Q |f|5]> (1.22)

so that, according to Lemma 12, we have

hi()] < hiloo + Y [hijlecd;(y)  for y € Q. (1.23)
Aj= i
Aj#i
We then improve (iii) of Proposition 2 into:

Proposition 2’

|70 3 !
=+ Esehsoo O¢(x
\//\_Z Rest | l| ( )
s> A

s#L

|v = Op|(z) < Cp Zake + [vel s +

Vo € Q. = (UQ)° (dii")

The proof of (iii) requires a slight modification for (ii’).
We now have a new term to estimate:

|ht |Oo/ JLE )
o, lr =yl
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We will see later (Lemma 68, below) that d, < C9d; on £; so that our
estimate becomes an estimate on

|h| / 8305
T Ja, =yl

which we split as usual between the various cases Ny — x;| > C,
Aily — x| < C ete. For N|y — x| > 1, this becomes an estimate

on VAilhklse fo, 020y, (2)s < VAL (f 5?557&)1/2 (] 6262)* <
Clhi,lsogisdi(y)-

If A\;ly — x| < 1, the estimate is straightforward.

We now establish the following sequence of Lemmas and directly im-
prove of the estimates of Section 1.1. The Morse Lemma at infinity does
not follow from these improvements, but this will bring us a step closer.

We will prove:

Lemma 43 Let ﬁc be the complement of Uiﬁi. then,

/N 6?(51 < C Z Eijff?s-
Qc

Aj>Ae
We will then prove:
Lemma 44 For { # 1,
8ilv|® < Ceie | ool + oo > ewlhil
0, 4 > il CIHE \/)\_e = sy s|oo
sZN\L
s#L
h
+ C Z 5ik5§k + Ozfiﬁ%e + Ch (Z sst) .
Ak > Ae
ke

Lemma 45 Assume A\ > g, \p # A¢. Then

51-52 < C(swsie + siksie) < Ci€irEre.
Qgﬂﬂf
Lemma 46 Let A\ > \y. Then,
CE'@
807 < —
Q VoY

We turn them to our previous estimates of Section 1 and derive the
following intermediate improvements:




82 Recent Progress in Conformal Geometry

Lemma 47

. 1o
(4) v)\jé‘z‘j/ lvj + hjl° < Ceij | 0|y + ]A + ) Esjlh o
Bj DSV

h
+ Oé‘ij Z 52;2 + 6?,5/2 + Ch (Z 551&) €ij

e >

1 14 ]oo

piv i Vi
+ CEij Z 52;2 + Ch(z Est)h«/Eij.

Ae>)

(i)

/Q lv; + hi|® < Ceyq (|Uz’|H(} + +5ij|h}j|°°)

Lemma 48
=15 L71 < C(lp 2 |h’10|00 ]’Ll
[0P|L™ ee| < C(|velyyy + 0 ) e D etslhi sl
3 |7 o 1
+ Czegk+zflm |vn|Hé + + Z €m€|hg7m|oo

Vim S
+ ngék&_is'i‘ch (Zé‘st)h.

Lemma 49

h
[tz e < €Y emen + (Xew)

Lemma 50

o ) 1 2
/|we|3|ve + he|2|L 1ee| <C <|ve|§{é + W (/m |f|) )
2 2 2
+) MM e (/ f) + / flo +(/ f6)
> M2 (et Bk|| Bg||é B[||k

+ C Z E?mgké + Ch (Z Est)h Eém) .
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Lemma 51

/|@|55i+/ |@|55j+o(sij\/xj)/ jo[°
Qe Q; B

J

hO
< Czé‘z‘e lvel 2 + |\;/|\—Oo + Z estlhg 5loo
(#i S

s#L

|7 T 1
+ Cey; Vil gt + C + Esi hisoo
J | |H0 \/)\_z = | s |

s#£1
+C (Z (gjkehs + Eiefié)) +Cy, Zsi}t.
Lemma 52 For § =§; ord;:

/UQ (Z OAeWg) 716+ v/A;0(e) / (Z Oéewe)4 k"

(USQ2m)eNB;
h
<C (Z iy, + Zsjgefs) +Chp (Z 5St) .

We then improve Lemmas 8, 9, 11:

Lemma 53

- - C |h9 |0
w4hl+h15§ 1 + Ezshlsoo
Z/Q S+ P < T | e 3 el

As >N

s#i
£5i (Zew)”
+Cy T+ O

Lemma 54

/ (il + Rl

+ Z Ezs hl |<>o +55/2 + Ch (Z Est)h

As>N\;
5761

< C|w|H(}

S
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Lemma 55

/QW?(Iﬂk|+l7lk|+|k*|+I@kl5+|7lk|+|k*l5)l<9wz-|

1 h
00 . 2
<O\ il +eu+ Z Nilai — ajl ZEMEZS +Cn (ZE“) '
Aj =i
J#i

In view of all these new estimates, we revisit the proof of Lemmas 31-34
of Section 1.1. Observe that now we can use Proposition 1 which yields (for
Ai = Aj)

5/6
< / |wj|24/5|wz-|6/5+|wi|24/5|wj|6/5) < Ol @)y + <)

i

while for ¢, k # 1,

5/6
( /Q e /5 + |wk|24/5|w|6/5> 02+ ).
Observe also that if A\ > Ag:

‘\//\_iail(@k@m + |we(ay)|)ere = o (\/A_ﬂ&k(@e”ake + m|£e(ﬁk)|5kl) .

For Ay < Ay, Proposition 1 yields an improvement thoughout our esti-
mates since (Jwy(a,)| + |we(ay)|)ere is replaced by |wy.(ay)|exe for the con-
tribution on €y and this yields for

o/ Niciow,(a,)lexe = 0 (\/)\_é@k(@e)ﬁke) :

Next, we have:

Lemma 56 Assume k # s, [ wi|ws||lwe| = 0(e2,) if one of k or s is L. If
both are different from £, then

/ i wsllwe] < Cevellw(@,)lens + £22) + Cean(lw. (ay)ers + £22)

+ C(lwi(ap)lere +ke) (if Ak < Ae) +C((lwy, (@p)] + |welar) Dere +ke) ( if Ae < Ax)
+Cese ((|£s(2k)| + |wy, (@) )esk + 5§k) (if Ae > As)

+C Y ereimtC Y it Cere((lwy (ar) | +lwk (ay))eskte51) (if Ak < As).
A;>Ap Aj>As
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This allows us to derive the better estimate:

Theorem 1

|0i a2

pijA—i/m|f|+/Qi|f|6j+/B$|f|al+ﬁjgij/&m

C (Z(M(ai)kw e+ 51‘@%) +C(Y_ea)"
J4

4

We move now to control better the remainder terms in the expansion

of 0J (> ajwy + 1) - Dp; - Dp; is w; = g‘;’ We establish:

Lemma 57 For £ #i:
(1) Jo, 1003107 (Jve| + [he])

0
< OVAL  velpo + L= + etslBiloo | VREL + oo
(l | A C)\sges#e | Zl ¢ Aelar—as|

w|? 2 Bl |2 4
(Aiaf—asf + > Al gl + gy

CAs>hesAl

O N (ol + M= > 28
ke \ 1Yk G Ak ks
CASZ)\]CS#]C

+C | XN |Wk(az)|25kz + Ek’LEkl + Z )‘€|Wk(a€)| Eke + Ezegit
k#i

+CM (X em(Xen)? Zskéakt)
+OX (X eriche + et (X est)?) + CA (X €21y + 2 Emptan)-

0
(2) For s # L, [, 100ild2(Jve] + [hel) < OVAE2/ Nigie(vel g + =

o 2
+ Z Eés|h5|oo) + Ag\agc—a3| )\i||:;l—las|2 + Z )‘Z‘g%s'h%,sﬁo + )‘igéile
As>Ag As>Ae
s#L

02
+OT N | lopl3y + =+ 5 |hf 263,
>\32>\k
s#k
+O| D Ailn(a)lehs ke + 3 o)<l + ety
2

+CN (Cem (X em)? + X Ekegkt)
+CN (X eticrne + et est)?) + Che(X €2 et + et 1),
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(3) Eks ch |a§01|5215s S O(Eks(\/A—sest\/A_iE?g) + \/AiAsazszmt( fOT >\m Z
As) 4+ A AVNEZN Y+ A i )® + (A e 2 (A e )3/2)

(4) Eks fﬂc |8<P1|5;15s S Eks\/A_ich 51655 S 5ks\/>\i>\55§t( fOT >\s S >\s) +
Eks/\i( Z Esje_?s)( fO’f’ AS Z Al)
ASZ)\Z

Observation. All inequalities can be transformed into o(upperbound) i.e.
an € can be inserted as a coefficient of the upperbound. For 1 and 2 there
are at various spots in the upperbound an E}t_‘;, 0 > 0 as small as we wish
which can be inserted.

Proof. We start with 3. We split Q¢ into two pieces, Q!¢ and Q2¢ adapted
to 6s. In Q¥ N\ |z — x| > =% for some ¢ # s. In 02¢, for some m # s with

st

Am = CAs(Am > Xs), As| — 25] < 2% and Ap|z — 2| < F}m so that, in
QQC’

0s < Om
|z — 2m| = o|zs — sml)
|z — ag|" ~ T — 5]

We have

oo [ 10plat0, < OV Rz [ 820120 (Vi) (VD).
Qlc

O

Qle

In OQ2¢, since A, > A,

1 c
CEmt Ems

for some t # m.

We claim and we will prove later that:

6207 < Ce?e3,(or Cs?jzs?t with A; > A\g)

Qc.n{|lz—z;|>clzi—z0}

and

Qcn{|lz—z;|<c|lzi—z¢|}

In order to estimate exsv/A; [ 026705, we will distinguish between two
cases: either A\y < \,,, and &y < 6,,.
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Then,

e/ / 57010, < Cets VAN E e

QZ{le—=zi|>clei—zm[}

2
EksV AiAseim

Am|Ti — Tm|

ers VN / 6251 5, < C

Q{lz—zi|<clzi—zm[}

In Q2 N {Ja — ] < clwi — zml},

so that
1

CEmt

Am|Ti — T | > A|a — | >

and
ks Ai / 5125:17155 < Ceyps \% /\i/\sezzmgmt-
Q2n{lz—ai|<clzi—am|}
Or )\Z > )\m > )\s
EksV i / 670405 < Cepsn/ Nidsericis

Q2n{|z—a|>clei—l}

ExsV/ i / 62640, < Ceps A/ \/ Nieg AL/ !
QLN{|z—z;|<clz;—x,|}
We then observe that, in Q2 N {|z — ;| < c|z; — x|},
| — x| “ ~" |2 — 24
so that
Melx; — x| > ez — x4

Then, either

/\4|:17 — :Cg| > <
€t

™ Nelw — el

87
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and

Eks VA / 070405 < Ceps A\ N/ Niggi A eun
Q2N{|z—z;|<c|z;—x,|

or
1
Ajle — ;] < —— for some A; > Ag.
8523'

We may then replace §; by ¢; and proceed as above.
Lastly, assume that A\; < A, and 6,, < &, in a part of Q2.
Then,

65 S(SmSé@

Eks V/AOZ6E0s < e AV A/ NN 6251

so that
erev/ N / 52515,
QL2N{|z—z;|>clzi—xe|}
< ep AN / 526} < Cep A/ /N2 M <2,
Q2n{|z—z;|>clzi—ze|}
and

/ 2
eV / 52648, < Cepa A/ VNN ——i—.
' ’ Aelwi — x4
Q2n{[o—a.]}

In Q% = {|z — ;| < c|lz; — 24|}, |2 — 20| and |z; — 74| are of the same
order so that

Aelzi — xp| > che|lx — x4
Again, either

/\4|:17 — :Cg| > <
€t

and we upperbound with Ceks/\i/4\//\iei4)\;/4sgt or there exist some j, with
Aj > X, j # £ and

c
Nl — x| < —.
jle—ayl < =
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Then,
dp <95

and the induction proceeds.
If, at any point, we end up with ¢ = 4, then either Ay < A; and

3
Viiew [ 098, 2 VA Renel, < € (W eu) A,

Qc

and if Ay > A,

59

5/2 3/2
<o (Wfen) T (Wew)

v ANi€ks 5?65 < Ni€ks 5?65 < C)\isftmsksslm
Qe Qe

We now prove our claim about fQ 626.
If | — 23] > c|x; — 4|, then

C
670} < ———— / 5y < Celel
Y = >\i|$i*$l|2 = Wl lt

Qc.N{|z—z;|>c|lzi—ze|} )\[\xfx@\2$

unless §p < 6; for a part of the domain of integration, with A; > Xg,j # £
and \j|lz — x| < é in which case we start an induction.
Or, we integrate on Q° N {|z — z;| < ¢|z; — x¢|}. Then,

52

K3

25 <
1Y% = N2

Af|i — x|
Qen{|z—z;|<clzi—ze|} |lz—x;|<clx;i—z¢|

< ! Lol < ¢
R S T R A
= N2[ay — et N2 TS NN [y — P

2
Ces,

= Nelmi — x|

as claimed.
Proof of 1.

5/6
/ \8g0i|521|vg\§0\/)\_i/ 526 ue| < CV/Aelvel 1o /5}2/5534/5
127 Qp Qp
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5/6
< CVAilvel e §512/5524/5 Lo (/ 624/5>5/6
B o Q| |<el " ’ ¢ Ailzs — x¢? ¢
e r—x;|<clx;—Typ
=1)+®)-
Clearly,
eV \ilv
= %\/)‘—f < CVAdvel o v/ high, (1.24)
and
5/6
< OV Ailve| o 512/5
- A%|SCZ — :CZ|4 )
zi—x¢|<clzi—wp
C1v/Ailve e s
N NS i
L1 i
_ Cl\/)\_i|'U€|LG 1 ()\ |£C |)1/2 Cl\/)\_i\/)\_dvh/ﬁ

" N2 — ')\3/2

_ O Al

3/ |lz; — 2o|3/2

Xide|zi — xg|2)\j/2|:vi — xq|3/2

On the other hand,

/|asaz|6g|he|<c|hz|oof/ 2itvc Y /|awl|6g|hzs|m

Ao >ApsAL

Ih2|oo) 2 (/ s ) 1
<evhd | —— | Ve +C E 0pil0g0s | [Py ¢loo-
é(\/)\—é Y Qe|9‘7|é |z,|

o> ApsAL

O

We estimate C Y ([[0il0}0s) |h} o below, after starting the
Ao>Nps£l
proof of 2. of Lemma 57.

Proof of 2. For s Al s > N\¢

/ 100362 |ve| < C/ N )\Sssg/ 6202 ve| < CV/ N )\Sszgsg/ +
(\/_512|U2|H1) \/_65/2.
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On the other hand,

/|8gpz|54|hg|<O\/>\>\ese|he|oo/ 62034-C Z (/ |8501|545t)|h4t|00

Ne> Aot AL

1/3
< OV et i) ( / 6?)
Qp
2/3
(/ 52”) o Y ( |asal-|535t>|hzt|oo
52[ (l@

Ae> Aot£L
<O\/>\>\51g| 4|°° e +C Y </ |‘9<Pz-|5;‘5t> g 4l
N> Apt£e NSk
I oo
<0 (Ve )\/ re X ([ 1owia) ik
AeD>AgtAl NS

O
The two terms C' > |h} loo Jo 1090705 and C > |hf,le

AsSAgsAEl ¢ ANeSActAL

X er |0¢;|026; are estimated now. Recall that |9¢;| < C (A;|w§®|6! + 63) .
We estimate first

Vi | 626866, N | 62846,

Qp Qp

Since we know that 65 < Cdy on £, (Lemma 68 below), we need only to
estimate v/\; fﬂe 51-262165. We divide €, into three subdomains, one where

|z — as| > c|as — as|. On the domain, labeled Q} we have

\/_/ 62626, <\/% ma%glgo\/x_isfe Ao Egs.

On 92, we have |z — as| < c|as — as|, ¢ small, so that |z — a| and |a; — as|
are of the same order and |z — a;| > cla; — ag|. We then have, using 3 of
Lemma 13:

C\/ Ets
\//\Z- 525 0s < . < Cy )\ s
¢ Nila; — cw|2 Ve T CV i/ Aest

On QF, |z — a,| and |a; — as| are of the same order and |z — a,| and |a; — ay
are of the same order, |z — a;| < ¢(a; — ag). We then upperbound

526 0s < /62
\/_/ ¢ A2| 17(14| |a€*as|
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Assuming that i # s, we have

/ 2 < — ¢ 5
3 = Nla; — as)?

{lz—as|< f5lai—as[}NQF

" c / 52 4 C / r2dr
\/A_s|ai - as| ‘ AZ\/)\_S 73

lo—ai|<&lai—as| 3lag—as|>r>10{a;—as|

C 9 C |agas|)
e — dr < 1+ Log ————— ).
Mvhelas — asl? / mars Ai\/As( ® Jai — |
<

r<10|a;—as|

and, since |ag — as| and |ag — a;| are of the same order:

CVA la; — ag|
U | s26ks, < — YA er (14 Log 1=
/ 008 S 3 0a — g VM ( e

la; — as|

1
¢ i — |<1—|— Log |alaé|) \/—Egs.

<
- \/)\_i|ai—as| Y |a1*al| |a1*al| | a;

Since we may assume that % < C (otherwise the estimate is straight-

forward), we find

V| 525@ Vs

\/_|a1 — ag| )‘elal — ay?
Thus,

VA [ 5838 R e < Vel
Q3 |a;

ag|?

\/_ |

On the other hand, observing that 67 < 1/);62 and using some estimates
from above,

/ 535 5 C 1 N 1 / r2dr
o2 40s > )\2|ag _ as|4 \//\—S/\i \/)\_s)\fﬂ r4

10]a; —as|<r<3las—as|

C < \/)\—Z 1 L )\i|ag—ai|>

< +
= Mag — as)?

VA N2 °8 Aila; — agl

Ve <

< W LOg )\i|a4 — a1|) .

1
Vi
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We may assume that |ay — a;| < 1, using the proper chart. Thus, since

0pi| < C(Jwi®|VXid7 +67), for i # s

/ 0546, < C <¢¥efm—ms N m%)

|Wi |
\//\i|ai - as|

and

C | oo|2
hh oo | 0pidto el |hb o2 + Mgk ) -
| Zs| / Pi0g = )\ |Cu — as| (}\ |aZ S|2 + e€€s| é,s|oo + Eie

For s = i, the estimate is more involved. We have

e [ 10011 < Sl e <|w°0|\/_ L], 54>

Clhiils
)\?|a¢—ag\4
before.

On the other hand (we assume that A; > A\, otherwise the estimate is

straightforward)

O|h%,l|oo oo|\/_/ 6 C|w°0||h1 |oo/ r2dr
Na; — agl* T NN g — ag)*

3
— <r<clai—as| T
A€ il

er. ¢ is easy to handle and provides the same contribution than
£

Clwi®||hg il X |wge A 1
< B Log (/S < Oy Si=gilh} oo Log 2
= NMglai—at NN T (\/)‘_z iloe TLog >\12) X2 a; — agf?

i 1
< (Colwi®leie - eelhbiloo Log (22 ) ————.
_< 1|wz |5€ 5€| Z,z| og <A2)> )\Z|ai_aé|2

We consider
€itPpslo0 = \/)\ifié/ |f|+/ | 10
B; Qe

and we try to estimate directly vXieie [ || + [q, |0
f is made of three types of terms:

k#j

1 - terms which are O (Z |wk|4|wj|>

2 - terms involving v = v; + h; in B;,v = vy + hy in .

3 - projection terms
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We denote f; the contribution of f of the terms of type 1 and 2. Thus,
f reads

f=h+ Z Ageg
where ej, could be wy, )\kg%:, g%:, /\ikg%:. Ay, is somewhat complicated be-
cause it involves the inverse of the matrix of the scalar-product in the bases
{w;, ...} but it is essentially [ fey.
We know that

2
i

=),
e < —, er| < =ik for k # 1.
[ s ], el <ok

Thus,

Ve [ 1 +/m 116 < ¢ (Vi IR +/m 1116,

I IS S AV +Z|Ak|/ el
Q

ki k

5/6
<c|var < / |f1|6/5) S RULEE (FAES pEAr
B; Qp

ki

+> |Ak|/ |ek|5i> .
k Q@

In fact, |A;| stands for several terms which correspond to the various e;’s
(wi, % etc. ) with the same index i.

We use then the fact that |v — 0] < Cy > 0 and the fact (see Lemma
68 below) that §; < Cé,, on Q,, to derive

5/6
VEit (/ |f1|6/5> +/ | f1]04
Bi QZ
5/6
<C <\/5i€ (/ |wk|24/5|wm|6/5) +/ |Wk|4|wm|5i>
i Qp
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5/6
WeNorn </ 525 (Jug| + [hs |)6/5> +o/ 52 (Juel + e+ O3 ent)
B; Q

Considering also fw lex|d;, either k = ¢ and this is O(ey) or k =4 and
this is O(e?,) or k # i,k # £, then §;, < Cd, in 2, (Lemma 68 below) and

lex]d; < / 51000; < Ceipene.
Q Qy

Thus,

ﬁeie/ |f|+/ 116 < C (e [ 14+ 37 20 An] + 14l | +

k#1i

5/6
Zeik5k2|Ak| + Z (\/51'2 </ |Wk|24/5|wm|6/5> Jr/ |wk|4|wm|5i>
i Q

k#i k#m
k#L

5/6
+VE </ 534/5(|vi|+|hi|)6/5> +/ ot (luel + 1hel)s + Co (3l
Qy

i

= B.
We thus have
C|h€ 'L|00|w

Ma; —al

| Ai 1
8 < (C wB) L _.

VA / (CrlofleaB) Log 3 X o
The main issue is to see that Logi—z, which is less that C' Log 51-_41 can be
absorbed into B while enough room is left to provide an upperbound of the
usual type.

We track down the terms and find (A, < A;)

C|h€ 1|00

)\2|a |4| 0o|\/_/ P> )\2|a (\/_|W |5M)

_ A _ h¥oo
X (Eig Log 5iél‘/>‘e|w|Hé + %w/&'e Log Eiél [w//\i|vi|Hg + N\ <|\//|\_
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+ Z |hi sloo€is + 5?7”2554

AsZAi
s#£1

/— h
+Eie LOg 8121 |\;|_Oo + E 855|h€ s|00 + Elm E Est
CAs>Ais#i

4 /A
++/i¢ Log €, )\_e Vi Z|Wk(ai)|€ki+€ki€?l

ki

&40 Log ei_él\/ by, Z |wi (ae)lere + Eueit
Py,

+-eip Logezi_e1 Eke é\/_|A|+ Zgzk\/—51k|Ak|

k#i

+ Z Log ¢;, Elk&'k“/ \/ k| Akl + (€zk Log ) vV Aeere| Ak

i i
)\gS)\k Akg)\é

Observe that

cikere < Cege.

Hence
[A
Log 5&15%5“ )\Z < Ceiy Log ¢, Lif A > Ao
If Ap < A,
VE VE ey
eir Log — vk < g; Log S < Cey Log m < Ciei Log slkl.

Observe also that

Anl <€ ([ 1o+ Sem [ 1516.)
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The estimate on [, |f1]0,, follows in the same way the estimates of The-
orem 1 were derived.
Our estimate follows.

Proof of Lemma 43. _
Considering fﬁ 5?(&, either we are on the part of Q. where |z — x;| >

clzy — x;]. We call this part QL. Then,

C
620; < ———
al T Ve — il Qg

On the remainder ﬁ% of .,

67 < Ceypel,.

| — x| < clap —x;
and
| — 2] > (1 —¢)|we — x4
Thus,
5 C 1 Cei
- 070; < )\i/2|w — il \/—)\_iT<CI[Ii| rdr < —/\%|$i PSETE

Since 02 is non empty and Q2 C €, cither at a given x € (2

Aelr — e > —-
Ets

or

C2
M|z — z;] < — for some A; > Ag.
o

In the second case,
o¢ < O5j

at such an = and we can replace their contribution to [ §7d; by [ 4%4;.
Since A; > A;, the induction will eventually stabilize.
Thus, we may assume that we are in the domain where

/\4|:C — :Eg| > C_1
Ets

On the other hand,

|x — xo| < |z — 2] + |zi — x| < (14 ¢)|x; — x| in Qg
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Hence,

M|z — x| > —
Evs

and

6?61 S CEME%S.

Q2
0

Proof of Lemma 44.

We split, according to the estimate of Lemma 12 and according to (1.21)
and (1.22), he into hY and hj. We split £, in two parts, Q) and Q7.

In Q},

| — x;| > c|x; — x| and

C Ceie o/
ool < o= [ o< S22 ()
Q VAilzi — 2| Ja Ve \Ja,

54h +/ 5ih45+/ S;hdinf (|, |h}
mxzxﬂ(Z/Q WL [ el [ st )

4

+0 s Gty v o/iee 3 [ aini

Ak >Ag

h
5h inf(|hel, hp +/ 8 hé5+0h €s
/ ¢ inf(|hel, [hyl) 005, [Fae (E t)

Observe now that, using Lemma 68 and which we prove below (§; <
055 in Qg).

Vace [ Sl + [ oibtimt(hl i)+ [ ailnd
Q Q—5

Qp

§O€z€|hé|oo Z |hgs|oo/~ 5i52155+c/ K Z 52
<€

As> e 2 Q[*Q[ Ak Ae
Pl kZL
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hY|
+C 6:07 + Cn (3 el) <oz ST Chd e |
o,_a, ¢ oy = ¢,
s#L

+C Z Eiksié + Z 5%5?5 + Ch(z Est)h

Ak >Ag
&)

Indeed, the function |h| up to a function 6, with |01 < CR(>est)
is using Proposition 2, either bounded by Céy or by C' > .
A=A
=
In Q%,
|z — 2] < cla; — xpl.

Then,

/ 5|o)° < OZ/ 5i5§|@e|+c/ il he|® + Cen,
032 2 Q
<C Z / 55 |v4| +C/ 5i|h4|5+OZEZt

A >N

Ja, dilhe|” has been estimated above.
Considering now fQQ 8:6%|ve| with Mg > A, either Ay > \;. Then,
L

1/2 1/2
/Q2 5i62|ﬁg| < (/ 51252) (/Q 5kv4) < CEikEkd’DdHé < 018i3|ﬁg|H&.
t ¢

If ¥ = ¢, we derive the same upperbound (in both cases, it is
o(eielvel gz ))-
If Ay < Ap < ), then either

|x; — x| > cla; —
and

8:0%|0e| < Ceirlvel gy < Creie|vel
Qp

or

|z — x| < cla; — .
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Thus,
|xg — xe| > | — x| — |2k — 2] > (1 — )| — gl
Since A > Ay, on €y,

)\k|$ —CL‘k| > <
Eke

which rereads

C
Op(r) < —————.
VA|zr — 4]
Then,
C
P A [ — 5ilo
iOg|vel < >\5|:17k*:17e|4 i|vel
|z—z;|<c|lz;—x| |z—z;|<clz;—x|
2 2

5/6
- Cy / loe] __ Calvel / r2dr
T VAN e — @il T VAN — et ré/s
r<clz;—xy| r<clz;—x|
C1lve| _
< Tt Tl = Gl
g

Again, it is easy to replace this bound with 0(e|Ue| 2 )-

Proof of Lemma 45. The estimate follows closely the one completed in
Lemma 43 about [, 6;07. Wesplit [ ;67 in three pieces. The first one
N QN0
is [ 6;07 where z satisfies |z — z;] > c|lz; — x4 in (Q N Q).
(2005)1
This yields

o C / o C / 24
R =N — B VNVt — (1+1r2)5/2
(2 r>_1

(Qgﬁﬂf)l gﬁQf)l

— fke

< Ceyey, since A\, > Mg

The second piece is [ §;67 where z in (£, N QF)? satisfies |z — z;| <
(QN020)2
clx; — .
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We split it into two pieces: a first contribution on (£, N Q)? where
| — a;] > ¢|x; — x4]. For this contribution, we derive as above:

8:07 < Ceinery < Creivere
(Q@ﬂﬂfi)%
The remainder is [ §;53.
(Q[ﬂﬂf)%
On (Q, NQE)3, |z — 2;| < |x; — 2 ; so that

(1 =0)|z; — x| <o — k] < (14 )|z — zx

Since x is in Q, with Ag > A, k # £:

Ak|z — xp| > %M.
Hence
eXelai — k] >V Nehelzg — 2
and
c 1 c
VAl —a] = Nl — ] el — o
so that
c
O (Tr, Ak ) () < o
and

/ 580 < % / p—
>\k |.CCZ — £Ek|5 \//\_z/\k |='171 - xk|5

(Q:NQ¢)2 |le—xz;| <clz;—xk|

1 CEik

C1
X rdr < . <
T VAV AR )\%|£Ci — .’L‘k|2 - )\k)\dwk — $g|2

2
< C3€k€%e-
r<c|lz;—x|
O

Proof of Lemma 46. The estimate is straightforward for &k = ¢, so we
assume that k # £.



102 Recent Progress in Conformal Geometry

Let
Q= Qe {|z — x| > e — xl}
Q2 = QN {|z — x| > c|a; — x|}
Q= QN {|lz — x| < clo; — x|}
CQN{(l—0)wi —zp| < |z —ai] <1+ )|z — x|}

If Q3 is not empty, then since A\, > A, k # ¢,
c
Mgl — x| > —  for some z € QF
Eke

and therefore

Xe|zi — xp| > —,

Eke
an estimate which we will use on Q3. O
We compute:
1 .
/5&_ ¢ <QW
Q) e — e VAl

/ 55t < C / A2r2dy < Cepe
a2 T Ve — @] (L+ 2322 = NV Ailas — ap
ARTZ
Cieirere _ Cey
oV T VN

Clo; — xp|?

5;08
/Q3 k o )\2|xz - xk|4 / \/_T \/_/\ |:Cz - xk|4

r<c|lz;—zk|

Ceix Ceinere _ ceir

BTN, vl v

O
Proof of Lemma 47. The proof of (ii) follows closely the proof of (i).
First we have, using Proposition 2

Vi [ mPevie [ X slulvon(Tee) Ve

Bi xe>);

h
< Ceyj|0j|ga + Ch (Z Est) €ij-
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Then,

VE%A;WPSC¢@%/,§:%Wﬂ+CVE%

Bi xe>x

_ h
L3 st | W+ O (Sea) vEr+ v [ 3 a

i AR >N Bi—=Bj \>),
As>Aj

1h9] o h
< Ceyj + Ceyj Z 55J|hJ sloo +Ch (Z sst) €ij

\/)\_

+ OEZ'J' Z 65/2 5/2
Aj >N

The claim follows. The proof of (ii) is identical. O

Proof of Lemma 48. We split the integral between an integral on €
and an integral on Q7. We have using Proposition 2

/|v| Ll <0y / 5,§5g+ch(zgst>h@

k?%szcmsz
—i—CZ / 6@|1j|5 SCZEME%S—Fch (Z&'st)h@

ML QN

hO
3 com | ol + J;'_ou S ol | € (Xenct).
m

AsZ>Am
s#EmM

On the other hand,

/Q|17g+7Lg|5|L_1eg|§C|ﬁg|§1&+0 / S S e el | 1A
14

Qe xe >N,
h
+C [ S St L el b} o + Cn (Zsst) +0Y e
Qe )i Sa,
As> g

s;ﬁ@



104 Recent Progress in Conformal Geometry

2, |l : 02) ([ 162)
<o |l + e+ e 32 (fota2) ([ ot
k=L

)\s 2>\Z
s#£L

+C (Zest)’wzs?k <C (wdgé . (I%)

+ Z (ekers|hp sl + €ts|b ol ) + C’Zeg’k + Ch (Z Est)h> :

O
Proof of Lemma 49. Using Lemma 43, we have:

/w§|k*||L71€g| < CZ/ 6}35@ + Chzggt < Z&‘gk&is + ChZEZt.
Q.

O
Proof of Lemma 50. This is a modification of Lemma 49, using the fact
that [T¢ + he — 0] < C' 32 6k with [l < O (Year)"
This allows to upperbound

[ bl + b e
Qr—Qp

by

Ceimere + Ch (Z Est)h :

O
Proof of Lemma 51. We first estimate O (\ /€5 fB_ |17|5). Using Lem-
J
mas 12, and Proposition 2, we upperbound this quantity with:

0 (2iv/A;) /B > b (Ivl + |h] +Z|h},slés>
r0 (V) [, Tt ro(esvm) o (Sen)' 51"

We may retain among the d;’s only those with Ay > CA;.
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We then derive

o (%‘\/A—j) / 191° < O(eij)|9j] 11z
B’.
+0 (V) [ at(ng)+ 1)

Bi ne>x;
_|_0(5U )/B Z 6p+ 0 (\E5) Ch (ZESt)h

“Bj a3,
hS]oe
< O(eij) | 1vjlmg + f + Y ealhi
-7 As>Aj

s#£j
+ ;0 (Zeﬂ) + 0 (yZi;) Ch (Z sst)h.

Proof of Lemma 52. The first term has been estimated in Lemma 43,
after the use of Proposition 2.

For the second term, we use again Proposition 2. Up to a term of order
Cn (32 Est)h, this term is then upperbounded by (on Q;, Ag|x — zx| > i if
Ak > C/\jvk #])

zk: \/)‘—J‘O(Eij) / 52

(Bj—B;)nQg

<C Z \/)\—jo(gij) / 62 < CZEUE?S'

)\k2>\j

O

(Bj—éj)ﬂﬂi 0

Proof of Lemma 53. Using our observations, we derive the following
upperbounds:

/ wilws|[0we| < (Jw(@p)l + lwo(ap))ere + e if Ae < A

Qp
< wp(ap)lere + by if M < Ao

If Ay < A\g, we upperbound

5/6
[ ttonlw < ([ lon 10w,
Qp Qp

< C ((lwk (@) + lae(ap)ere + €iy) -
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If A < Ag,

1/2 1/2
[ btwow < ([ wtet) ([ wiiowd)
Qp Qp Qp
1/2
4 2
< Cepy </ wkws> .
Qp

We then distinguish between the case A\s > A\;: we then have

/ wilws||0wel < Cere ((lwp(as)] + lwg(@)l) ers + eks)

Qp

and the case A\ > A;, which we study below.
Considering now

wilws|lOwel,

Qg

either |ws(z) < |wg(z)|. For those x’s, by Lemma 45, we upperbound the
contribution with

wkl?[0we| < C Y egjed,,.
QeNQg AjZ Ak

Or |wi(z)| < |ws(x)|. For those z’s, we upperbound the contribution with

1/2
/ w|w||Owe| + / |ws|?|0we| < C (/ w?wi) €0 + Z Ejlc??m.
Qs Qs

QenQy AjzAs
1/2
Again, if A\ > A5, we can upperbound (fQ wﬁw%) €s¢ With
Cese ((lwy(ap)] + lwp @) Desk +€3y) -

1/2
If A\, > M\, we have to control (fﬂ wﬁw,f) and this is similar to

(f w4w2> 2 ith A = A
Q, Yk k Z ANs-

S
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We thus consider ka wiw? with A\, > A. Since such quantities are
conformally invariant, we deconcentrate w, so that A\, = 1,ws becomes
Wy, Ak becomes Ay with Ay ~ c£;.2. wy, is concentrated at g, (= 0) and we

write:
/Qwigﬁﬁgﬁ(@k) / wi +C / rwi + / Wiws.
k

lz[<1 lz[<1 lz[>1

We can think of all this decomposition as occuring on the sphere S2 and
e then have, since << fo >1
w n have, sin |wk|_\/Z vz > 1,

Ak
z]>1
4 _ 1Y 2
wp=0(=)=0/(g,)
Ak
lz|<1

2 _
/rwk<0/ dr gcé’“:%:O(sis)
<1 (1 +)\2r2) Ak Ak

o] <

so that

1/2
([ wtet) =0 (lwom+22)
Qp

and, if A\ > Ag,

[ wtloliowd < Cens (@,l(@0)ers + )
Qp

while, if As > A,

[ wtlonliow < Ceve (lunl(a)ers + L)

s
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1.10 Proof of the Morse Lemma at Infinity

1.10.1 Decomposition in groups, gradient and
L*°-estimates on v, proof of the Morse Lemma
at infinity

1.10.2 Content of Part 111

Parts I and II have clearly indicated that the main obstacle to the derivation
of a general Morse Lemma at infinity relies on the fact that some masses,
which interact very little, could be concentrated at points very close to one
another. The remainder terms are then impossible to control.

If this occurs, > a;w; can be split in several clusters, denoted for sim-
plicity as I and II. The masses in each cluster are very close to one another
compared to the masses of I with respect to the masses of II (the distance
of the cluster I to the cluster II is of the order of |a|). We then have two
clusters and their optimal ¥’s:

E Qiw; + U1, E QiW; + U1

i€l icll

and a remainder ¥ — (07 + Uyy).

In Part III we complete major improvements of the estimates of Part
II.

On one hand, using the uniqueness feature of the implicit function theo-
rem applied to 7, we get rid of all the remainder terms Cj, (> €4)" involved
in the pointwise estimates on v in Part II.

On the other hand, we derive a much better estimate, for every = of R3,

4 4
of [ erlwdtledtlonl of the type C((|wp®| + |welar)|vVAelar — arl + e)dk +

lz—yl
(Jwp®] + [wr(ae) [V Ak|ar — ael + €or)de)e ek
We also show that |0 — (07 + o77)| is pointwise estimated by such an
expression but with ¢ € I and k € IT (Proposition 3).
Another  meaningful  estimate is derived on Vwvr in
Qrr( and Voyy in Q) in terms of

¢ 0o
m Z (|wj | + |wj(a’k)| V >‘j|ak - aj| + Ekj) Ekj5k
(k.j)el
=

All these improvements concur and yield a better estimate on |(v — (v +
’U[[))lH& than the one provided in Theorem 1 of Part II. The new estimate
has the definite advantage that instead of splitting the contribution in the
upperbound of the w;’s of each cluster (C' ) |ws°| etc.), it combines them in
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expressions such as > ojw;(ag) i.e. > a;w; behaves as a single function
Jjel Jel
wj,j S I.

We then complete the expansion and derive the estimates needed in
order to get rid of the remainder terms. The new fact is that, instead of
estimating the variation of J as we translate each w; independently, we
now translate each cluster altogether; the various relative positions of the
masses w;’s in each cluster are unchanged.

Using the improvements described above and a tricky way to write

AJ (> aw; + D) - 01(>. ayw; + ©) — Jr is the derivative with respect to
iel
translation of the first cluster - we derive a key lemma, Lemma 67 which

3
shows that all remainder terms in our expansion are now O (%) (for the

derivative with respect to the translation of the point of concentration of
€

3 3
each cluster). We indicate then how to turn O (%) into o (—J> and we

lal

derive the general Morse Lemma at infinity under (Al).

1.10.3 Basic conformally invariant estimates

This section is devoted to the derivation of new estimates on v, vy, vy; and
their derivatives. In previous works e.g. [Bahri 1989], when considering
only positive functions or even in [Bahri 2001] for the case of two masses,
we could work without such estimates because, at first and second order
in the expansion of J, ¥ intervened only through its projection Q(7) on
Span{w;, %, g‘;j etc.} which was relatively easily estimated. The higher
order U-terms were dominated by the principal part of the expansion (of J
and of 9J).

This does not happen anymore here and we have to estimate
v,vr,v11, Vor, Vorr, @ — (vp + vrr) appropriately (in appropriate regions).

The new estimates which we will prove read as follows:

Proposition 3

(i) [o(z)] < CY(Jwp®| + |wk(ae)|(VAklar — ael) + exe)erede(x)
(i1) |vi(z)| < Ck;el(|w]3°| + wi(ae) [(VAklar — ael) + exe)erede

(i) |orr(x)] < C 35 (lwg®| + lwr(ae) |(VAklar — ael) + exe)erede
keIl

(iv) lv—(ur+or)| < X [((Z ] + exe) ene + =L2kleddl) 5,
(k,é)e(I,II)( i VAl )

F (S| +ene) ene + =L@ 500 S O(X eom) €456
( ' A ) (i.9)E(T.IT) !
or (II,I)
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Proposition 4

(i) Assume that y is in QH, a smaller wversion of Qrr such that
d(Q2r,0Q11) > clal. Then, fory € Qr,

C oo
[Vor(y)] < Tal > (w5°] + |wj (ar) v/ lak — aj] + ex;)er; o
k,jel
[y

(ii) Assume thaty is in St);, a smaller version of Qy such that d(Qy, (’“)(NZI) >
clal. Then, fory € Qy,

C oo
Vorr(y)l < 1 > (ws®] + lwj(ar) /A lak — aj| + exj)en;o

lal | 5etr

i
(iii) For ally € S3,|Vour| < C Y V/A62.

il
We will establish these estimates in several steps.

In a first step, we assume that

1
e > A, Q= {ac S R3s.t.)\k|x — ak| < —};
8e ke

1 1
Q= {r € R3s.t. M|z — ar| < —, M|z — ag| > —}.
8eke Eke

We start with:

Lemma 58 Assume that A\, > 8.

Then
4 4
Wy |we| + | Wk |w
/ Sl R < 0 () + o) [V Aelas — arl + <) e
Qe lz =yl
and

Lemma 59
eredr < Cy.

Proof of Lemma 58. Considering

4
1) = / wi|we| ,we have since A\, > 8\
o, 17—yl
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)] = € (lentonly/elan —anl+ (L4 L o)

lax —ael — Aelax — ag?

1
X —
Vdlar — agl

so that since |x — ax| < C/x,epn

for x € Q4

4
Wi

1
Vilag —ag| Jo, 1z =yl

(1) < O (lwrlan)|V/ Mol — arl + | + <ae)

Observe now that

[svn [ e

L=yl ™
Qen{Ak|z—y|>1}

4
+ / Yk Akly — ag| is large
|z =yl
Qen{lz—y|<5-3
Céy, C 1 C

<k X g < .
VA Aar—yl* T AL T Xely — axl

Thus,

(1Hn<c (|wl‘?°| + |we(ar) |V Aelag — ag| + Egk) eredr if M|y — ag| is large.

If Ax|y — ax| is bounded by C, then

<CyVA wis
/szk |5U - y| F b(v)

Ak |z—y|>100C

wj Coy ok(y)
+/ k< 2% o<
Melo—yl<100c 1T =yl = Ak V Ak

and the estimate above extends.
‘We now consider

@) :/ |wi|wg
Qp |‘T - y|

<C <% (lwe(ar)|V/ Aelar — ael) +€ie>/ [
)\e|ak ag| S

2 |5U—y|

and we subdivide between the case

a. )\k|y—ak| S C.
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Then,
/ il o / +C\/_
Qp |‘T _y|
| — y\Slch
C +C\//\k r2dr < C i
A2 A2 ) L2 = 332 ep
TSEM
Thus

)

(2) < C (w5 + (welar) v/ Aelax — ael)* + ety ) ened

b. )\k|y — ak| >C.
Then,

1
/ |wk| <C / Ok
|z -y ly — ax|

|z —an|< 1565,

1 / 1 1 / 1
R — = —
VAkly — axl . lz =yl VA& |z — aklly — =

lz—y|< TOOA, lz— ak|>10g>\k
|z— y‘>100>\k
TEQ
Observe that
1
Max (|2 — x|, ly — ) = Sly — axl
and that
. C
Min (|x — agl, |y — z]) < for z € Q.
AkEke
Thus,

/ ] < ¢ ¢ / rdr
. 17—yl 5/2|yfak| VARly —ak|

Xheng 272 o0y 100)%
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< C n C 1
_)\2/2|y—ak| Aeeie VAklY — ax

and
(2) < Co (1w + (welan)| v Aelar — ael)* + ek ) exe.

Combining the estimates on (1.5) and (1.2), we derive Lemma 58.

Proof of Lemma 59. We are assuming that

C
Ept ~ —F——
VAR |ag — agl
so that
C VAL

VArAelar — a ' (14 M|z — ag|?)1/?
C

— Vdak = ae (1+ e — axf)1 /2

Our inequality is thus equivalent to:

Erell ~

(14 A2|z — agl?)V2 < Cglar — apl(1 + N3]z — ag|?)/2

which clearly holds if |z — a¢| < Cilar — a¢|. If |z — ag| is very large with
respect to |ax — ag|, then it is of the same order than |z — ax| and the
inequality becomes

Me|z — ag| < ChXi|x — agllag — agl
i.e. Aglax — ag| large, which holds. O
Next, we extend Lemma 58 to €2, and establish:

Lemma 60
wiHw + ww
/ W <C (|w,§°| + |wk(a4)|\/ )\k|ak — ae| + 5k£) Ere0g.
Q[ -

Proof. 1If Ay > 8k, Lemma 60 follows readily from Lemma 58. If A\p >
8o, Az — ag| > 5&1 for z € y and the estimate is straightforward. If A\g
and A\, are equivalent, the estimate is also straightforward. O

Lemma 58 and Lemma 60 combine and with a slight generalization, we
derive the estimate:
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Lemma 61

wiw + wiw
/w < C’((|w4|°° + |welar)| v Aelar — ae| + Eek) Ok

+ (|W130| + |wr(ae) |V Arlar — ael + €ek) 0r)erk-

We now establish (i), (ii), (iii) of Proposition 3. The proof of (iv)
requires a few further remarks and we will be completing later, in a section
devoted to v — (vr 4+ vrr).

Proof of (i), (ii), (iii) of Proposition 3. ¥ satisfies

Qpe (J’ (Z ajwj + 17)) =0. (1.26)

Picking up a large constant C7 (much larger than C'}|w$°[), we modify
(1.26) as follows; we write it as

_ % 4_ > —m |
QL (J (Zajwj)) +A+Q (5 (Zajwj) v+mZ:2fmv ) =0
(1.27)
which we transform into
—Av = Q'L (J' (Z Oéjwj)) -Q" (5 (Z ajwj)4 oxve,
n 25: fynint (01 3 e, |ﬁ|)m71 sgn(E™ )3
m=2

+5 (Z O‘jwj)4X(UQi)c X sgn® X inf (|17|,C1 ZEZ—J—&-)) =f
(1.28)

(1.28) is only a slight modification of (1.27) and one can easily see that the
inversion theorem applies to it yielding a unique solution ¢ in F=.
If we are able to prove on ¥ the estimate

[0(z)] < Ch Zeij(si (1.29)

then © = ¥ and ¥ satisfies (1.28). In order to prove (1.29), we derive from
(1.28)

o
0= /|x—y| (1.30)

v splits also in pieces v;, h; just as v did. Theorem 1 will extend readily
with an improvement: there is no contribution of Cy (> sst)h because we
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can use (1.29) in (Uﬁl) . The constant Cy is then multiplied by o(1) we

derive the estimate

" || -
(il + A=+ Y eislhi| SCY ey (1.31)
’ \/)\—Z )‘52>\1
s#£1

where C' does not depend on C; because
1nf(|v| C1Y eijo ) <|al. (1.32)
In order to prove (1.31) - (1.32), we first prove that ¢ satisfies (i) of

Proposition 2, page 72 with 6, = 0. Indeed, using (1.30) in (1.28) and
forgetting a first step the projection operator Q*, we find

Wk | + wr |w
|v|<C /Z |k| k|]|

|z —yl

Ifcfyl

5
#3 o | X2+ i [ 3
i i

5 5
n Z |h5|00/ Z| +ZC{nf1€%71 If)ing/ 0
2

Q; |‘T - y|
As >)\
5751

+|B?|oo/
Qv

X Z |h5|oo/

| *yl
As >)\
5761
JrZ/ 015 Eelk(skJrCSEES 55
Uy )e |$L' _y|

(1.33)
C is independent of C1.
We will prove later that

5t . 5
/ i / I <05 (1.34)
Q; lz —yl VA Q |z —yl
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5 )
) 5
/ L = 0(51),/ J = 0(615)51 for AS Z /\Z (135)
wite) |z — y] Q |z —yl s#i

DE

(i) of Proposition 2 follows. Theorem 1 thereby follows for o, (iii) of
Proposition 2 is not needed because (1.28) is a modified version of (1.26)
and the nonlinearity involve inf (9], C1 ) exedr) in (UQ;)°.

Then, after tracking down the contribution of @*, (1.33) implies that

5(@)| <O eyt o (cl Zeijai) (1.36)

(1.29) follows and © = .
Plugging then in (1.28) the estimates on [0]y1 and ”\L/L—‘” provided by

Theorem 1 (without O}, (3" €5:)", we got rid of this contribution), using the
5

. 4 67 . .
estimates on fQi %, f(UQg)C 17257 and using also the estimate (Lemma 59)
gikdr < C0;

we derive that

C D (Il + |wran) |V Aklax — acl + exe)erede(x) + Y | ericnede
i#L
(1.37)
. 84S €indn .

The extra-term > £;,€x¢0p is due to f(UQg)C P (see Lemma 40 k # 7).

Bootstrapping (1.37) into (1.28), we get a better estimate with
> ericrede replaced by EikEktER 08, With @ # L0 F# L1, k0 # L1,k =
il
k or ¢ (otherwise we are done). Thus ¢;; and eg¢ belong to different pairs,
€s; and €y, ¢, belong to different pairs as well as ex¢ and €, ¢,. Since there
is a finite number of pairs, we end up with a term of the type €%,0, and we
are done.

(i), (ii), (iii) of Proposition 3 follow.

We now establish (i) and (ii) of Proposition 4.

Proof of Proposition 4. We write

fr
|z -y

vr(y) =
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We assume that y € Q 11 and split

o f10(545)
o) [ o)

|z—y|>cl|al |z—y|<c|al

We can easily estimate the first term and we derive

[ o(atm)|=e(a) [y

lz—y|=clal

The second term yields

ffo(ﬁ) <Cld Sw |fi(@)]

lz—y|<cla]
lz—y|<c|a|

In f7, all terms are explicit except those involving v;. _
For those, we can use (ii) of Proposition 3. Thus, since y € Qyy,

C 4
ol Swp (o)l < el | 3 (1ol + o+ o)

|z—y|<c|al kel

1 1 1
X + =+ +
<'”f VP 5’“) (5’“W_Ak|a| Azm|a|5>)

C 4
< = |wpel + —— +€k¢)
|a 2 ( PN | |

kel

(15t ) (i s )
w . . .
CIT Nfal TR Varlal T Vaevdal Aklal  Vgal

Combining the two estimates, using (1.28) and (1.31) to estimate | = ‘fl

as already done above, using Lemma 61, we derive the estimate on Vvl,
hence also on Vuyj. O

We prove now (1. 34) (1.35).

We start with fﬂ |z yI In Lemma 68, we establish that §; < Cd; on
Q’L; Vj
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Thus,

54 54 C6;
I < c/ < 2 1.38
/i yl — s yl — Vi ( )

We now consider(§2; are smaller versions of ;).

e /
/(UQ )e |z — y| \/— Z (UQe)e |~’C - y|

Ap<Aj
< CZEJ[(SJ‘.

Fmally, considering fQ ‘m

Z / 5?(%
¢ [z —yl

Ae> A

(1.39)

and using Lemma 68, we upperbound it

ds

yl
by fQ |x y| We have, if \;|y — x;] is large

4
/ < \/—/ 61840, + / 61-:55 (1.40)
Isc yl |z -yl

n{le—yl< )

545, )
< —i + < Ces6; + / U
v w*xl / Jz =yl lz — 9

un{le—yl<) Qn{lz—yl<)

If A\;ly — 2;] is bounded, then

4
/ 610 < C\/_ 5?55 + / 0:0s

yl lz — v

2uin{lz—yl<L}

4
coans [ 2

Qn{le—yl<L}

If ly — xs| > clzs — 24|, we write

/ 516, _ O3l / 1
[z =yl = VA | — asllz —y]

Qin{le—yl<s5} lz—y|<
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If ly — xs| = o(|zs — i]), we write

4 4
/ d; 05 SC‘Si(?J) /dr
lz—yl = VA

Qin{lz—yl<x} r<3s

C
< < Cieqili.
SNy — -

Summing up, we derive our claim. (i) and (ii) of Proposition 4 follow.

We now establish (iii).
We observe that Vo satisfies:

—AVvr =V

so that

| f1
Vor(y)| < C / .
Vo) < ¢ [
Using then Proposition 3, (ii) and Lemma 59, we derive that

546
|z —y[?

Vor(y)| <C

)

If A . 580 . . )
kly — ar| > 1, we split [ [y in two pieces:

546, 5oy
I = / . (D) = / k
o) e D FavE

lz—y|<cly—ax|

le—y|=cly—ax]

¢ is a small constant.
We derive easily:

c €
() < m\/% < Cepe v/ Aidi.

For (IT), we observe that, with ¢ small, |z — a;| and |y — ag| are of the
same order on the domain of integration of (II). Thus

[P ¢ de
I17) < k / - 4 / _°
i) < (1+ Aly — axl?)? |z — y[? |z — y?
|z—y|<cly—ag|

|z—ae|<|ar—ael

|z—y|<cly—a|
|z—a¢|>clag—ag|

= (II1) + (IV).
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(IIT) is easily upperbounded by
CA\} 1
(L4 Nily — arl®)? VA ar — axl

We split the domain of integration of (IV) into two parts:
On the first one, |z —y| < cly — ae| + /\%7 so that |z — as| and |y — as| are

(III) < |y —ak| < CEM\/)\;C(S,%.

of the same order unless \¢|y —ay| < C. This contribution is upperbounded

by
OX; X VA X (| —ag| + i)
T+ Xy —a?)? T+ Xy—a2  \Y "7

Since |z — y| < |y — ag|, |z — ag| and |y — a| are of the same order.
Since |z — a¢| < clag — agl, |y — ag| is of the order of |ar — aq|.
We thus derive the upperbound

C)\2 1 1
) k 3 X X ) 3
Mlap —ar? " Vi~ 14+ Ny — axl

< Cegpn/ >\k513-

On the second part of the domain of integration of IV, we use the upper-
bound (|z — y| > cly — a¢] + )\%)

C/\i < /\f ) / 5
A+ 22y —ar)? \ X2y — ag® + 1 ‘

lz—a¢|<clar—as|

[PV lar, — ag|?
< k X N\p02 x 2F 20
S+ Xy a2 T TN

As seen above, |y — ay| is of the order of |a;, — ay| and this is upperbounded
by

OVADL < oy/as?
;< .

(1 + )\i|ak — ag|2

This concludes the proof if A\g|y — ar| > 1.
If M\gly — ax| < 1, we split:

4 4 4
/ ot S/ ot +/ oo
|.”L' - y| |mfy|§%k |,T - yl \xfy\z%k |.”L' - y|

On one hand:

/ ) 625@ < C)\%% = C)\ipé‘kg < Ciepe v )\ké,%.
‘1—y\2v k
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On the other hand, if | — y| < i, then

1
’|x—ag|—|ak—ag|’ < |z — agl :O(/\—>.
k

Thus, since A\g|ax — ag| is very large, |x — ay| is of the order of |ay — a¢| and

546 ox2 1 ,
< X — < Cepely -V Ak
/lmy|<%k [z =yl 7 Vlak —ad A g

(iii) follows.

1.10.4 Estimates on v — (vr + vrr)

We want in this section to show how our estimates on v, vy, vy extend to
v — (vr + vrr). The equation satisfied by v — (v; + vyy) is basically the
same than the one satisfied by the other quantities but it has an additional
splitting between group I and group II which makes it more specific. We
want to use this splitting to derive better estimates. This requires some
care.

The equation satisfied by v is

—Av=Q* ((Z w; + v)5>

while v; and vy satisfy

5
—Avr =Qj <Z ow; + UI)

icl

5
—Avrr = Qi (Z ajw; + v11>

iel

Let us forget in a first step the presence of @*, Q7,Q}; and have a look at
the equation satisfied by v — (v; + vyr). Since we are not taking care of
Q*,Q7,Q7;, we will leave an additional term U for this contribution. We
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thus have

— Ao — (v +vir)) =
5 5
(Zaiwi+v)5— <Zo¢iwi+vl> — <Z ozl-wi+v[1> +U
i€l iell
4 4
= O < Z [0 710973 Z [ 710% + | Z [0 710973 Z [ 710973 )
iell iel icl iell
+5 (Z alwz) v — (v +vrr))
-1
+ ZO < Z QGW; Zaiwi ' #> |UI|4fu
p=1

E QWj

iell iel iell
3 pn—1 o
+ ZO < Z oW Zaiwi + Zaiwi ) |UH|4—M
pn=1 iell iel iel

+ ng (v — (vr +orr))’ + U.

We view it as

5
—A(v—(vr4wvrr)) (Zalwz) v—(vr+vrr))— ng(v—(vl—i-vn))e =
0=2
O <’ Z aiwiH Zaiwi‘4 + ‘ ZaiwiH Z aiwi’4>
i€ll i€l i€l i€ll
Z <<‘Zalwl||zalwl‘# 1+|Zazwz ) |'UI|47#
p=1 i€ll icl i€l
+ <| Z Oéiwi|#7l‘ Zaiwi‘ + | ZO@U&V) |’U[[|4‘u> + U
iell i€l i€l

We split R? or S3 as usual in its different pieces ;, adjusted to the w;’s
and Q° = (UQ;)°.

Accordingly, v — (v; + vrr) is split in each € into an H}-piece
(v—(vr +vrr1))e and a harmonic piece hy. The non-linear operator —Awu —

5
503 ciwi)*u— 3" fou? is the same than the one used for ¥ and the splitting
6=2
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. . . . ho hiloo -
gives rise to a matrix relating |(v— (v; +vrr))e| g1, yloe > eos i just
0T VAT S, Ve
s s
s#L

as for v. We thus need only to keep track of the terms which do not involve
(v — (vr +vrr))e, he. These terms all come either from

1=0 (1 owsl| o'+ S| T vl

iell el iel iell

3
+ZO <<’ Z aiwz‘H Zaiwi‘u_l + ‘ Z Oéi%“”) |U1|47“+
p=1

iell icl icll

(| S o 3 o] | Z|) |vn|4—u)

iell i€l i€l

and its projections or from the contribution on v — (v; 4+ vrr) in Q°. The
contribution of g is controlled by:

1
géiJr—/ g+/ 95-+\//\-5i-/ g
/sg Vaipi Jo, o’ " s,

Indeed, if we replace g by f of (1.1) in Section 1.1, the above quantity is
related to h; (see Lemma 12) and upperbounds what we denoted llz/b’ +
> €is|hi]so- These quantities, in turn, are involved in the upperbound

)\s 2>\1
s#£1

5/6
of |v;| g1, together with (fQ, 96/5> - |vil gz Cor [(v—(vr +vr1))i| gy here )
is involved, together with a bound on v( or v — (vy +vys) here) in € in the
derivation of the bound on

/S§|f

Due to the form of the matrix involved in this estimate, see (3), estimates

If1+
Q;

|f16; + v/ >\j€ij/ |f
Q; Bj

[h7]oo

on (v — (vr +vrr))elmy on At E €0s|hj|so are easily derived from
>N
s;ﬁ@

the following:
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Proposition 5

Eik Eim
C E E ajwj(ak) —\/)\_ + E Ozjwj(ai) —\/A_
k£ | jell k jeI if iell d
kel or GeIl if icl
or kerr J€l
oo
|ws®les;
+0 )f'|a| +Z%‘ Z €im
g# (j;m)e

(I,II) or (I1,I)

(i)

5/6 C
< /Q 96/5) <~ Y ajwi(a)

“Vier ifiell
Jell if icl

+0 Z /\||€” AP DCTEED DR

(4,m)€
(I,II) or (I1,I)

(iii)

1
|vf(v1+v11)|(:c) <C E <|W;o|+€1j+)\—m|) sijéi.
(i.5)€ /
(I,IT) or (II,I)

We will derive from Proposition 5 the following theorem.

ho oo S
Theorem 2 [(v — (vr +vr1))ilm + % + )\;X Eis| oo

5;21'
<ol 3 S el s | Y ajw(a)
k#i | jell VAR VA jer if iell
or JeIl'if iel

kel
or keIl J€l
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J#i (4,m)€
(I,IT) or (II,I)

Proof of Proposition 5.
Proof of (i). The only contribution which is not related to an €y (more
accurately to a smaller version of {2y, €y, since we need to leave some room
in the estimate of the harmonic part hy) comes from fm gd; and is of the
type [ 99i. O

g contains products of d;’s with k € I with §,,’s with m € II. Both
terms are present. Assume 7 is in II for example. Consider

Z 000 + 0y 0k)-

We can always upperbound one of d or 6§, by WLW@\ or \/TLM’ or §; by
c
VAilal®
Thus, using Lemma 69,

/&-&;&gc Yoo el
Qc

(s,t)€
(I,I1) or (I1,I)

We now estimate, for k # i, ka gd;. Assume k € I for example. Then,

since d; < 6 on €y,
4 ak|
/ 0,0; +C E / \/_|a|2

jell

g6; < C‘ Za]w] ar)
k

Q

+CZ%/ Smdi0y > O +Cz%/ 030:0m > O

(Z,m) sell (e,m)e sell
a1, 1) (I1,11)

+C

¢ avjw;(ar) /5351'
Z I \//\_ jelr VvV \/_|@|2 Qp y

jeIr

1 1 -
+C Z Eémz \/)\—S|a| o d 51@5 +C Z Eémz \/)\—S|a| o 6k516m-

(Z,m) sell (Z,m) sell
(I, 1) (11, 11)
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Observe that

5, 8,68 < c/ 5L, < 02K
/szk b Qs b VA

and

/ 5251' S/ Jr/
Qp QrN{|z—a;|>10|a;—ak|} Qrn{cla;—ak|<|z—a;|<10|a; —ak|}

+/ < C 1 L C
QN {|z—a;|<clai—ak|} B \/)\_1)\2/2 |a’i - ak| \/)‘_z|az - akl

C
TP Log (|a; — ax| k) a; — ag)?

1 1
b,
Ak A% — axp VA

Csl
kk (14 Log (Akla; — akl)).

/ g6; < C
Qp
Eik

JjelIl V v |a| /\k| |

Thus,

Eik

> ajw;lar) I

jeIT

+C

(14 Log (Akla; — akl))

1
HOX e 2 e

sell

This estimate adapts easily if £k € II. Let us now estimate ﬁ fQi g

Vi Max g [, g

Assume that ¢ € IT for example. We then have (again 65 < C4; in ;).

\/A_ieim/ 9 < CVNigim| Y ajw;(a;) / 5}
Q;

2 jel i

1
+CV Nigim Y ji/ —a;| 0} +CV Nigim (Y et
) VAilal Je, il y ( o );el VAjlal Ja,

jel
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Ezm

E ajwj(a;)

jerl

1
Ceim 53
HCem ) el VAiv/Ajlal /Q ’

jerl

+C€1mZ€tsZ\/—\/—| |+Cslm25tsz\/_\/_|a|

Jjel jeI

Ezm

g ozjwj a;)

jel

Log(A lal)

*C&’”;Wm B

+ Ceim Zsts Z \/_\/_|a|

jerl

For \/Ajei; fBj g, the estimate is identical to the one completed above.

As we multiply by +/\;, the upperbound takes away this multiplicative
factor which cancels in a natural way with \/); in the denominator (\; >

5/6
Ai). We estimate now [, gd; and (IQZ 96/5) :

Recalling that we are assuming that ¢ € II, we upperbound fg. gd; as
follows

/ gé; < C Zamwm a;)
Q

mel

— ail7;

/ 610 +C D

mel

VA |a| Q

+0(Xen) X s | ot

(Z ”S) \/_|a|>

mel

<C (‘ > mwm(a:)

mel

€ij 1 / 3
X Oy ———— [ %,
vV )\z mzel \/)\m\/)\i|a| Q; /

H(Ze) X ¢—|>

Eij
- Log (Nila; — a;l).

<C O > amwm(a;)

mel

03 S

mel
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5/6
We finally estimate ( va g%/ 5) which we upperbound as follows using
the finer structure of ¢:

5/6
(L) =
Q;
1 /5 524/5 o/
+C 7</ |z — a;|°6; )
27 U
C €05 (/ 624/5) ajw;(a;)
(Z )jel \/_|a| j; eV

O e AP V_\/— AP (Z“S)Jg W al

U contains two type of terms: on one hand it contains terms which
we are expecting, that is @Q* of the nonlinearly involved in the equa-
tion satisfied by v — (v; + vrr). On the other hand it contains (Q* —

5
Q5) ((Z aiw; + vl) ) Q= Q5)( Y aiw; + vrr)®. Without changing

i€l i€ll
the equation much we may apply the operator Q* to it again. U then
contains

5
Q" (Avr), Q" (Avrr), @ (Q" — Q) <<Zazwz+vl>) etc.

el
We claim that all these terms are
Z O (Z Egm) Eij(si.
(i,5)(I,IT)
or (I1,I)
Indeed,
Q =Q'Qi =QQ;
so that
Q" (Avr) = Q" Q1 (Avr), Q" (Avrr) = Q" Q1 (Avr)

5
Q* Q QI <Zazwz+vl> Q (Q QI QI (Zaw1+vl>

icl Iel



Sign-Changing Yamabe-Type Problems 129

5 5
=Q"Q1,Q7 (Zaiwi—i-w) —-Q*Q7,Q7 (Zaiwi—i—v[) =0 etc.

i€l icl

It is easy to see that Q*Q7;(Avr) = AQ*QF,(vr) satisfies the estimate as
well as Q*Q?(Av]]) = AQ*Q?(’U]])

We can carry out then the estimates established on v, vy, vr;.

All the remainder terms are as stated in Proposition 5 and Theorem 2
but for the contribution of Y ajw; — > @jw;(a;) in the expressions which
we study. We have bounded above this quantity by O(|x —a;|) > \/A—l_‘a‘ in

J

our computations. Because of this term, the remainder which we found
is O (%) and terms of this type instead of being (g;; Y. ¢7,). This

can be improved as follows: using the expansion of w;, O ( lo—ai] > is in

Vilal

|wi®llz—ai] 1 . . .
fact O z + x — a;| |. Then the contribution of this term
( VAilal Aj\ﬂ\j\a\l Zl)

becomes, after a straightforward computation, O (Iw/\ji‘llf‘” + E?j).

(iv) of Proposition 3 is easily derived in the same way it was com-
pleted for ©. Instead of > (3" eem) €ij0;, one could easily write

(4,5)e(I,IT)
or (I1,I)

(Z Eie) sijél-.
(¢,7)€(I,II)
or (I1,I)

(iii) of Proposition 5 follows.

1.10.5 The expansion

We expand (all computations are completed up to the same multiplicative
constant).

07 (Y awi+v) -0 <Z aiw; + u)

icl

=0J (Z o;w; +vr + Z o;w; +urr +v— (’U] + ’U]]))

i€l iell

01 (Z ow;i + v;) +0J (Z ow;i + ’U) -0r(v —vry)

icl



130 Recent Progress in Conformal Geometry

=9%J <Zo‘iwi +v1> : (Z QWi + v v,) ) <Zo‘i“’i +v1>

i€l iell icl

+ZL9 <Zo¢iwi +’UH> . (’U — (1)] Jrv]]))e -0 <Zo¢iwi Jrl)])

5
=1 i€l el

+0J <Z w; +vH> 0 <Z Wi +v1> —c/V <Z Wi +vn>

iell iell iell

-Vo (Z ow; + 1)1) + 8J(Z ajw; +v) - (v —vr) + O
i€l
-0 <Z ow; + vl> = (1).
il
By Oy we indicate terms which are at least first order in > a;w; + vy and
i€l
at least second order in wrr, vrr, Y. ouw;+vrr or v— (vr+vyy) (combined).

iell
Observe that

oJ (Z o;w; + ’U]) . 811(1} — ’U[) =0
iel
Thus (1) reads:

(1) =-0J <Z aw; + v1> 011 (Z Oéiwi)

i€l iell

+ (&](Z QW; +1)) —0J (Z o W; +’U[[>) -8[(’0 7’[)])

iell

+8J(Z owi +vpr) -0 <Z Wi + v1>

iell iel
,/V <Z ;Ww; +UH> 0 (Z ;Ww; Jrv])
iell iel

5
+ZL9 <Z ;W5 +’UH> . (’U — (1)] Jrv]]))e -0 (Z QW; Jrl)])

=1 iell iel
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+02-8<Zaiwi+vl>.

el
Remark 1  We check that we are not missing any quadratic term in v.

Tracking down f VoVOjv, which is the only quadratic term in v in

J (X ciw; +v)-9rv, we find [ V(v—v;)VOrv; coming from 27 (Y cjw; +
el

vr) - <Z owi + v — vl) -0 <Z oW; +v1> . [ Vv Vv coming from

iell i€l
oJ ( > aiw; + ’U]]) -Qvy and [ VoV (v—wvr) coming from dJ (Y awr +
i€l ]
v) - Or(v — vy). Since [Vo;VOv; = 0, we find [ VoV9v. There is no
gradient term in L.

Lemma 62

1
oJ <Z QW5 —l—’U[[) -Ovy =0 <m>

iell
D SEET Y BN SR Y B S
(4,5)€(I,I) (m,6)e(I1,1I) (s,t)e(I,I1)

Proof. We first observe that

oJ (Z aiwi—l—v]]) -0vy = 0J <Z Oéiwi—l—U[[) -Q[[(a’l}]).

i€ll iell

1 Owir
WIT) ;7 dars

Let 671 be one of the functions among wyry, %wn, )\H%
We estimate

/VBUIVGH == —/Aé’nc’)vl = — A@[[a’l}] — Aenc’)v[
Qr Qrr

= A911U1+ 8A0Hv1 — AQHBUI.
o0y Qr Qrr

Using the estimate on dv; provided in Proposition 4, we derive:

/Vav]V9]] =0 (é) Z €ij Z Eme

(i,9)e(I,I) (m,0)e(1,11)



132 Recent Progress in Conformal Geometry

On the other hand, a standard calculation shows that

oJ (Z aw; + UII) 011 =0 Z Eme
(

iell m,0)e(IT,IT)

The result follows.

Remark 2

/ 8A9Hv[ = 78 (/ A@[[’U[) = 7/ A9118v1 7/ A@[[’U[
Q; Qr Qr 1T

Lemma 63

aJ <Z aiw; + 1)11) X (Z aiwi>

i€l el

o (a (z aM.)) o L) Tl T o

il i,5)e(I,II) (,s)e(I1,IT)

Proof. We estimate

<6J (Z aiwi—i—U[]) —0J (Z aiwi>> -Orr
iell eIl

=9%J (Z aiwi) vrr - 01+ O(Jvrr|3).

iell
Because vy and 057 are orthogonal,
9*J (Z 0@%) cvrr 011 + O(lvrr|3) = O Z £
iell (i,5)€(IT,IT)
Lemma 64

(g (g (5

i€l icll icl
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1
I <511 (Z aiwi>> +0 (a) Z €ij Z €2,
i€l (i,5)€(I 1) (0,s)e(1,1)

Proof. same than above O

Lemma 65 Let0 > 2, u+pu1 > 2,41 > 1,04+ pu~+ puy, =6. Then

9
‘/8 <Zaiwi+v1> wh okt

i€l

S% Z Eke Z Egt

(k,0)e(I,11) (s;t)€
or (I,I) (I,11)

9
Proof. We split [ 9 (Z ow; + ’U[) wh vl into
iel

/ (Z QWi + UI) wivrr + / (Z Qi + UI) wivyg -

el el

The second integrand is easily upperbounded using Proposition 4 by

C

Z 5k€/ 505M+H1 > | | Z Eke Z Egt'
Qrr (k) it

G(II 11) e(I1,IT) (I,IT)

For the first integrand we complete an integration by parts and the result
follows. O

Op14
Baio

Lemma 66 Letig € I, Opg, =

= *vin'
‘ /V(’U — (1)] + v]]))vagﬁio

B |
<oV <\/Am<|<v = ot onn))ig iy + T

Aig

+ Z 5105|h10|00+2\/To Z‘Ezos—i_ Z Elotgts

As>Aig Ae>Nig
5;610

Proof. Integrating by parts, we find

/ V(v — (v + v11)) Vs, = - / (v — (o1 + vr1)) Adipry.
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Clearly

/ (v — (vr +vrr))AdPs,
Q

iQ

hi o) s
< ONig | (v = (vr +v11))io Ly + Pigle . D cigslhiylo
Mo I3,
S;é’io

On the other hand,

’ / (v — (vr +vrr))Adgpi,

< C/\ig Z <|woo| + ;Y | |) EU/ (55)051 + 51'505j)

C(i,j)€(I,IT) or (II,I)

Observe now that

/ 555 <C€105 1fi:i0,§/ 5150514’/ 5?051
Qio QfOﬂQf Qfoﬁﬂi

<C E el + CE?DS.
Ae>Aig

Thus

’/ v— (vr +v11))A0pi,

<C\/ io( V Aig€ij€ zos+513v Z Ezt&'ts

,\>,\
O

Observe that
Qr(lv—vr)=0.
Thus
(0rQr)(v —vr) = =Q(9r(v — vr)).
We then have

Lemma 66’

T aiwi+vrr) - Qror(v —vr —viy)

iell
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=—-0J <Z ow; + v]]) -Qrr ((01Qr)(v —vr —vr1))

iell

—aJ <Z aw; + U]]) -Qr1(0rQr(vrr))

iell

O(ﬁ) >, ey > e

(i,5)e(,11) (s,;t)e(I1,1T)

+ Z )\10 ’U — ’UI +'UII))10 Hl + Z ms

o€l As >>\
s;ézo

Proof. Observe that

oJ <Z aiwi+vn> O =0 Z Est

iell (s,t)€
(I1,11)

On the other hand, for ig € I;

/ VOV, =0 | Y e, / VOV, = Tl Z Einj

jelIl jelr

Using Lemma 66 and extensions of it

7/A89i0(’071)]71)]])
O [e%S)
<C\/ 0 <\/ < vf('UI+'UII)>10|H +| ZO|

Aig

+ Z 5105|h10|00+2\/ 10 zos+ Z eltets €igs

As>Xig Ae>Nig
5;610
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On the other hand,

2
2.
—/Aaewnzo > |—J|
a
(i,9)€
(I,11)
Observe that each — [ Adb;, (v — (vr + vyr)) is multiplied by [ V8;,V6;,

and by 0J ( 3w + UH) -0rr. The result follows

iell O

Lemma 67

I

Zaiwi +vr| +

icl

2
v — (vr +vrr1)] ‘ (Zalervz) ‘

g QWi + vgg

iell

E QiW; + U1

icll

2
+ |’U — (’U[ +’U[[|>

+ v — (vr + ’UII)|> :

i€l
<C Z +Z>\e (vr +vr1))el3 + 17150
B | Ho Ae
(i.5)€ el
(I.11)
o | (S awion) + 3
AeS A ¢el \iclI ierr 1% T AL
s#£L Lerl
(2)
2
/ < Zaiwi +our| + Z aiwi +orr| + v — (vr +'UH|>
i€l iell

E Qiw; + vgg

2
+lv—(vr + v11)|>
icll

(

|U_(UI+UII ’ (Zazwz+vl> ‘

el
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h 2
<C Z| —I—Z)\z (v— U1+UH))13|H1+|§\L + Z e2,|hi1A,

(6,4)€ el As> A
(I,1I) S#

o5 (o) + 3

el \iell i€ll
lerl

(3)

1 (%)1- awi awi
((%)1 1s either —m aazz or Ny a)\iz 501':,)

/(ige)

i€l

with iy € I)

g Q;w; + V1

iell

E QWi + V1

icl

4
+ <Z Qjw; + UII)

icll

§ Qw; + U1

el

+<Zaiwi+vl> |v — (vr + )| + v — (v + vrr)|

iel

+ jv— (v + 'UII)|5) |5w1|

— | Mw_a It = @+ vn)dsy

10 el
3757‘0
LI |,21310<iwi(aé)|
+ |h| £ goo + 1€
‘
575[
3/2

s VEli
+ Z 51J512+)\Z|a| +EEZII\/_|G|

(4,5)€(II,II)
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'EI:I (6 719% (aio )
1€
+ (v = (+orn) | g

Eini€i
C igi€is
*OX Ao Doal

Aig

0 loo
£ Y el Tl S
AsZAig o i€ll
S;é’io
Proof. O

Proof of (1). The contribution on Q;; of the integral is easily upper-
bounded by

1 3
la| Z Eij
(i,5)€(I,I11)

Indeed, in Qjy,

<Zawl+vl>|<0 |Z<s

el el
and
lo—(ur—v)| <C Y ey(di+6;).
(i,5)E€(I,IT)
The claim then follows from the standard estimate

(/5452 / 56)<ng

(i,5)€
(I.11)

z])E (I,IT)

We turn now to the contribution on ; which we split between the contri-
bution on each Q¢ and the contribution on (UQ4)¢ N Q-

Let us first consider the contribution on (UQ%)¢ N Q. We observe that
in Q]Z

lv—(vr+vrr)|(z)+] Z awitvrrl(x) < C Z (|w°°| +— il -1-51]) €ij VA

i€ll (4,7)
a, II)

Indeed, for j € I1, in Qf

10;(x) Ceijv/ A ifiel.

VTR
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Also,

Let us first estimate the contribution of dw;, i € I, ignoring the contri-
bution of dvy.
Thus,

1
/ SRR N (W= {CL i) VS
)‘j|a|

(UQL)enQ; (4,5)€(1,IT)

« / S 6 (il — i) (62 + 62,).

e i,5,0€1
UQD N et

Observe that

1/2
/ 61-6()\ir)2r2d7°
(UQ?)CﬂQ]
1/2
2
cof [ e s L anar s
T2 ,\k>,\

Indeed, in (UQ4)¢, either

c
Ailr —a;| > P

15

or, for some k such that A\ > \;,

1
£ < Aelr —ax] < —.
Ekm Eki

Then,
| — a;] < la; — ak| + |x — ax
and

0; < C.
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Thus,

1/2
(/(Usz’f) N 6?()\iT)2T2dT> =¢ Z o
1)eM8dr

Ak >N

Summing, the contribution on (UQ%)¢ N is bounded by

C 1 2
<= L 2 e2..
/mg)cm, | 2 < A2| B ) 2.4

since

1/2
</(UQ[) Q 532 (53 i 67271)2) = Z 53/2.
)N

This does not quite fit into the expression of the remainder as we are
seeking it. We need to improve this estimate. We observe that there is a
factor equal to v—(vr4vyr) in the expression which we want to upperbound.
Above, we replaced it by |v — (v +vr)|(z) + | D aiw; + vrr|(2).

i€ll

|[v — (vr + vrr)]| is less in Q7 than Cey; ( i,7 € I,1I. For

1 51
VAilal + >

S the estimate is straightforward since this factor comes out of the

Vilal?
integral entirely. The factor )\isfj is then recomposed, but the expression
under the integral has one power of § less. The estimate follows for this
part of v — (vr 4+ vrr).

For €;;0;, we repeat our initial argument, only that now a factor equal
to v/A; is missing. In the end, we derive an extra §? in

1/2
</(UQ[) Q 5125]2(63 N 572”)2) |
)N

(foe 5?)1/2 is less than C\//\_ieft/2. Our upperbound becomes:

\% 51_] (\/ 55/2) Emit, Z,] belong to I, II.

These two groups have a large interaction. Discussing various cases accord-
ing to the fact that A; is the smallest concentration in its group or not and
using the fact that the interaction of I and I is largest or equivalent to
the largest, we derive the result.
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We now consider the contribution on each Q4 (or a smaller version ﬁ%)
We expand

<Z owi + vu) =Y aiwilar) + Y oi(wir) — wiar)) + vrr(x)

iell iell iell

_Zawlag +O<| |26|CL' ag|>+0 Z Eijéi
(4,49)

iell iell i, 5)e(IT,1T)
(1.41)
We then have, with j € I,j1,k1 € I,4; € I1

/E |0wj|lv = (vr +vir)| <|U — (r o)+ 1Y aiwi + UH|> 85, (5%, +07,)
Q

1 icll

<C/ v/ j5j|v— (vr 4+ vrr)| <|v(v[+vn |+|Zazwz+vn|>

iell
X 5j1 (5k1 + 5Z1)

C/[ VA3 v = (vr + vr1)] <|v (vr +vrr)] + | Zaiwi+vll|>
QI

iell
X (63 465 +63).

We have already used the claim (which we reestablish below) that on 04
Om < Cdoy Vm.
Thus,
/ < C/ \/ ]6J|v — (vr +vrp)|(Jv = (vr +vr1)| + | Z iw; +vrr])o}
iell

We first consider fQ[ VA% v — (vr +vrr) 263,
We split v — (v[+v11) in QZ into (v— (v +vrr))e+hY+ > hids and

)\52>\Z
S

we have

/ <OV 5 [(v — (v + v11))e|*67 + C\/Aj |2 / 070%
o Q4
—i—ZC\/ |h€|2 / 670367
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Observe that

(CRVY /Qe 831(v = (vr +vr1))e|*6}
I
1/3
<OV </£ 5?) (v = (vr +UH))2|§{5 X\ e
a

For j # ¢, this yields

Cv/Ajejey/ Mel(v — (vr + UII))Z@{% < Mlv— (vr + UII)|§-I%-

For j = ¢, the same estimate holds readily.
Observe also that (§; < C8, on QY)

w/Aj/ 5268 < c,/Aj/ 5,68 < =V < 0 (See Lemma 70)
o Q! VA

This also works for j = /.
By Lemma 70 (below),

/ 52526@ =0 )\gé‘sg) (O()\[E?é) lfj = ﬂ) .
Thus

| <00 @ oy + 1+ xS b,
QL

CAs>Aps£l

We now consider

2
/ V05 v — (vr +wvrg)] E oW + urg
QZ

iell

5[,

which we upperbound using (1.41) by

1 Eim
C o0
2 ("“m” Am|amaz-|> lal F

(i,m)e(I1,II)

C
NN HUES )0 VA
/ 305 v — (vr +vrr)] e+z ( |a|2+)\§/2|a|2>

i€ll

> awilar)

icll

« / 820 — (o1 +vin)|l — agl6? = (I) + (IT).
Q!
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Observe that
Vel —aplde < C
so that

A |wse] C
< Z VA i 2, 2
(1) < Cien oy (C\/)\—i|a|2 * )\f/2|a|2> ot Olv = (vr +orn)|oz

wileiw | Cei s
<oy yn (e S [ sz e S ik [ 907
Ailal Q4 Q

iell lal o> A
s

5/6
+[(v = (vr +vir))el g (/Qe 5;2/55;2/5>
I

For j # ¢, we have

1/2 1/2
1 r2dr
2_ 2 < 2 ¢4 4 < - -
g 1 S </n m) </n 5j> SR B /_ 1+ 22
I I Z ey

I

1/3

< Cey ST > A, < Oty 56 % |Q€|1/6 < _ Cesegje
PV e I Ve M

j ol3 ¢ Max epp,

1/2

< Cegpy /= if Xj < N
Ae
For j = £, we have
sis, < 02l
a T TV

Combining, we derive that

VAj€ie / 9 o sig< ) 1 )
hi oo 050507 < Cy/ Aeeps|hy|oo X — +—=].
o o 7 etslhilee 10 \ % T

[

We estimate now, using the above computations,

1/2 1/2
-
5262 < /54 /54 <C ) w —— forj£e
/sz§ e (Q'j ! o Ai Ve

g)\% for j = 4.
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Thus,

\/AjEie giv [ \/Etj 1
hooo/ 5?52<Oh000-—<—+— .
|al 1l a ’ ¢ < Clhel lal \ Ve VA

We then consider

2/3 _—1

5/8 23 e2,log”" ¢,
( y 5;2/55;2/5> < </Ql 5;53) 10416 < cﬂAi\/_“ for j # ¢

jELj

5/6 o
52475 <= for j = £.
(/sz§ ¢ TV

We thus derive

VAjgie |(v—(vr+vrr))| 2 (/Qe

lal ¢

5/6
5;2/55;2/5> < C\/_| —(vr+vrg )2|H1

Eir

\/_| |(\/%log séj +1)

This, using the factor |w$® |+X—M\’ i € 11, takes care of (II). We now estimate

().
We split
VA [ o= (ot o)l
Qf
< CVX; |h2|oo/ 50+ Y |hé|oo/ 526,63
Q¢ Qf

SV
s;ﬁ@

5/6
+ [(v = (vr +vrr))el </w 5;2/556}8/5>
I

Observe that (§; < cdy)

C\/)\E[
VA 52»53<\/>\-/ o5, <« Y < ¢
J jve = J Qf Yy = \/)\_e =~ 1

at

1/3
,/Aj/ 820,83 < /% /5? /53/25;?/2
@ of of
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2/3 1/2
< C\/Ners (/ 5254)3/453/2> < C\/ ey </25§52}>

< Cyjegiees < C/ Mese ( it works also for j = ¢)

5/6

5/6
e e ()" zeumep zoun

Combining, we derive that

1 Eim
C o0
2 ('“’m' Tl —am|) il

(i,m)

e(I1,11)
> aiwi(ar) / V83 v = (vr + v11)[6;
i€l Q

E a;wi(ag)

i€ll

1 m
<c| ¥ (|w,;°;>|+A _ ) o
)

> e =anl) V] *
e(I1,II)

R+ D0 Vsl hiloo + v/ Ael(v = (or + vrr))el g
As>Ag
s#L
O
1) follows for dw;.
The above proof extends almost verbatim to dvy using (iii) of Propo-
sition 4 since the main estimate we have used in the proof of 1) for dw;
was

Owi| < CY Vid}
iel
and Ovy satisfies the same estimate.

However, in the beginning of the proof of 1) when estimating the con-
tribution on (UQ%)° N Q;, we have used

|Owi] < C83 (Nl — ai]).
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This estimate is not verified by dv; and we have to modify the argument.
In the worst case, using Proposition 2 and 4, we have to estimate

ZZ\/_/ > ickmok | 63

s el Q2 zﬂQI jell
(k,m)e(I,II)

V Ai€km 2 3
C — 05 0x0
SCX2 X oy 0

s del  gjell
(k;m)€e(I,11)

1/2
VAi€km 3/2 / 5452
<Cy ¥ > ] < L

s del  jell
(k,m)e(I,I1)

We now distinguish two cases:

(1) A < Mg
We then upperbound by

C 3/2 ( €§t>
Esp ik = O — 1.
A a2 2.7
(2) A > M.

We then have, after splitting the domain of integration between |x—a;| >
cla; — ag|, ¢ small, and its complement:

C C )\k|a- —ak|
5452 < 7/ 54 + X ‘
/21 ik = Akla; — ag|? ¢, LN a; — aglt A2

C Ems C

T R B e
/\k|ai - ak|2 Am DA >\m /\f/\k|al - ak|3

This yields on (1) the upperbound:

3/2
Ent 1
1)< C Est
) MDD f]laP(MkMi_GkPw?'%_mg)

s el jell
(k,m)e(I,IT)

~(5)

(1.42)
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Proof of 3). We now turn to estimate

iz

iel

> aiwi+ o]+ o= (o1 + 'UII)|>

icll

|8Wzo |

§ QWi + U1

el

(Z awi + vu) + |v = (vr +vrr)

iell

a . . Ow; 1 Ow; Ow;
Her ; ither w;, or \;, 5—2 or O or 2. If rivative i
ere Ow;, is either w;, or A, are O %o dare OF Do a derivative is

| =

(UQ[)CQQII

taken on wj,, it is tamed.
We have

2
z

e 2

&‘

jelr \/_|a| Z

(UQe)enQy

We now claim that

4 Eigi€is £,
Z/Q(samgc@m ZW)

We will establish this claim later. Thus,

S (peeen )
Ao ) (A L)

jeIr

(UQ@)CQQI)

We are left with the contribution in U$2,.
The contribution on (U§) N Qs is upperbounded as follows

1/6
7 /
< — &8
S (B (2, 0
(UQ@)QQII € 1€ QeNQrr

1 1 1 C et
X+ > —=— ¢ < i
(A maxe, )72 ;m|a| Ae} ;H\ﬁxiom|a| <Z max 5é,<3>

C £3/2
<cC = St
gezjj V Aig V )‘Z|a|
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Using the fact that §; < Cd, on €, we upperbound the contribution on
QN QL eI) as follows

[ < [ oo
QN 19718197

Z aiwi +orr| + v — (vr + U11)|>

i€l
s , 1/2
gc(/5462) / 5;}( > aiw; + i +|v(v1+vu)l2>
0 iell
, 1/2
< Cegyy / 521 ( ZaimevU +|v— (v1+v11)|2>
S0 iell
1 vV e | O|<>o
<C (v — (o1 +v11))el gy + |h¢locees + —
>\€|al - a”i0| \V4 >"i0 o A;\e ! \/A—e
s£L
| 21:1 a;wi(ac)| . i
+ = S + Z €ij€it + Tal Z / 5,07 | — aq|?
VA (i.))E(ILIT) i€l \g,h0,
Observe now that
1/2 1/2
1/2
JAE T B R ) e
A Aev/Ailal \Ja,
0N N
Cey; 1 Eti
< X <C
Y, vVMax e, — A
for i € I1.
Thus,
ey EA I p—"— T P
_ v— (v v co€ls
o )\zlaz m—— I I1))elH} £lootel
QN2 A;?gz\e
| > ciwilag)| =
ho o [

VA Ve e Alal |
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We also have an additional term which comes from the integration over
Qio N Q.

| > aiwi(ai, )|

vell
<C le—/\ + Z 5121-0 + (v — (vr +vll))io|H§
QigNQr K e
ho
+ Z €i05|hz§o|°°+| 10|°°
As>Xig o

S;é’io
O

Proof of 2). In Qy, 2) follows from 1). In Qpy, 2) is either immediate or
follows closely 3) in ;5 because, in Qyy,

|<9in| < 2510 for ig € I.

lal

Thus, we obtain an extra factor ﬁ with respect to the estimate in 3). O
Observation. Let us remove from the expression in 3) the term

()
/

The estimate then improves because

|Owr| and replace it by

E Qiw; +vrr

icll

3 2
|8w1|.

E QiW; + U1

icll

E QWi + U1

icl

| > aiwiaig)l
iell — is replaced by its square.
0

The term contributing

20

C <|(U — (vr +vi))iolms + Y Eiosl iy oo + 3

in 3) of Lemma 67 comes from

4
/Q, (Z aiwi> (v — (vr +vr1))Owiy,

icl
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more precisely from

/ w?ﬂ(v — (vr + vn))gwio.
Q

iQ

All the other terms will yield a contribution which is small o of the same
quantity. Up to an additional small o term, we find

/ w?ﬂ(v — (vr + U]]))g(.dio.
R3

Using our orthogonality conditions, [ wfo Ow;,(v—wvr) = 0 so that the above
quantity reduces to

_ . 1
- /RS wi V110w, =0 Z | (|wj |+ Nla —aj] + %) €j€igt

(LHEUTIT

el S )

Lemma 68 Let j # {. There exists C such that §; < Cd; on §2.
Proof. This is already established if A; < A,.
Assume A; > Ay. Then,

1
Ajlz —a;| > =~ VAjAela; — ag| on
j

i.e.
1 1
Vadla; —ad = k=l

This yields the result if |z — a;| < 10]a; — a¢|. Otherwise, |z — a;| and
| — ae| are of the same order and the inequality is immediate.

We now establish our claim.

Lemma 69

3 /S o, gC(Z fuifs | N Cy )



Sign-Changing Yamabe-Type Problems 151

Proof. We split the integral into two pieces
c 1< Ce2, Ce?

1S

0; <
\V Z()|a’17a’10| Qe T A 1/ 10|a17a1-0| B 1//\1-0

Qcﬂ{\xfaio \Zc\aifaio I}

and

Qen{|z—ai|>c1lai—aig | y{|z—aig|<clai—aiy|}

C 5

Qcﬂ{|z—a¢0 |§c|a¢—ai0 I}
C 1 Ce;
X )\120| —a;,|* < et
VAidila; — ag,|

< X
Mlai —ai |t N2/
Observe now that if the domain of integration is not empty,

1
cila; — aio| < |z —a;] < —la; — a;y
Cc1

for every z in this domain. Thus

1
Aila; — aiy| > iz — a;| > 3

€is

for some s, unless z is in (an extended version) of an €2,,, N Q° for some m
such that A\, > A;,m # 4. On such a domain

and we can start an induction where [, 810y, is replaced by [, d5,8;,. O

Lemma 70 i) Assume that A\s > A, s # £. Assume that j # £, \; > X
Then,

S / 528258 < O/ Me e/ = o(hey).
Q[
it) If j = £, then
e [ ez < el
Q[

This estimate extends to j # €, Aj < Ag, v/ Aj sz 5?5?5?.
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Proof of i). We first estimate the contribution on Q} = Q, N {|z — as| >
ﬁme — asl}.
We find

\/—/ 5256357 VA /52.53.
Ql

- )\ Aslas — agl?
We split Q} into

Q9 = Qf N {|z — ag| <10|a; — ad}, % N {|z — ar] > 10]a; — arl} = Q.

In O,
1 < M <9
27 |lx—ag —
and
1
526 _—
CZ N T — agft
so that
CvVe 1
8268 <X | 6307 <
/ﬁ; o ot T AN Jap e —agl?
OV 1 Cvae
< —M <
- >\€ axa, AJ|SC - aj| - Ae J
So that

O [ i < OV Rt = o (k).
Qp

)\s|a5 —Clg|2

Considering now f@o, we have
12

/ < C\/Aj 1 3 1
a0~ Aslas —ae? | Ajlay — aef? LNy - agf3
{lz—a¢|<10|aj—ac|}

S A A R
Ql

12
{Jo—a;|<11]a;—acl}

Indeed, if |z — a;j| > 11|a; — a|, then |x — ag| > 10|a; — a;| and we are in
ar
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The contribution on ﬁ} has been estimated.
‘We obtain

C\/\j 1 1
/ < J < X VE x Log (Aela; — arl)
¢ ¢

Qo Aslas — a? \ Ajla; — agf?

1 1
—la; — ael) o(Aee,) < o(Aeed,)-

+
A Plag = ad® A

Next, we consider

1
Q2 =Qn{|lz— a5|}CQgﬂ{|x—ag|2§|ag—as|}.

a/S —

Now / 526259 < 3/2(7“7 5252

lag — as]? Ja2

We have

We then distinguish two cases
1.Ajla; —as| > ceé_jl
Arguing as above

c
5252 < [ s
/ =% Ias —ajl? T Aslas — a5

|z—a;|<10]as—aj]| lz—as|<10las—a;

+-C / L . @ + - Max L
< Q,—.
Nds Jo, [r—aj* 7 Ashjlas —aj]  AjAs - ay]

In Qg,
Ajlz —a;| > CEZjl

so that

SNoY 1 :
\/Aj/ 520263 < +4
02 3/2 )\S/\j|a5 —aj| AS

lar — asf?

< Oy jeriv g2, = o(Mg?)).
2.\jla; —as| = 0(5@1); then |a; — as| = o(|ae — a;l).
For any z in Q, A\j|lz — a;| > cszjl so that |z — a;| > 100]a; — as| and
|z — as| > 99|a; — as|. Thus,

|z — a4

< <2.

|z —as| ~
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Then,
Vovll B iV M Y
J jYsYl = 3/2 7Ys
Q2 Ay ag — a3 Jaz
oA, 1 1
- . |4
)\2/2|ag—a5|3 AjAs Jaz |z — aj]

C\/A 1 1 C\/Aj 1
< 3/27J X — Max < 372 J X —Eyj < 0(/\4558)
N Pag —agl3 A Ajle = ajl N Plag —agl3 As

(i) follows. O
Proof of (ii).

vV e 62155 <N 62155 < C)\[E%S.
Qg QE

If Aj < X, 65 <O in Qp and the estimate follows readily. O

1.10.6 The coefficient in front of €rede

In all the estimates derived on v, vy, vy, v — (v + vrr), we use a coefficient
in front of the main term of the estimate which varies greatly. In Theorem
1, this coeflicient is w°® and the estimate reads:

|hg
[vel g + \;/\—7 + Z gstlhgloe < Z(w,ﬂsek +....

As>Ag

In Proposition 3, this coefficient changes into.

0(2)] < O (|| + lwi (ar) (V Aklar — acl) + exe)erede ()

etc. (see Theorem 2 in particular).

This coefficient is obviously close to wp® but we want to make it more
precise here as it has a direct effect on our Morse Lemma at infinity as well
as an effect on the remainder terms found in all estimates of Theorem 1,
Propositions 3, 4, Theorem 2 etc. The value of this coefficient involves two
masses wy and wy. We rescale wy into w, which has concentration 1 i.e.
is in its standard form. w, then, after this rescaling, is concentrated at a
point which we denote a¥ and we have:

Proposition 6  (|w°| + |wk(ar)(VAklar — agl)|) exe can be replaced in

Theorem 1, Proposition 3, Theorem 2 by |axwy(ak)] ‘/\/g
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In Proposition 5 and Theorem 2, the combinations Y ojw;(ax) can be

replaced with 3~ a;@; (@) /-
The remainder terms in Theorem 2 becomes third order in ) &3 .

Proof. The proof for the L>°-estimates is similar to the proof in the other
cases i.e. to the proof for results such as Theorems 1 and 2.

Let us show how to estimate expressions such as [, <Z ajwj> Wiy
"t i

or, setting:

7(90'1' r)\iaai ' 16)\1

35 _
ft = wtwj (%Ji, 0

how to estimate fﬂ_ wsft. We will see in each case how the expression
J

ws(@i)v/As emerges and we will estimate the remainder term.
We start with fQ, wsfi. We rescale w, to a concentration 1. w; then
J
concentrates around a new point a; and we have:

/Qj ws fr = [ﬁwsf} =w.(@)fi+0 </Q |:c&;||f’t|>

For t # j,

Let :\j be the new concentration of Sj. Then ~ cgjs and

N

1/2 o 1/2 o .
|x — d$|254 < — / dr < —=x < 055£2.
</Q Y X2\ s X2 Max gjm !

Thus,

S| F 5/2
[ le=alifil = oteyel.

J
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On the other hand,
/ |fel < C/
Q; Q

2

_ \/)\_
asws | wiow; = O(gy4) + 0(5542

This estimate extends readily, for j # 4, to (ds < ¢d; in §2;)

1/2
5,636 < Cey; /5252 <ol
t0;0; = L& ( o, tYj = /_)\_j

J

Thus,

~

/ Z QW w?f'@wi for v > 3.

7

We can also estimate directly the contribution on €2 since

/SC 5551 = O(Eij ZE?t).

We consider now the case when j =t and estimate, for j # i:

/ E QgWg w}lgwi.

=y

Arguing as above, this is:

\/)\s i~

0 Zasws gij | +0 Z[ |z — ajl|g|
s#j v Aj s 28

with g = &} 40@;. This remainder yields as above 0(3" ¢;;¢ 5/2).

For j = ¢, we consider

2

- @i (al) /N
s 89w; — O | > ajw;(a; j e +/ — 1545
/Qj Zaw w; 0w o ¢ (z{|z a; |03 0¢)

s#£1
<Z |ZOZJWJ Ezt T e 255/2> .
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This estimate extends to

We also consider

/ g Wy w?@wi
Q;

s#£1

=Y auw,(as \/—/wawﬁo(/ |x—a|55>

Ss#£1

S (@) VA /}stféwﬂro S e, +o<#>

i Xe>Ai

e VAs 5
= CZ asws(a;) \/)\_S wi® + O Z isE2
s#i v As> N\

We used again the fact that \/15\_ ~ CEjj.

J

For *fQi <Z ozjwj> wiv; , we rescale again and derive

> a@;(al) /A /Q Wi + O <Z/QJ Iw—afldfﬁiI)

J#i

which we upperbound by

C‘Za]w]\/_\/_“vl|H1+|’Ule1 ZO (/QJ

5/6
T — ag|6/5|&i|24/5>
JFi

i

| Z Oé]wj \/_| Z 5\3/2 |1_)1|H§

J#i i

o150 2 5 ) o

J#i
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These arguments repeat and repeat again. They can also be adapted
to derive the L>°-estimates of Proposition 3, 4, 5 etc. We need only to
use the precise expressions which we have rather than bounds such as
| aiwilwi+| 3 aiwi] o]
J 73 Ir*#] since our rescaling are completed for each w;.
Though tedious, the checking of these estimates is straightforward. [

The next question which arises is to compare w,(a; ) with w7 and with
wj(a;) which are the expressions used previously.

As we use (instead of rescaling) the expansion of w; arounf a; in the
above estimate, we typically derive expressions such as

Wj(ai)/m fﬁL/Qi L(z,w;)(z — ai) fi

where L(z,w;) is some nonlinear operator depending on w;.
w; expands as:

cwS /A VANT (7 —
i V7 @=a) e (143)

R S (i Vlw —a;[*)*/?
Let
W/
v =wj(a;) — J ! . (1.44)
! (14 X2[a; — aj]?)1/2
Clearly

: 1
J
v =0 (1.45)
( 3/2|aZ s |2>

On the other hand, L(z, w,) is obtained through the differential of w;. Thus,

w3 1
L T, W, O s
( ]) ( / |a,17aj|2 3/2|az_a]|3

for x € Q; if \j > 0\, (|z — a;| ~ cla; — a;| in ;) or if |x — a;| > cla; — a;],

|| 1
L(z,w; +0| ———
( ) (\/ |a/z_a]|2> ( 3/2|a17a |2>

otherwise.
Observe that

1 4 1
/Qi|x_ai|ft_ oy Qiéi —O<)\§,/2>
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1
— |z —a||f :O(/ 5<:C—ai6;5)
/Ql_ ey el =0 ([ ale—al
1 Eij
=0 —— §:or) =02
(v)\i a Z) (/\z)

[ saplealsi=o( [ 52) ~o( 2
T — a; = = .
, Ajlz —a;? ' o VA on

Thus,

Proposition 7

aitw) [ ot [ D)o - =

o kd
0] <|wj |5ij + \/)\_1 + 0 (E?j) .

Observation.

The conclusion is that there are two ways to obtain in all our estimates
in Theorems 1, 2, Proposition 3, 5, a remainder equal O(sfj) after the
|w°les; term: either we rescale at each step and we get a linear expression

VA
;O‘ij(ai)\//\—i +O(€?j)'

Or we do not rescale, we just expand around a; as we did in most of this
paper. We also can then regain some linearity with > ajw;® but we have
an additional term which is O (3 |w$°e;;) and another additional term
R4

which comes from
The next section has two aims: derive an equation for % on one hand,
4

establish an estimate on 3 |y7| on the other hand.

1.10.7 The o;-equation, the estimate on > |~yf|

Proposition 8 We may assume that, for each i
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(1)

ey
u; = Z a]wj
J#i \/—

Wy e

2 2

=¢£;00 E + e E eri | +0 E €is€ay
>‘€|aj — ayl

]755 )\52)\1

(2)

3/2
€
10y, w5 = CZ@;OEij(l +0(1))0y,w;° + O (Z il — a; |1/2>

J#i

=40 Z/\|w e3¢ —i—sngEfm + 0 Z Eis{;‘it

elaj — al s>

Observation.

The second equation is a linear dependency equation between vectors
of R3. If o; is a rotation which does not change w® (a rotation around the
polar axis of $3), we still have an equation. We will use this fact later.

Proof. We expand

J’ (Z ojw;i + v) : gL;Z
() B (B) B
+J’ (Zajwj) - aM (/ ’ZO‘J“’J

Observe that, because of the orthogonality conditions satisfied by v,

8wi
801'

UX

%‘HUPX}

).

J"’ (Zajwj) R &UZ =0 Z/ Zajwj w?77 X v X (Z:

J#i

Let

(S

= f1 + f2 f3.

i SIS o) i v?) +0(vf")

J#i
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We decompose [ fawl into > sz fg —l—f(UQE)C fawl In each Qy, we think

of Y~ ajw; as made of two pieces, aywy and ) ajw;. There are optimal
J#l

v’s, U, and v related to this decomposition into groups just as we have vy

and vyy in the case of two combinations. vy is related to w, and is therefore

equal to zero since wy is a solution of the Yamabe problem. ¥ satisfies the

estimate (after our remarks above).

1
v, < ° 7 3 €105
wg%wnmﬁﬁ@m
7k

and (Theorem 2)

o |2 ]o
(0 = (00 + ) [mg + —= + estlhi|oo
)| N A;( ¢

<C Zf @)+ 3 |3 VA (a)|

J# kL | j#L VA

+ 57 |V e @ |\/_ +O(Z>\|a |€Jée|)+0(zsjézz€3nt>).

AL

We then derive that (we show below how to estimate [, <E aJwJ> wiv

and expressions of the same type)

&ui
‘/faUz‘

<C ZEM Z\/_a]wj al

i#£L VE4

C Z Z O‘JWJ aj €im + ZEM <AlT; |_E]2é| + ZEM (Z 5mt)) .

m#i J;éz

This estimate is transparent for v > 2.
On the other hand,

(o) 2 (S ) 2

3
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oo [ (S o) 52 o (5 )
+0<Z/§5§?5i>

,cz 1504?/ Zasws w3 g‘: — 5cZaj/ Zasws ;1(;‘;1.
J

5\ s# j Q5 \ s#i

v
_ZZ/ ’ D aws w?_vgjj

Jj =3 s#J

Our estimates from here are a repetition of the remarks made in the previous

2
section. fQ, <Z asws> fa‘” is estimated for j # i as follows:
T \s#j

3 0w; / 3 0w;
AsWs Ot wtw .
/Qj Z ] 80' ; Q aol

Let

3 0w;
I o,

fi = ww?

We consider f ws ft and rescale wg to a concentration 1.
w; then concentrates around a new part aj and we have:

/Q_WSftZ/ijSﬁZWS(a;)/fzjﬁ+O</§2,~|x_a§”ﬁ|>.

J

Thus,

/Q Zasws Jgjl = Zasajs(d;)\/)\_s 0 </QJ |ft|>

T\ s#j s7#]

0 (/Q P —a;||ﬁ|> .
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Clearly, because t # j.

1/2
| e=asliid=o| [ le-alat ) =o ey ( [ Jo-asPal
Q; Qj SS

Let )\; be the new concentration of &;. Then, % ~ cgjs and:
J

1/2 o 1/2 o .
|z — a3|*@] < == / dr < ——x < Cgs_gz_
</QJ /\3/2 S\JQJS /\3/2 \/ Max Ejm J

Thus,
‘/ |:z:—a |ft

= (EU %2)

On the other hand,

Q; Q; Q.

J J

1/2

5262 <o
t J) — \/E
Thus, for j # i:

2

o | w2 -
AW = 6
Qj S S J 60’ ’Lj

7

\/_ 5/2
gas \/_J JrO(Ejg)

The estimate extends readily, for j # 4, to (6 < Cd; in Q;).

v

[ (e )
Q;
A direct estimate shows that:
5 2
/SC 5]51 = O (61'3‘ Zsjt) .
i

In order to finish the study of our expansion for j # i, we consider

> asws | wj
/Qj 50

s#]

IV As
Nz

Eij
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+0 <Z/ﬂ |za;||g|>.

|g| is equal to @3 5 6“’1 . We have estimated such quantities above.

We find
sws
/Q‘ ;asws 38 ; (ZEU 5/2).
J S£j SF]

For j = i, the estimates change.
We have since |g°;z | < C9;

2

Ow; | a@;(@) /N
W 3 ? -0 I\ i / _ 645
/Qj ;aw w’L 80'1 ( \/)\—l Et+ 1|‘/I’. a; | t

_0 (Z ’Z%‘w\j/()%f)\/—

€it + Eit Z 55/2) .

We are left with [, <Z 04st> w} gg’l = Jos (E oesw5> fg‘;z +
s#£1 S#1
O (gis Y. €2).

We split f]R3 (Z asws> w? g‘;? into two pieces. The first piece is
s#£1 ¢

gl
This estimate extends to Y. [, O (‘ (Z Oésws> WP Qwi
v=3

J do;
-y 7

D= Y a. fuuf

As>Ag

and the second one is

H s W .
= Y o fwwis?
As<A;
s#i

We rewrite (I) as
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We expand (I) as

Z OZS/WS 4&01 = asws(a \/_s ?au%
do;

As >N >\>)\

|
Q
w
an |
&
S
QO
8

+0 ( |z — af|6~15) = a; oW
RS st VA

s Op,w®
+0 (#) = Y a.w.(a) i‘\—ilTwlnLO(Za?S)

) As>Ai

. 1 1 By,
- Z (asw85i8(1 +o(1))+ 0 <A§/2\/>\_i la; — as|2>> 5w Y (Z 5?5)

As> A
— 00 0o 3/2
W Ow§ € 1
= —F5 (1 1 L 0] L3 X .
A;» <5 )\s|ai—as|( +o(l)) do; * <|ai—as|1/2>> Vi

On the other hand, using the expansion of w;:

1 1
_ < [ 50540 0 3
Z 5601 i / s (3/2|asa1|2> Novill AZ;&“
s;éi 57751'1

We can—a simple argument shows this—differentiate with respect to o;
and we derive:

(1)
« ow® 1
= Z c—= (04 + O(Ef’s)) -+ 0 373 + Z 3
As<As 5 o Vv )‘S)‘i/ las —ail* 25,
S#1 sF#i

« o dw® £3/2 1
— E L B 1 = L0 —=s % .
CA\<>\{( 5 VAsla; —as|( +ol )) do; i <|ai —as|1/2>} VA
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‘We thus have established that

4 awl
AsWs | Wy
Q; ao—l

s#£1

c wx Ow™® I
- Y% 1 M+ 0 s
7\ & Vo oW G <Z |ai—as|1/2>

On the other hand, we may write:

% \ sz
4 0w =555
:Zasws(az)\//\s w; +0 |z — a3 |o;
s#£1 Q; 9 @ QZ

4 Ow; 1
@5 (@) As / Wiz +0 +0 <—>
2 R P = e
= cZa ws(@ 1/ 801 w4+ 0 Z e2cis
s#£1 As>Ni

We used again above the fact that
1

The techniques used above apply as well to va (Z ajwj> wiv after split-
t g

~ C&;j.

ting o into v; + hY + 3 6.hS, rescaling etc.
As >N
Summing up and denoting

;

E ajw;(@

s#£1

ﬂ

our equation reads

J’ (Z ajw;j + v) . g‘: =c (1 + 0 (Z sit)) w0y, w° + Z O(eijuy)
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+ 10 (Z >\|w ese +ijez€?m) +o| > <

elaj — al S

3/2
=) eei(l+ o(1)dnwi +0 <Z VAda: —a |1/2> |

s#£1

On the other hand, since the o; are compact variables, we may assume that

J’ (Zajwj +17) . (ai% + 88;)1) = O(E?j).

Thus

(S )2 = (S 1) 2 4okt

2

Using the fact that J'(u + v) is orthogonal to the v-space, we can write

j [ ) / =)L) 7

%

1 Ow;

¥ 1

+ZC’J u+0)- Aiaag'

Thus,
Ai , _ 86 7A1 / _ (%)1- 8@

8 1 Ow;
+B;J (u+7v -A + CHT (u+7 ’.
(u+2) ) ) o

It is easy to see that

|Ai|+|Bi|+Z|cz|sc/ww?sc /|@|5?+Z/ 5%,
Q = Jag

As above, we decompose ¥ into ¥ — @} where o, is the optimal @ related to
the decomposition Y ojw;. We know that:

i
W< Y e,
J ki
7k
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[ 1287 = 0tessen)

= o(gijej5) when the wp® = o(1)

so that

and we know that (Theorem 2)

P A |h?|00 | RS
|(U ’Ui)1|Hé + + Z €silh|oo

[e%s) 2
<C |uz|—|—kz#5muk+0 (Z |wj |>\ |a i O(Zsij (ngt)))
Thus,

|w°|
55§+/ 007 = O | |lui| + Y einlur| + gij+ Y €2,
ot [ 1o il e+ 3 5 e+
On the other hand, since
Oow; aw 5?2
—l : <C 2|6; + —+ s
‘ (110 75)
ow; 1 Ow;
! — 7 ! — K3

<c ZM |5M+Z/5e =

01
s#£L

+Z/ (67 + 63 |wel) |v /| |5 i

01

We know that
/5€ \/_ /6552 /5452 < C(ed, +€2)if Mpor Ay < )\

2
/5;155\% < /52*555i < Cepseyi if A\s and Mg > N\
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01

Z/(w\ﬁ Z/@

02
[l g <c [ st [ stad

ROl _
<C (5i€(|’l)i|Hé + |\/l)|\— + Z €is|hilso) +Zsfm> for £ i

As>A;

/|v|5 Lo wa

01

] |H?‘oo . 7 3 .
0| gy + Bvovaln /\E:)\i €is|hi]so is bounded above by &;;.

Combining, we derive that:

c (1 +0 (Z Eit)) w0y, w° + O (Z Eiéuj)
=0 <Z )\lT; |_€J;Z| + Z€j£ Zsfm) + Z O(eZeis)-

As > i

If w® = o(1), Vw® is non zero (an assumption) and there exists o; such
that 0,,w® is away from zero (we complete a rigid rotation of w;, then
reconcentrate it around the same point a;, with the same concentration
Ai). These equations take a matrical form. We derive that:

0 (D 2+ L e k) o | X et

As > A
and
wiele
Ui O, ws® = €440 wilese + € g2 + O EisE>
1Y 07 il A Jt mt 15% st
Z|a — FVESY
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We now easily derive from Proposition 8 and similar computations the
following identity:

VAL +o(D))wes +7] = @5@) VA +0 | VA Y eisesy

As > i

Using (1) of Proposition 8, we derive:

>yl =- Z\/_Ia ( +o)+0 [ VA S ene? |- (1.46)

We then have the following Lemma:
Let

Al = |vinf|  forj # k.

Lemma 71 (o) If |a; — aj| and |a; — ax| are comparable,
Al < C
|a — ak|
() If i < C Sup (A\j, Ae) e.g. i < CA; < CAy, then
3

. o
Al < o(77?) + 0 —Zik
4] < o) + 05

(c) If la; — a;| = o(la; — ak|) and A\, > CA;,
- 3
|A] <o(v]") + C—F—

laj — ak|

(d) If la; — aj] = o(|la; — ak|), A + Aj = o(Ai), Ak = o(}j),
3

A < Chyiafl+C

|ai _ajl

Proof.
Proof of (a) Since |a; — a;| and |a; — ax| are comparable,

laj — ak| < Cla; — aj]

la; — ax| < Cla; — ag
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so that
Al = 7{yf] < C % )\3/2)\?/2 x lan 1aj|4 = /%'
Proof of (b) Assume \; < CAg. Then,
4SO X g < ool + L

Proof of (c) If |a; — aj| = o(|a; — akl|), then |a; — ax| and |a; — ax| are
some of the same order. Thus, if Ay > CA;,

3/2 3

. o £°
Al <Oy x e L
4] < O x ey S ol + O

Proof of (d) By definition,

¢ WV — wi(a;) — WPV Ak
T+ Xa; —ap?)2 9 T 0020, — ap )12

1 1
+O0| —————lai—aj| ="+ O | ———— ] |ai — qj].
<)\i/2|%‘ - ak|3> T AP lay — ag? ’

Thus,

7 = wi(ai) —

C |ai —aj|

A <
A = |y/vEF| < vk | + P — e T~ 0P

3
o Sik
< iyl | + =

i J

‘We now introduce a definition:

Definition 1 A configuration Y a;w; + ¥ is well-distributed if Vi, j, k
pairwise distinct, with Ay + A; = o(N\i), A = o(\;),then eg; < Ceyj; if
|a; — a;| = o(|a; — ak|)
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and we have
Proposition 9 If a configuration > a;w; + 0 is well-distributed, then

3/2

m<cz\zmkaﬂ1+o J+e ¥ e

X, <CAi
Ae<A;

for each i and .

Proof. 1If a configuration is well distributed, we may replace in (d) of
3 3

Lemma 71 —2& by Sig

la;i—ay] la;s—ay]

We consider then all the relations (1.46) for i < i where i is a fixed index.
We square all these relations and we add them in a weighted combination,
with much larger weights on lower 7, these weights decreasing as ¢ increases
to i. (b) of Lemma 71 allows us to replace all products for a given i with

i < C’ Sup (Aj, Ax) by o(v] )JrC'Ia =
ozj'yi . We are left with j, k such that Sup ()\J, Ak) = o(A;).

We then use (c) and also (d) since C? ”y] = o(v] )+O(~y]’?2) and 0(7;?2)
can be aborbed into M%’?Q provided by the same relation for i = j now,
squared and weighted appropriately. Finally, if |a; — a;| and |a; — ai| are
comparable, we use (a). O

('yf 2) is of course absorbed into

Assuming now that we have a general configuration which is not neces-
sarily well-distributed, we prove:

Lemma 72 ‘\;—;—1 < Csfj.

Proof.

j
\VK is invariant by all conformal deformations which do not

change wy® and a; because \}j\— can be identified as ¢ [(§; — §;(a;))w? from

the expansion of w; and of [w;w?

We thus dilate w; around a;, on S3, until \; and A; are about of the
same order. With the new a;,a;, A;, A; (computed in any chart we please,
as long as |a; — a;| < 10 for example), we have:

ot 1 2
0 :O == O(E’L)
vV )\1 <\/)\i)\§/2|ai —aj|2> !

Both sides are conformally invariant. Lemma 72 follows.
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, hyloo
Corollary 1 In the estimate of [(v — (vr + vrr))|mz + % + )\gx Eis

|hi|oo carried out in Theorem 2, Y | > ajw;(ar)| \E/S\%
ki jell

or
kel or kell 2

j
can be replaced by > | > ajw®l + 0 ek Es?k)
ki JEIT

or
kel or kell G

We introduce now a new definition:

Definition 2 A partition of a configuration in groups is the data of a
packing of the various masses into at least two distinct groups, Gi,...,Gs
such that |a; — aj| = o(|a; — as|) if i, j belong to the same group and s is
in a different group.

Given a partition, each group Gy, has a lowest concentration A;, . The
interaction of G, and Gs,m # s, is €;,,,i. -

A partition of a configuration is groups is well-distributed if there
exists Cp,Cs > 0 such that for every m, j, k pairwise distinct

1
d(Gm,Gj) < Fd(Gm; Gr) = €ipip < Cogii;-
1

Observation. If a configuration is well-distributed, then it is obviously
well-distributed as a partition, with groups reduced to single masses.
We then have:

Lemma 73 Letp € Gy, j and k € Gy, G4 with {,q # m.
If lap — aj] = o(lap — ax|) ¢ is different from q.
If in addition, \j + A = o(Ap), Ae = o();), then

3
. . eo .
| < Clyyy |+ C =,
@i, — ai,|
Proof. 1If j and k are in the same group, then |a, — a;| and |a, — ag| are
of the same order. If in addition A; + A = o(Ap), Ax = o(A;) then, using
(d) of Lemma 71:
3~k 3ok Eh
sl < Cyavil+C :
lap — a;

Since |ap — a;| = o(|ap — akl), |ap — aj| = o(|a; — ax|) and

1
d(Gla Gm) S _d(Gla Gq)
q
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so that
ejk < Ceipi, < CCogyyi,,
while

lap — aj| ~ |ai,, — a;,|.

d
We also observe that:
Lemma 74 If j, k, € Gy, with \; < Xy, then
3/2
vF =0 Sk forie Gy, l#m
/Yz - |a/_j_ak|1/2 12 .
Proof.
3/2
C o
|/Y’Lk| S 3/2 S 3/4 ) =0 gk 1/2 .
X21a; — ag)2 — (NjA)3ai — a |aj — ax|
O
And
Lemma 75 Ifi,j5,€ Gy, and A\j > s, then
3/2
Ao E—
|FY7,| — |ai_a/j|1/2
Proof. Straightforward. g

1.10.8 The system of equations corresponding to the
vartations of the points a;

We turn now to the system of equations corresponding to the variation of
the points a;. We move all the points of the same group together. We
assume that

(H) Y. hil= (Zm —atl ZMI%—WP)

4 under motion
J not moving

(H) is satisfied, without any restriction on 7 and j, for well-distributed
configuration by Proposition 9.
Under (H), we use Lemmas 62, 63, 64, 65, and Lemma 67 (1) and (2).
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The remainder is then controlled, after Lemmas 62-67 and is, when all
w?’s are o(1), which we are assuming since this is the most difficult case,

(Z |am - at| 2 )\k|ak - aé|2>

In fact, the remainder is

.
ij

_— R

ol X la; — a; +

(i,5)€

different
groups

where R are all remainders in (1) and (2) of Lemma 67.
We find (we take for simplicity the case of two groups):

—0J <Z aiwi + 1)1) O (Z aiwi>

iel iell
+9aJ <Z oW + ’l)[]) - 01 <Z oWy + U[)
iell i€l
\V4 (Z o;w; + ’U]]) V@I (Z o;w; + ’U])
icl i€l

(Z |am - @t| +2 Ak|ak - a1z|2)

We estimate
/V <Z ow; + 1211) Vo (Z o;w; + v1>
iell [1=3}

which we split into

Jo ({54

iell el iell
/ <Z oW; ) Ow;vrr + /VUHV(%I = / <Z ozwf) 0 <Z oziwl-)
iel iell iel

/(Zazw )c’?vf —/ (Za % )avHJr/vUHvam

iell el
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The term [ ( > aiwf’) 0 (Z aiwi) is the main term of the expansion.
iell icl
fVUHVBUI reads as — fA’U[[@’U[. Using the estimates of Proposition 4
on Jvy, the equation satisfied by —Awv;; and the estimate on vyy, it is easy
3 3
to see that this expression is o (IGE*—JGO in fact o (Z %) when all the
J J
wi®’s are small.

The terms [wPdvr,i € 11, and [w?dvyr,i € I, are of the same type.
We focus on [wPdvy for i € I1.
We split it as follows:

59, 5 5
/wiavj 7/ wi8v1+/ w; Ovy.
Qrr Q?I

w?@v; = w?v; -5 wfawivl.
Qs Q

c
Ir

We rewrite

Jr

On the other hand,

/ wlovr = avj(ai)/ w?+0 < Sup |V(V(v1)|)> / |wi|®|2z — a;l.
Qrr Qrr zeQrr Qrr

We have in Q;; an estimate on Vv; and we can derive a similar estimate
on |V(Vuy)|: each time we take an additional derivative, we divide by ﬁ
Thus,

|3”1(ai)/ w; |
Qrr
C 1 )
<= (wa|+sem+ )gém
lal (em)e(I.1) Aelag — G| ol — a]
! |
5 2 ;
1O (=Y k) <oy —tr—
/ngz <\//\_iZEZJ>‘— (Z \/>\—i|am*ai|
0 3
% <|we leem n €om + ez >) o &%
VAnlal - lalVAm " lalvie a
w‘?OQ 53_
=0 et BT " —
<Z )\jlam_a’j|2 Z |a[—aj|

A similar estimate is readily available for [5,. wivr —5 [ widwivr.
Ir Ir

X
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Considering [, = |wi[’|z — as|, we have:

/ wilPle —ai < <
wj r—a;| >
Qrr ’ ’ )\3/2

(2

so that
Sup |V(Vor)| |wil®|z — a4
IEQII QII
= 2' 3/2 Z <|W?O|+€em+71 >x54mx;,
|a’| )\z (e,m)e )\Z|am _aé| \/)\m|am—ai|
(I,1)

Observe that since we may assume that |a,, — a;| is of the order of |a]
(when there are more than two groups, we improve easily the estimate on
vr, Vo, V(Vor)):

|ws®|eem Clwi® 1 !
0 < /4 X .
N 0Py Mt — i VA —ai] Alam —ail X gp?

Observe that ¢ € II which has a basic concentration larger than the basic
concentration of I. Thus, this expression can be upper bounded by

|wgCled,i X Eem _ y o
|a -
(i,5)€
different groups
if w® is o(1).
We also have

o >
m <o —Jt
)\f/2|a|2 Amlam — a; |al

Etm 1
A2 a2 X @ — ad  lam — il

OE[m Cl €ém

= NPV R Al —ai] = AlaPy A/ Adlar -

Combining, we derive that
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Sup |V(Vor) | |wz| |z — a;] <0<Z o —at| Z)\dw_a )
j

xEQrr

and thus that

\Y% <Z o;w; + ’U[[) Vo (Z o;w; + ’U])

iell iel
= W
/(ieznazwl> <;azwl>+0<z |a —at| Z)\dw_a )

The above estimates extend to the study of

() o fol5))

Indeed, denoting ¢; one of wy, Ai g‘;’?, g‘;’? for ¢ € I, the above quantity is

essentially controlled by

'&] <Z oziwi) o1

iel

VorVor <Z ozl-wl-) '

iell

The projection operator is slightly more complicated, but these are the
essential terms.
Thus, we have:

Zaza]/w Orwj =o (Z lam 7at| +Z Aklak ae|2) '

iell
jel

We know that (see [Bahri 2001))

s = o0 S — el + ol + 7+ w0l - )

w

= Cwi(aj)ﬁ

and we can establish as well that (\;, is the smallest concentration of
group I)

cus + O(Z sf’j + (w}’02 + Wi(aj)z)\ilai — aj|2)512j)
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w 0 0
/wisafwj = \/_(9 ( ) 60@ (Cij‘g?j)

E )\ j2
to Z lal Z )\Z|aé _at|2 %

el
jell

Thus using Lemmas 71-75:

B Wz B 0 5&
/ 81% = \/_6 wj(a;)— 6 (cije l] )+o (Z Z Aelag —at|2>

or using the other expression.

5 w0 8
/Wjanwzc\/_a c” )to Z| +Z)\é|aé_at|2 .

If A; > A\; we use the first expression and if A; > A; we use the second
expression.
w;j(a;) reads as:

(a:) w;e N | D (\Z:Zh)‘
wila; ) = ——— _—
o VAjlai — aj] 3/2|al—aj|2

b w(a; — aj) 1
—uwj(a) = -t +0 |
da; J ,/)\j|ai—aj|3 3/2|az*aj|3

Observe that for A\; > A;

|wi®| 0 wye? n 1
\/A_iA§/2|ai—aj|3 Ailai —a;j>  Aa; — a;|*

-0 W g .
Aila; —aj|?  |a; — ay]

We want to transform this large O into a small o.
We observe that since |a; — a;| = o(]a; — a;]) if ¢, 4, belong to the same
group while ¢ and j are not in the same group:

0 0
%%‘(ai) = g%‘(ai)

N Wil 1
HT o VAilai = a2 2\Y|a; — a2
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so that

B —aj)
a; | w—w;(a;) ) al
ZV ( da; ! kg\ VA i/ |a7 a]|3

a; :aio

w w3
+ i —=o— | w;(ai) —
= Foow (w0 Jmi
WEOQ E?nt )
+o0 —F ) —m )
P R D

Observe that now for A\; < cA;(i € I,j € II)

0

wx
A;A \/_‘9 ( VAilai — ag
wie? £
_O<Z>‘i|aiaj|2+|az‘aj| '

We thus find
OO OO
@ —
5 K3
E aiaj/wi Orw; = E o0
3
VA ,/ a; —a
icll icll  Jai 3|
Jjel jerl
awse 0
> 5ﬁ£(>ﬁ$|ﬂw
a ilai —aj i=%0
C)\j<)\i<%)\ J L= J
- aja;— (¢ o= (Giied)
? Ja ij€ 1] v Ja 1J<ig
i<y Ai> X

Sl
+o : ‘
Alaz*%IQ la; — a;
We know that

wi® a; — aj
wi(aj) = ———=+Vw;° | =5——— | + h.o.
1( J) /7)\i|ai_aj| 7 < 3/2|az—a]|3>

Thus

)

%Wmfﬁm)
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1 Vw® 3(a;i —aj ) o [ @i —
372 [0y = _|3— 3/2 4Vwi 7| | + h.o
AT 10— ag la; — a; a; — aj

and

Z alaj/ 81wj = Z Oéloéj _ 3 Z Q0 —~— CZJ 1])
iell el \/W |al aJ' AiSA 3
JE
oo a; — a;
— Z aza_]a CZ] Z]) Z . 3041'@] \/_lazz - a]' |a‘z |

A
Ai >)\ C)\j<)\i<TJ

o'e) a; —a;
Vw' a;—a; Vw*
J 1

Q;0Gw3e 1
3/2 )\3/2 Z /N ai — a]l la; — a2

%

Y D B
? Ajlai —aj? la; — aj]

lai — a;[?

(1.47)

Observation. The remainder are in fact o > Iaf_?faj‘ or are
diffcr(clg{:)geroups
found among the remainders in the estimates of Lemma 67.

(1.47) has been derived for the motion of groups relative one to the
other under (H).

We need, in order to derive our Morse Lemma at infinity, a complete
and coherent set of equations. (1.47) provides part of these equations,
the remainder being given by Proposition 8. Our argument for the Morse
Lemma at infinity is based on Conjectures 3, 3’ (see the Introduction) and
requires therefore that we pass to the limit, getting rid of the remainders.
This process is tricky because the vectorial equations of Proposition 8 are
about single masses, while (1.47) is about groups, furthermore it holds only
under (H).

We thus have to pause briefly in our computations, to show how to
derive equations similar to (1.47) for single masses and explain how these
equations, using Conjectures 3, 3’, provide us with bounds after a contra-
diction argument.

These bounds read:
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Z)\|al—aj|<c Z (K)

(i,5)€
different
groups

We start with:

Definition 3 (basic concentration): We define the basic concentration
Ame Of @ group G, to be the smallest among the concentrations of the
group G,

We introduce the following rule which we follow as we deform the con-
centrations of the points a;:

1.10.9 Rule about the variation of the points of
concentrations of the various groups

Given a number A, we will be moving, in a single movement, all groups
having a basic concentration smaller than a given number A.

We now introduce five basic observations about Lemma 67, its remain-
ders and our expansion above.

Five observations.

Observation 1. Coming back to the estimates of Lemma 67, we see that

these estimates involve > ( > ajwj(ar) | . These quantities involve )
tel \jelI

for j € II (the non-moving group) and ¢ € I, the moving group. Since
75 =0 (S/Q%) =0 (3/2%) and since \j, > A;,, we can

‘a’j_afp >‘]0 ‘a’jo_afo‘

claim that

Jj2 _
=0\ 2 |a = o]
el v m
mell
Observation 2. The remainder terms in Lemma 67 also contain

> Xe(|(v = (vr + vin))el3n + ...).  Coming back to Theorem 2,
el 0

with ¢, such quantities have been estimated. The estimate involves

2
( E;I owj (ag)> (see Theorem 2, after squaring the estimate and mul-
j€
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tiplying by A;). Observation 1 holds for this quantity. But we also find

2
A X | DD ajwi(ag) b which contains 2¢e2, y72
¢ Wi Ak e W Sk Ve
k£t | jeIr
kel \ or
€ JEI

¢ belongs to the moving group, while j and k alternate. If & does not
belong to the moving group, then, using basic concentrations:

2 2
)\@5@k S O}\e()c?eok.

Using Lemma 72,

Jj2 3
27 2 4 6 6 €
)\@E%k—/\k < OAyep, ier; < Chay (Eeok + Ekj) <C E ) <7mm )
k mel |am - an|
nell

since Ay, < CAg.
If, on the other hand, k£ belongs to the moving group, then j does not.
Then,

32
2 7 2 _4 4 4
Am,qi < Ohiefrein; < CArely < C Ak
k

Since Ap, < C)j,

3
v .
4 4 koj
)‘kogkoj < C‘/)‘ko)‘jgkoj <C—2 —

|lak, — a;l’

We thus see that, if we split our masses at each step, into two larger groups,
each made of our basic groups G,, and if the first large group has basic
concentrations smaller than the ones of the second large group, then we
have a good control on i—is?kwf as we move, in a single movement, the
concentration points of the first large group.

Observation 3. We consider here the remainder O( e;; Y €3,,) in The-
orem 2. This remainder comes from fﬂc 51'6,%57”, with £ and m belong-
ing to different groups. Assume for simplicity that i # k. This expres-
sion, when squared and multiplied by \;, becomes O(\ie?.e%,.€2,) - w;
is in the group which moves. If wy is in the other group, Observa-
tion 2 extends: A7, reads O(Aj,e7 ;) with A;, < CA. Our expression
becomes, with obvious notations and after some work, O(\;7e% ;;) and
we are done. If wy is in the same group, i.e. the moving groﬁp7 then
our remainder becomes 0(Areg,,ens) = 0(MkoEromErt) = O AkoEhymoErt) =



184 Recent Progress in Conformal Geometry

— Ekgmo 2 ; _
0 (Iakofamo\ekt) o I o= Z €y; |- This latter expres
(¢,5)
€ different groups

sion becomes, if we assume that the packing in groups is well-

3
2 . This last part of Observation

lag—aj|

distributed, o

(€,9)
€ different groups

3 can be used for all remainders O (‘ J‘) which we stated in Lemma 67 in

3
Efj
lag—a;l

order to see them as O >
(€,9)

€ different groups

Observation 4. 3VVe have an additional term which we cannot con-

trol by Y a—a; 1 Lemma 67, in the remainder. This term reads
iel jerr
) w2l
Aelai—apl?”
ieqy Mol
el

It can be traced back to three terms in the proof of Proposition 5.
These terms are all of the same type; as we expand > ajw; around ag,
JjEG,
we find first ) ajw;(ax), then 37 a;ws®(d;(x) — dj(a;)) which provides
Jj€G, JEG,
this term (after integration and squaring). Finally, we find a third term

3
. . €4 . . .
which is O | >° —2— |. With our present techniques, we cannot claim
ieq lai—adl
jeIl

2
3 oo
wS

that the second term is O Z + >No—t
‘a'b*aﬂ . VAjlaj—am|

Lm jeG, J

jEII ¢ different
groups

Observe however that if A¢ is not Ay, this term is readily

P>

icl | @i = aJ| icl
GEII jeII

When the configuration is well-distributed, the groups are reduced to sin-

02
gletons and this second term is right away o | > ﬁ . The estimate
iAo

on this term holds on all configurations, well-distributed or not. ¢ and j
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can be taken in different groups.
Observation 5.
In the expansion completed above for dJ (" aw; + v)-

Oy (Z aw; +v |, we have found as we were trying to estimate
el

dvi(ai) [, wi a term which was O (E \ﬁ\a la X b@;ls‘i”r) This is a

term sumlar7 to a large extent, to the expression discussed in Observation 4.
One would like, for this term, to gather the contribution for all i’s € I,
thinking of this expression as

(ZO ( Eém|a|)> > e

This would suit more our estimates (m € I). We cannot derive such an esti-

002

. . . . . . wl
mate at this point. However, this expression is again o Z Mo —a; 2
1,]€
different
groups

1.10.10 The basic parameters and the end of the expansion

1.10.11 Remarks on the basic parameters

Our basic parameters are «;, \; and a; and o;.

o; are parameters of rigid motions, motions on the basic rescaled ;.
This includes rotation around an axis but also global rotation. The global
rotations, i.e. the rotations which do not preserve the polar axis of S3
may be viewed in fact as the composition of a rotation around the polar
axis and of a translation of a;. Only that this translation occurs in the
basic parameter i.e. is scaled by - oW and that it must be viewed, because
it involves a change of the point at infinity, as a translation in a different
chart than the one where the points a; are read. Accordingly, we can
express our basic equations in the following way: ozz and \; equations (easy

to derive and yield Z ‘ so |t A ’6J |=o0 (Z X Ial—a]\z + ZE”) ; they can

be completed umformly on groups the estimate becoming then an estimate
for (4,j) € different groups), a; - equations derived in two distinct charts
i.e. a chart and the chart derived after a Kelvin transform and then o;-
equations. However, for the o;-equations, we can then think in terms of
rotations which preserve the polar axis.

We should be able to pass to the limit in the o;-equations when we
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consider a packing in groups each one of which have a large interaction.

These more restricted equations might also, if suitably read, pass to
the limit even as groups or single masses involved do not have a large
interaction.

For the first conclusion, we come back to (1.47) to have a second look
at the equation involved:

This expression reads

a; —
ZO&»LQJ —)\ X |az _a]|3 — Z OZzOéJa Cz] 7,_])

iell A<
jeI
E alaja (€5 Z])
Ai>Nj
vy ()R
_z Z Qi QW Vw®
3/2
VAjlai — aj) X a; — aj)?
eAj <A< 7 | ¢ J|
zEI,]EII
438 Vw; a; — a;

|ai - a’j| )\?/2|al - aj|2 |ai —aj

The sum for ch; < \; < %] can be replaced by

e 10+ o)
T o

JEIT
Vw; Qi — jo Vw; Qi — Ay
3 2 . [ 3/2 .
/ |ai, — ajo]? |ai, — ajo| )\i/ lai, — ajo|? lai, — aj,|
and this sum might be restricted to ¢ = 1. ﬁ is larger than
@ip —qjo
3/2

¢y ‘a:ﬁ and we thus see that, indeed, (1.47) rewritten in this way
i—aj

jell
. . . ajw® ..
provides us with an estimate on Y., ———L—— similar to the one of
jeIir v jlaig—aj, |
Proposition 8 provided that
OO OO
S e oy
o0 =
3
a; —a
i€l Aidj jai J| zEII @i

jerl jel
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Coming back to (1.47) under the earlier form, we find that once i €
I,j € Il and \; and A; are of the same order

OO OO
T
1] . 2
iell,jel Aidj |a1 a3|
3
2.
=0l X o]t X snar
ieI,jeH|alia]| i€l jeIl |1ia3|

which is nearly the required estimate. We thus see that, indeed, the a;
equations, viewed in various charts should contain the estimates of Propo-
sition 8. Accordingly, instead of Conjecture 2, we introduce:

Conjecture 2’ Let C; and C5 be two symmetric charts of S3, with a;
far from the poles

: >
wﬁf 0A ) w® ’ w;)o
supsup | (... —=~—... | | =— e >c —_—t .
Ci at ( Vam ) (5%“ VAm ZM%*%‘P
The <i=’s should be taken in each chart to be equal to their respective values.

\ﬁ

For the second conclusion, we use the expansion of w;. Under a variation
do; which preserves the polar axis, wi® is unchanged, as well as a;. Thus,

Ow; (g% Dwi)(x — a))hiv/A; h
= o
Jdo; (14 Nz — a;|?)3/?

When |z — a;] is large, we find:

Ow; 1

=0 ————— ] +heo.

do; ()\i\/)\i|$_ai|2)

We have derived in (1.2) of Proposition 8, the o;-equations for groups.

We derive these equations here in another way which makes clear that a
factor equal to W is present in all the terms involved in these equations.

This, when apphed to single masses, offers a way to pass to the limit when
the concentration tend to 400 even though the total interaction of a given
single mass is o ;).

When we are considering a group G, we may perform on all the masses
of the group the same variation do; so that their relative positions are
unchanged and their specific contribution to the functional .J is untouched.
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So are wi®, w;® for each i and j. We follow for these 0;’s the rule set for
the points a;, so that the masses of the configuation Y aw; + v are split
into two groups. The first group undergoes the variation do; while the
second one does not. If we expand %, we find that the main terms of the
expansion are 4

oo 05, ((Dwj + o(1))(f5=52))

- w lai—al77 (Og,cij)E:.
2 VAilai — aj Aiv/Ajlai = aj 2 e

(i,9)€(I,I1) (i,9)€(I,I1)

The remainder is easily controlled (The |8°”| are bounded by C§;, in fact
by a much better estimate.) and we can pass to the limit after dividing by

iel,jell(% + sf’j). This provides us with a set of o;-equations in the
limit, in this framework. As explained above, when we have to come back
to single mass w; for which the ¢;;’s could be very small, the system which
we find at the limit might not contain the mass w; because the remainder
involves o(e;; Ee?s), thus might overwhelm the principal term as we pass
to the limit. There is however another way to pass to the limit under such
conditions: in view of the expansion of 6‘51 carried out above and of the
principal terms of the expansion, we can multlply the whole equation by
)\f/ 2 If we carry our expansion so that we have w; Xw;(ai)e;; as leading
terms in the expansion of J, instead of the symmetric expression with
(4, 1), (which we may assume), we can see easily that there is a factor /\3—1/2

in all our expansions This factor is easy to trace back: As we compflte
J gw? g:’l =g(a;) [w} g‘;’: +|Vg|L= [ O(|z—a;|)8?, we recognize this factor
immediately. This works for g = §; or w; or Aflwéwl etc. We thus see
that this factor should be present everywhere, including in the remainder.

This remainder includes 0J.0,,v which reads

Z aJ.p / Vs, vV

with ¢ = w;, )\1 g‘;’i, g:’l etc. Observe that

/VagivVga = f/VvV&,igp: /vA@aigo

We now have L>° estimates on v and also on Vvy, Vv etc which we can
3/2

use. The factor W can be expected here too. Multiplying by A;

find that our oy- equatlon take another form which allows under sultable
conditions to pass to the limit even though some of the masses might have
a very small total interaction.
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At the end of the next section, we justify this claim.

1.10.12 The end of the expansion and the concluding
remarks

Combining Proposition 8 and (1.47), we can conclude if we have a well-
distributed configuration of masses such that for each single mass 6; =
> eij > ¢ €k, since we may then warrant (H) for each motion if we
i k£t
gllow the rfléle which we set above for the motion of the points. Looking
in the end to the complete set of equations, we can rebuild an equation for
the motion of each a;. Combining with the o;-equation of Proposition 8,
we conclude.

At the end of this section, we show how to pass to the limit in the
oi-equation even though 0; = >~ ;5 = 0 (D" exe)-

2

We can also, in view of ourj 7Eive observations which we made in the last
section, conclude in the case of a well-distributed packing in groups under
the additional condition that

3

2
w™ E5q

K ——<C —

(K) Z Nla: — a2 = Z la; — a]

(i,7) €different groups (i,7)€ different groups ¢

We could even multiply the left hand side in (K) by Azla; the require-

—ay ‘ 9
ment would be sufficient in order to conclude. If the basic concentrations of
all groups are comparable, we can absorb all the terms covered by Oberser-
vation 4. We are left only with the term covered by Observation 5, i.e. we

need:

3

|wew®|eim €5
K’ t J <C -9
() > VamVilallam —ai| 2 la; — ajl

leliell,mel (i,j)€different group ¢

The conclusions stated above require us to transform all O’s in
Lemma 67 into o’s. This can be completed when the w®’s are o(1). We
need also for this to use the v — (v; +v;r) factor in these estimates, splitting
this expression on low and high modes, using Progsition 8 on low modes
and eigenvalues for large modes. We assume now that (K) and (K’) do not
hold.

2 3

>0 . €75
We want a bound on Z ﬁ in terms of Z rjll“.
e (i,j)€different groups Y
This depends on the derivation of o;-equations for single masses. We start
by showing how and why we can move each single mass with a reasonable

control on the remainders:
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Lemma 76 Assume that \; < supl;, we may then assume that our
configuration satisfies the estimate:

Ow; wx 2.
2 i J ij
Al 8J(Zajwj+v) N =o0 jZ#/\-|ajai|2+jZ#|aiaj|

J

Proof. Since \; < sup \j, we are free to move \; and thus we may as-
sume, unless our proof of the Morse Lemma at infinity is complete for the
configuration, that

Af@J (Z W —i—v) ( lgwi i (;9;\) ) 0.

We compute, with @ the usual projection operator, /\iQ(%). We have

10 dw;
for ¢ = 5= 555 Xigaes a:;’

ov
Ai=—— =
/V 8)\in

00 (S 0) - = 09 (e 1) 2

Thus,

+ B;0J (Z oW+ v) : ?;)‘\JZ + Z croJ (Z ojw; + ’U) . 12(:;
Thus,
(1 + B; ) \2oJ (Z ajwji + ’U) Zgg\}l —A;0J (Z ajw; + v) . ?;;Z

Ow;

_chaJ (Za]wj +v) Dol

The same computation can be carried out for

oJ (Zajwj +1)) )\1(26:]1 + %)

We find (after inverting a matrix)

Ow; ~
A 8] Z ozij + ’U) a:j = 7A18J(Z ajwj —+ ’U).

O
(’)ai

- Oow;
— BlaJ(Z QW + 1)) /\? BL;\}
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Combining, we derive:

Oow;

o = OUAl +IBil +[CE| + |4l + | Bi] + | )

NoJ( Za]wj + ).

Owi
X 8](2 ajw; + ”)'a_t:‘

Next, we have:

Lemma 77 Letw; be a mass in a group Gy which is not the most concen-
trated mass among all masses. In a chart where ay is a compact variable,
we may assume that

002

3
€715
O Do v) = N a2 o al
(Za]wj +’U) ( 1W1+ 1U =0 ZA |0JJ70,1|24_,Z |a’jia1|
J#1 71
(1.48)

Furthermore, the above estimate rereads:

aJ (Z a;w; + v) O w1 = Z - Iag — Z Iag L a1| . (1.49)

Proof. We start with the proof of (1.48). If (1.48) does not hold, we may
decrease J by moving the point ai. If for every j # 1, |a; — a1| does not
tend to zero along the deformation, the only hinderance in this decrease
would come from the fact that a; would move away to infinity.

However, this would not happen without a decrease in J which we can
estimate easily and which suffices in order to carry out the Morse Lemma
at infinity.

If |a; — ai1| tends to zero for a certain j, then we use the fact
that some control on the concentrations—they cannot increase beyond
twice their initial value along the global deformation—is built in our de-

2 3
w® ey
. ° 3 .
formation. #El <7Aj|aja12 + § . Taj—ay | comes eventually to dominate

oo 3
> z\klu;i—a»l +3 ‘a:ifas‘ (assuming that a; and a; are the only points

colliding, otherwise the argument can be modified and generalized).

Thus, before the collision occurs, J has decreased enough so that the
Morse Lemma at infinity can be carried out.
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We now expand 0J(>  ajw; + v).(0gyw1 + Oq,v).  Considering
0J (3" ajw; +v).0q, v, we use the projection operator @ and we derive that
Ow

0.J (Z a;jwj + u) 0,0 = 4100001 + Y B{@J.Alaj; + claJ.Afg_‘;i_
J 1

Since w; is not the most concentrated of its group, we may use Lemma 76.
0JN\3 g‘;i is as small as we please depending on Jd,,w1. The same conclusion

can be derived for dJ. g“’}-. Ay, B, C, are all o(1), in fact much smaller.
91

Therefore, the estimate on 0J(> ajw; + v).(9g,w1 + G, v) is in fact an

estimate on 0J ()" ajw; + v).0q, wi. O

We thus have a good control on the size of 0J(0,, w1 + 9a,v). But we
need now to complete an expansion. As we already know, this expansion
provides additional remainders and these remainders cannot be controlled
if a condition of type (H) does not hold along the deformation. We thus
need to move together, in a single movement, all the groups having a
basic concentration of the same order than G; and all the masses of GGy
having a concentration at most A;. Then, (H), restricted to the appropriate
indexes, hold. We still need the expansion, this expansion is not provided
by Lemma 67 right away since we are also moving certain masses of G
relative to the other ones.

We sketch here how the estimates of Lemma 67 extend to this new
framework, observe that 0J(0q, w1 + 0a,v).0v has disappeared from the es-
timates. We need only to estimate

> 0J(0ayw1 4 0g,v).(jOw;). The expansion is then easier and com-
jmoving
pleted as follows:

We decompose the configuration into a group I made of groups G; where

all masses (some for G1) move and a group I where all the masses of all

group do not move:
> aiwi+v= (Z aw; + vz) + <Z owi + vu) + (v = (vr + 1))
i€l iell
=U; + Uz + vi2.
We expand (w; stands for all moving masses in I):
OJ(Uy + Us + v12).001 = J(Uy).001 + 02T (U1).Us.001 + 9*J(Uy).v12.001
—c / U500 + > Cupr / UrUL 00, + R.

2<p1 <4,p+p1=5
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Cuu, are constants bounded independently of X;, a;, etc. R has been

estimated throught Lemma 62 untill Lemma 68, only that dw; was

9(>" ayw; +vr) in these lemmas. However, the exact expression of dw; was
i€l

(" a;w; +vr) was never used in the proofs of these lemmas. 9%.J(w1).0w
i€l

is zero so that

82J(U1).1}12.au~)1 =0 Z /w;l|’012||a(:}1| + /v§|v12||8u31|
Jjelj#1

We split the domain of integration between the various 2;, j € I and their
complement.
Forj =1, o wilv12]|0w1| behaves as R. For j # 1, we upperbound

[ whoalion] < | atioal(urviis + o)

j Q;
<0 [ whal(er VA + ).

Wil Jo, wilvi2|vVA167 behaves like R. For A\; < )\,

[ toatvaint < < S < [ bl < Cllo
Q; AV ai — ag] %
5%- \/— E%-
J ] :
x— 4 C Aj€js| (v72) o0 —m———
\/X1|a1 — ay A;\j Ry OO\/X1|al —aj

el
\/X1|a1 - 0,j|

For A\; > )\, [0w1 < C(|lw$°] + £1;)VA167 and the estimate is straight
forward. For [, v}|viz||dwi|, we use Proposition 3. We can upperbound
J

+ V| (v92)5]

this quantity by

> Vied Emn /Q | 83(Sm + 6,)0%

(m,n)e(I,11),(g,k)e(I,1)

< VAMVAEREmn /Q 83(8m + 0n)07 < OVAIVAGED,.
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This upperbound works for A; < A;. If Ay > A\, we upperbound by
A€ qkEmn / 02(8m + 6,)0% < ONgely.

> J U1 #|Us|#* |0w:| can be treated in a similar way. We then
2<p1 <4, p+p1=5
conclude that (all bounds in Lemma 67 can be transformed into small o’s
rather than large O’s when the w{®’s are small as explained above):

6.7 (Z Qiw; + v) Doy @1 + Doy 0)| > (8T (Ur) (8,1 + By 0)|

€3
—-C v

- 2 lai —a;

(1,7) EGI X G, l#m
w stands for all moving masses. The set of these moving masses depends
on the choice of a single mass w;. Summing up on all the masses w; which
are not the most concentrated in their groups, with appropriate scales M;
so the concentrations increase, we find

Z M;|0J (Z ajw; + ’U) (O, Wi + )|

w;not the most concentrated
of their group

> 10T (U) (Oay wi + By )]
l

3

e R
Ajlai —a;|? |ai — a;] lai —a;|

(1,1) EGLX G, l#Em

U, stands for the configuration > aw; + v; of the group G;. There is
i€G

no restriction on ¢ in the right hand side since the following identity holds

(translation invariance of J):

dJ(Uy) (Z (Baywj + &livl) =0.

i€G

Assuming that the U;’s are well distributed and that we can derive limit
oi-equations for each w; relative to Uy i.e. if we knew how to pass to
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the limit for each mass w; in these equations (only for U,’s such that (K)
does not hold; o; is a rotation preserving the polar axis), we would find

" Wy E?j E?j
CRIDEDS Nai - ' Ja—ay) =¢ 2 |ai — aj]

l (i,j)EGLXGL (i,j)EGLXGL,l#m

if
3

So107 (Y ajw; +v) - @uwi v <C > M'c%aj

(1,J) EG1 X G l#m

2 3
S R
Aila; —ajl*  la; — aj]

(i,j)EGl XG771al7ém

Observe that (1.47) combined with Proposition 8 and Conjecture 3 provides
an estimate of the type

awse
2\ 2 T (Zwaﬂ Zlm%')

m \GEG,,m#s aj. |

a;,, and a;, are the concentration points of the least concentrated mass in
G, and G, respectively. The above relation is useful for groups reduced to
a single mass. Combined with (K"), they provide (K).

We turn now to Proposition 8 and the g;-equations which we want to
derive when o; is a rotation preserving the polar axis for each mass w;. The
issue is to show that these equations, for each mass wj;, yield a relation with
coefficients equal to O(; e3;) and not O(g&: e3.) as Proposition 8 displays

i t
(observe that for the rotations preserving the polar axis Vw® = 0). Five
terms need to be estimated for this purpose:

Ow;
3 /wu il |/|wk||w1|| |/sz .

k#j.k,j#i

ow ow;
37 [
/ E apwk | w; aUi,aund/VUVa -

a.
k#i ¢

Ow; Ow; Ow; Ow;

more generally, [ VoV g2 for ¢ = Ai et Nigar, ook

Let us start with the last term and observe that, for a rotation pre-

2
serving the polar axis, |6 | < % Thus, [VoVZEe = ffAva% =
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6? )) Using the equation satisfied by v and the L*° bounds on

v, thls is O( ) the only term to fear is [ wiw; 6 Z which is easily seen after

rescaling etc to be O(>_ e ?J) The other terms Would contain either a 63,
k # i, to the least or ajf.zlf an L°-estimate on v produces a d;, a coefficient
eir multiplies it and yields our claim. Thus [ Vvvg“: =0(2 e7;). This
term is multiplied by 0. (u) - which is O(3_ €;). We thus ﬁiﬁlO(Z_ AL
k,l+#1, Wejr;‘:scale first wi to wy an(jiyédlerive

3 0w;
1 do; )

/wkwlw?awi :@k(di)/wl 5 0wi /|:v — az|wlw3awZ
do; i Qo ' Oo;

~ — ot = a:z _ ~ a 7
— o (d)on (&) / w3 2% 1 (@) / (1o — a2
Jdo; Jdo;

Considering now f WEWoW;

5

vofleaibc) e fo i
T — Q;|0] —F—= :Wk T — az
Vi
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Similarly, we find that

JnpiZt =0 ( [lap) - (/‘})

1 3
=0 <5\1—\/)\TZ> = O(ejy)-

4 Bwi
YRt do;
K3

:wj(al)/Jsza%&kJrO(/ | — dil l|wk|3>+0< 4\/_>

Observe that using the expansion of W; and oddness argument,

<3
0 1 65 |ww)? 1
Wi = 0(——= :Oef’ ,/ T — a; — =0 —— |,
[ a5 (o) = Oel) [ o=l 2= o

2

4 0i

1 Ow;
w — = 0(———=),s0 that/uflwZ ! £;
k /_)\i ()\i /_)\i) k Z )

In all, we see that we find a o;-relation for w; which has only 5%-, j # 1,
as coefficients. This relation does not disappear as we divide by > E?j. A

Finally, we consider

Ve
limit relation exists. The conclusion follows. A similar proof can be built
under Conjecture 2’, Conjecture 3'.
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Chapter 2

Contact Form Geometry

2.1 General Introduction

The second part of this book is about Contact Form Geometry via Leg-
endrian curves. This is a direction of work which we have started early
on [Bahri 1988]. We have published a number of results in this direction
[Bahri 1988], [Bahri 1998], [Bahri-1 2003].

The main outcome of this previous work is the definition of a homology
in the variational framework which we study. This variational framework
is as follows:

Given (M3, a) a three dimensional compact orientable manifold and «
a contact form on M3, we choose a vector-field v in ker o which we assume
(an assumption which we study in this work) to be non singular.

We introduce the form § dual to «, 8 = da(v,-) and the space of
Legendrian curves of (:

Lp={ze H'(S", M)|& = a&+ bv}.
More specifically, we will be considering
Cs = {z € Lg|a(i) = C > 0}.
Let also
C’g = {z € Ls|a. (&) > 0}.

On Cp, we consider the variational problem

I(z) = /O o (@),

Assuming (an assumption which is also discussed in this work) that § is
also a contact form with the same orientation than «, we have established

201
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in our earlier work that the critical points of J on Cg were the periodic
orbits of the Reeb vector-field of o which we denote &.

We have also established that this variational problem has asymptots
(critical points at infinity). Asymptots in a variational problem depend on
the definition of a pseudo-gradient.

There is a special pseudo-gradient Zy for J on Cg which we have built
in [Bahri 1998]. The main feature of Z, is that the number of zeros of b,
the v-component of & (x is the curve under deformation) does not increase
along a decreasing flow-line.

Zy has some flavour of the curve-shortening flow (viewed in three dimen-
sions. Legendrian curves, in a restricted framework, may be viewed as lifts
of two dimensional immersed curves). In fact, there is a pseudo-gradient
7, for J which behaves just as the curve-shortening flow does. We have to
modify it because it has too many asymptots.

Zy has the additional property that the L'-norm of b (the v-component
of %) is bounded on any given flow-line. Furthermore, if blow-up occurs at a
time 7', then b(s, ) converges to Y .-, ¢;0;, as s tends to T i.e. b converges
to a finite combination of Dirac masses.

Accordingly, the curve x(s,t) converges (in graph) to a curve made of £
and tov-pieces. Among these curves, there are more specific curves which
are the critical points at infinity of Z;. There is a vast zoology for them
which we have described in [Bahri-1 2003].

We have also explained in [Bahri-1 2003] how the geometric curve as-
sociated to one of them could support several critical points at infinity of
various indexes. We have defined for these critical points at infinity £°°’s
a stable and unstable manifold, a Morse index (made of two parts ig + i)
and a maximal number of zeros of b, §(Z°°), on their unstable manifolds.

We also have explored the flow-lines from the periodic orbits of £ to these
asymptots and the flow-lines from the asymptots to the periodic orbits of &.

Accordingly, we have defined a homology using the periodic orbits of £
and some of the aymptots. We have not computed this homology. Several
problems stand in the way of making of this homology a practical tool in
the study of contact structures.

We address some of these problems in this work.

The first issue is the generality of this method. It has been suggested
that the two basic hypotheses which we introduced for the sake of simplicity,
namely that v is non singular and that § is a contact form with the same
orientation than «, were severe limitations to our method which would
thereby be confined to the framework of unit sphere cotangent bundles.

We address this issue in the first part of this work in a simplified frame-
work.

Namely, we first recognize that the hypothesis that 3 is a contact form
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is tied to the amount of rotation of ker a along the flow-lines of v. Typically,
around some hyperbolic periodic orbits of v (we provide a normal form for
(a,v)), ker a has a finite amount of rotation. Then [ cannot be a contact
form, at least a contact form with the same orientation than a.

We focus on such a framework, assume that v is a Morse-Smale flow
having an attractive and a repulsive orbit and a family of hyperbolic orbits,
some of them of the type described above.

We then prove that we can modify the contact form using the large
amount of rotation around the attractive and repulsive orbits of v and
build “mountains” around the “bad” hyperbolic orbits keeping the flow-
lines of our variational problem away from these neighborhoods where 3
might not exist.

The method is interesting because it relies on a quantitative argument;
the introduction of a large amount of rotation is completed via a second
order differential equation of the form:

[’U, [’U,&H = 75 +7(5)[§7U] + 6v

s is the time along the flow-line of v.

As a large amount of rotation is introduced, the quantity 7 =
da([€,v], [€,[€,v]]) remains bounded above. This in turn keeps fol D]
bounded on a given flow-line, even as this large rotation is introduced. This
result generalizes to include the case when v might have attractive, repul-
sive or hyperbolic circles of zeros (the natural framework for vector-fields v
in ker av).

We believe that we have in this way partially answered the questions
about the limitations of our techniques.

The second part of this work is devoted to a compactness result about
the flow-lines of our variational problem. This is the first result of this
type for this technique. It is at this stage slightly imperfect: we establish
here that there are no flow-lines going from a periodic orbit of Morse index
2k (for J on Cj) to a critical point at infinity of index 2k — 1; there is a
technical restriction at this point on this critical point at infinity, namely
that it has no characteristic &-piece (see [Bahri-1 2003] for the definition of
a characteristic piece, also the introduction of Part V of the present book)
of strict index less than or equal to 1.

The same result holds for flow-lines from periodic orbits of Morse in-
dex 2k + 1 to critical points at infinity of index 2k. This result is only a
generalization, with some more specific arguments, of the result about the
flow-lines from zor to x55_;.

The result established here is thus far-reaching because it indicates that
there is a homology, invariant under deformation of contact forms,
which involves only the periodic orbits of &.
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We provide, at the end of this work—entitled compactness—the classi-
fying map o for the S'-action on Cj = Cp — {periodic orbits of {}. This
map should be helpful for the computation of the homology.

The third part of this work is devoted to two basic technical results
related to a phenomenon which we have discovered in [Bahri-1 2003] and
which we are coming, step by step, to understand better and more.

We use in our technique a procedure which we call transmutation.
With this procedure, we change, given a critical point at infinity z°°, the
maximal number 6(Z>°) of zeros of the v-component of &,b, on W, (),
while keeping z° isolated in its “species” i.e. among the critical points at
infinity which have the same number of characteristic £-pieces (see [Bahri-1
2003]) than z°°.

However, along this process, we create another critical point at infinity
°° having an additional &-piece when compared to z°°.

In order to track down the changes through the collapse of £ and §°°,
we build a suitable basis for J~ (Z°°) made of three parts: one is related to
the H}-index ig i.e. the index of Z°° along variations where the v-orbits
which are part of the graph of £>° are unchanged while the £-pieces are
perturbed among the curves x having & = af + bv,a > 0 (thinking of
geodesics, this would the index of a geodesic with fixed end points).

A second part is related to the characteristic pieces of Z°°; one vec-
tor ¥; is defined for each of them. It is built using the degeneracy of a
characteristic piece (its end points are in the “cut-locus” one of the other).

A third part is related to the +v-orbits and the non-degenerate &-pieces
of z°°.

It turns out that the two last parts of this basis are .J” (z°°)-orthogonal
and that, after a perturbation of the contact form near z°°, we may assume
that the index of J" (Z°°) is distributed as we please among these two parts
(given the dimension restrictions on each part). There is therefore a large
flexibility in the interpretation of the Morse index at infinity 7., which may
be read as il, + i2 ;il is related to the characteristic pieces, i2, to the
+v-jumps and the non-degenerate £-pieces of 2°°. The values of i%_ and i2,
can be changed as long as il + 2 remains unchanged and that each i/ is
less than the dimension of the related space where it lives.

This technical result allows us to track very precisely the changes of
indexes between z*° and §*° through a collapse and transmutation. We
understand thereby what part changed in which part (i.e. among iy and
i, What piece has increased by 1 and what piece has decreased by 1, for
each of % and §*°).

For the full compactness argument, as we are writing it in [Bahri-2
2003], we need to complete such transmutations and understand how a
transmutation occurs technically.
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To conclude, we simply will say that we have uncovered here new phe-
nomena related to the rotation of ker a along v and we have also started to
establish compactness results in order to compute our homology see Propo-
sition 25 Section 2.6 of the second part of this book and its generalizations.

These new results are to us a clear indication that we are progressing
in a meaningful direction.

Significant improvements in the understanding of the behavior of con-
tact structures can now be expected via these techniques, after due progress
is made and our present results are pushed to their natural ends.

2.2 On the Dynamics of a Contact Structure along a Vector
Field of its Kernel

2.2.1 Introduction

Let M3 be a three dimensional manifold and o be a contact form on M.
Let v be a vector-field in ker o which we assume throughout this work to
have a finite number of non degenerate periodic orbits and also a finite
number of circles of zeros.

Let us consider near a point 2o of M a frame (v, e1, e2) transported by
v. ker o defines a trace in Span (eg, e2) generated by u = a(ez2)e; —a(eq )es.
The fact that « is a contact form translates into a property of monotone
rotation of u along v-transport, see [Bahri 1988, Proposition 9 p. 24] for
more details. Thus, given a point yg € M and the v-orbit through yo, there
is a definite amount of rotation of ker a on the positive v-orbit and on the
negative v-orbit.

It is natural to ask whether these amounts are infinite and the answer to
this question is negative since one can produce (see [Bahri 1988, Section 12])
non singular codimension 1 foliation transverse to contact structures. If v
generates the intersection of the tangent plane to the foliation with the
kernel of the contact structure, the amount of rotation has to be less than
7 on any positive or negative v-orbit.

On the other hand, having an infinite amount of rotation for all half
v-orbits can be quite useful: introducing the dual form 5 = da(v,-), @ and
(3 are transverse, both have v in their respective kernels. If ker o rotates
infinitely along v, so does ker 3. ker 3 could have some reverse rotations
but it must essentially be a contact form with the same rotation than a.

When £ is a contact form with the same rotation than «, a very inter-
esting framework sets in: we introduce the space L5 = {z € H' (S, M) s.t.
Bz (&) = 0} of Legendrian curves of 3 and also the more constrained space
Cp = {z € Lz s.t. a(&) = a positive constant}.
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On (3, the action functional J(z) = fol a; (2)dt has the periodic orbits
of £, the Reeb vector-field of «, as critical points (of finite Morse index).

The variational problem is not compact (there are asymptots) but one
can nevertheless, after the construction of a special flow [Bahri-1 2003],
define a homology related to the periodic orbits of ¢ [Bahri-1 2003]. It
is therefore interesting to establish, given a contact structure «, that one
can find a vector-field v in ker  such that the amount of rotation on each
half-orbit is infinite.

We consider hence vector-fields v in ker @ which have an w-limit set
reduced to their periodic orbits and their circles of zeros i.e. essentially
Morse-Smale-type vector-fields (with lines of zeros allowed). Near the at-
tractive orbit of v, after possibly perturbing slightly, v, an infinite amount
of rotation is warranted on all half v-orbits attracted by this periodic orbit
of v. There is a similar statement for the repulsive periodic orbit.

On the other hand, one can produce models of hyperbolic periodic orbits
for v and models of contact forms having v in their kernel such that the
amount of rotation of ker o along these hyperbolic orbits is finite.

This type of orbits is called in this paper “bad hyperbolic orbits”. They
do not allow to set the variational problem J on Cg properly. Ideally, we
would like to get rid of them or to the least to be able to consider the vari-
ational problem J on Cj3 away from these bad regions. In order to achieve
this goal, a natural idea which comes to mind is to use the large rotations
available (after perturbation possibly) near the attractive or near the repul-
sive periodic orbits. A diffeomorphism would then redistribute this large
rotation over other regions of M, for example around the bad hyperbolic
orbit. In this way, the bad hyperbolic orbit could be “surrounded” by a
large rotation of ker o along v, either coming from the attractive orbit or
from the repulsive orbit.

This approach has a defect: it does not keep bounds. The price to
pay for redistributing the rotation from the attractive or repulsive orbit
becomes exponentially high with the amount of rotation.

The bounds carefully built [Bahri 1998] on the L'-length of b as we
deform curves of Cj3 along a pseudo-gradient for J (one of them is “curve
shortening flow” which we do not use because of its “bad” behavior at blow-
up) and which rely on a bound from above on 7 = —da([&, ], [€, [€,v]])
collapse.

We need therefore to find another way to introduce a large rotation. We
consider two nested tori surrounding the attractive orbit for example. We
introduce a second order differential equation which takes the form:

[0, [0, €]l = =€+ (s)[§, v] = 7' (s)ds(&)v.
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The unknown is £ and the solution provides us with an extension of a.
This differential equation has a unique solution under the condition that
we should match « (up to a multiplicative constant) on the boundary of each
torus. This differential equation, with v properly rescaled, generates a large
amount of rotation. We may introduce this rotation and keep the existing
periodic orbits of £ unperturbed. Some new ones may appear but they are
precisely localized and they appear in cancelling pairs. Furthermore, the
bounds on all relevant quantities to the variation problem J on Cjs (on
|11, |dji| see [Bahri 1998] or 7 from above) hold, unchanged.

This is the first part of this work.

We then move, in the second part of this work, to set the variational
problem J on Cg using this large rotation.

We introduce a “Hamiltonian” \ = e %%si g is a measure of the
rotation of ker @ completed at a given point on a v-orbit originating at
the boundary of one of the tori. A\ is localized near the stable and unsta-
ble manifold of the bad hyperbolic orbit. Replacing « by Aa, we build
“mountains” around the bad hyperbolic orbit, i.e. regions where the Reeb
vector-field of A« is extremely small while the action is large. We prove
that the bound from above still holds on 7, independently of A and that
the variational problem J on Cg, can be defined. Furthermore, we consider
compact subsets of C'z, enjoying bounds independent of A\. Under decreas-
ing deformation along the flow-lines of the pseudo-gradient, these compact
sets never enter small pre-assigned neighborhoods of the bad orbits.

This holds in particular for all the flow-lines which start at the (unper-
turbed) periodic orbits of £. The definition of our homology follows and is
independent of \.

These results indicate that the assumption that 5 = da(v, -) is a contact
form with the same orientation than « all over M is not needed in order to
define the homology of [Bahri-1 2003].

One may question the generality of this method. We consider in this
book only the simpler case of a single bad hyperbolic orbit and we assume
that its stable and unstable manifolds are caught by the attractive and
repulsive orbits, in short that there is no flow-line connecting hyperbolic
orbits.

However, such connecting flow-lines can easily be added, as well as cir-
cles of zero as long as they are attractive, repulsive or hyperbolic not of
mixed behavior.

The only constraint lies with the hypothesis that the w-limit set of v is
made of periodic orbits and circles of zeros.

Some thought shows that this hypothesis is not needed, but it makes our
study much easier. This hypothesis can be weakened and a more general
behavior allowed; we expect that there is always, given a contact structure,
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a vector-field v in its kernel with this behavior.
We proceed now with the statement of our results and their proofs.

Let us consider the differential equation:

[v, [, &]] = =E + 7 (s)[§,v] = ' (s)ds(§)v

where s is, in this first step, the time along v.
More generally, for ¢ = ¢(s) > 0, we consider the differential equation:

[ov, [pv, ]] = =& + 7(5) 8, pv] — ' (s)ds (&) v (*)

v(s) could be replaced by a function y(zg, s) where zg is an initial data for
the flow-line of v and s is a monotone increasing function on this flow-line.
Observe that v/(s)ds(§) = £ - 7.

Let us define a by

a(v) =0;  al§,ev]) =0;  af§) =1.
This is possible if v, [£, pv] and § are independent Writing (*) in a @v-

transported frame, with pv = ,§ A -+ B S T C 8‘2 , we derive:
PA qiy2A_y TB g 08
952 Tos1 Ds1 Tos1

Thus,

0 OB 0A 0B 0A
—(A— -B-— | =—v|A=—-B— ).
(981 ( (981 (981) " < 681 681)
Thus, if v, [§, pv] and £ are independent at time zero (which we will as-

sume) they are independent thereafter.
We then have:

Lemma 1

(i) da(ev, (€, ¢v]) =

(i) da(pv, [pv, €, ¢ ]]) =~ (denoted fi usually)
(i) v, 16, 1€, pulll = —716, €, vl + hipv.

Corollary 1

(i) If [€,[€, v]](0) is collinear to v, then so is [£,[E, pv]|(s) and & is the
contact vector-field of a.
(i) If v = 0 on an open set, then dr(v) = T, is zero on this set

([, &, wol] = —Tpv).

Proof. Since a(v) = a([€, pv]) = 0,da(ev, €, pv]) = —a ([pv, [£, @v]]) =
a(=§ + 7[5 pv] =& ypv) = —1
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(i) follows.
Next, we observe that « is a contact form since

a A da(ev, [€, o], &) = —1.

Let &, be its Reeb vector-field. Since da(¢v, &) = —a([pv,£]) = 0 and
da(é? §) = 0,

& =&+ vpv
and using [Bahri 1998],

n= dOZ(Sﬁ’U, [90'07 [57«, SOU]D = do‘(‘va [QD’U, [5) @v“)

= da(pv,§ — [, pv] + zv) = —da(pv, [§,pv]) -y =

(ii) follows.
Next, we compute:

€, [p, [pv, €1
Using (*), it is equal to:

YE, [€; @v]] + € - 7€, wv] — & - Y[E, @] + hgpv

=& € ]l + hepv.

Using the Jacobi identity, it is equal to:
_[[SD'U, g]a [6) (,0’1}]] + [(,DU, [6) [(P’U7 5]]]

— v &, [¢. ]
Thus,

—lwv, [§, [, pv]]] = 7[E, [€, pv]] + hoo.

(iii) follows. 0
Proof. [Proof of Corollary 1] Set pv = 8%1
(iil) reads

ou

0
— = —~U +h—
881 v + (951
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ie.

The claim follows.
Observe that

a([§7 ga (pU]]) = _da(§7 [57 SD’U])

Set
& =&+ vou.
Then,
—da(&, [§ pv]) = —da(§ —vev, [§ — vev, pu])
= vda(pv, &, ¢v]) = —v.
Thus, if [¢, ¢, v]] is collinear to v, v is zero and & = &, O

2.2.2 Introducing a large rotation

We consider now «g and v near the repelling (or attracting) periodic orbit
of v. Their normal form, see Appendix 1, is:

1
(o) OéozdIJr%(yﬁ“—Yfﬂ)d@ (¥>0)
0 _ .0 _
O o= (205 - W Ig 4 ey ) <=
Then,
_ 0 _0
f—a—x—Va—y
and

[S_, v =14 ”72% so that dag(v, [5_, v]) = —1.
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Observe that [¢, [¢,v]] = 0 while

~ 0 0 o 0
o008 = [20 — (430 2 + (0= ) g
a0 (o )0 2%
Thus
[0, [0,€)) = —€ + —2—[v,€] ()
14+75

(**) is the same form than (*).
Indeed, if we set

v(s) = \/T—WQ’

then v/ = 0 and (**) is a special case of (*).

We are going to modify (**), keeping the framework of (*) but intro-
ducing a function y(s) which has a flat piece where it is equal to zero. We
later will use this flat piece in order to introduce a large rotation of . How-
ever, £ and [£,v] are modified once v is modified and we need to complete
this modification so that the modified data for &, [£,v] will glue up after a
certain time 5 with the former data.

Observe that ¢ for ag is in Span{ 55 ay Observe also that

Span{-2 B> a_y} is invariant by the one-parameter group of v. It is easy to

construct two vector-fields in Span{ %, a%} which commute to v. They
need to satisfy:

0

Oa—y :O

0 0 0 0
20— — (y + 7z)— —Ay) =, Ag— + B
055 — (y+32) 5 + (@ vy)ay, 050+
This yields
0A
O+’}/A0+Bo—0
0s1

0B

0+A0+"yBo:O
0s1
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Taking (go) (0) = (é) or (?), we derive two vector-fields a% and a%
0

which have components on 6%’ aﬂ depending only on s, not on the initial
Yy
point (this does not hold if v changes into (s, zo)).

. =~ . 6 8
Since § for ap is 57 — va—y,ﬁ reads as

0 0
ag— + boa—y with ag = ao(Sl),bo = bo(Sl)

ox
while

08 _ 0 0 =0
[’Uag]_asl_a@ax—’—ban <_ 1+7 6y

Coming back to § and (*), with a general v = v(s) = y(s(s1)), we split £

D D a8 _ .
on the basis D59y Do = U

We integrate these equations on an interval [§1, 2], with initial data at §;
equal to (ag, ab)(51) for (A, g—A) (51) and (bo, b})(51) for (B, g—B) (). ~(s)

near 5; is \/% (C’, %) (51) = (0,0) so that & near 3 is &.
5 1

—~ will behave as follows:
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Observe that we need only to worry about the components of &, [£,v] on
3
% — —
those of £, then ¢ and &, [€,v] and [, v] would only differ by some pv, pyv
for s > 53. They satisfy the same differential equation after s;. Thus «
and ag would match also. Observe that o needs not match with aqg. It

suffices that it matches with some cag (observe that d(cag)(v, [%, v]) =—1
and d(cap) (v, [v, [£,0]]) = dag(v, [v, [€,v]]). We would then extend o near

c
the repelling (respectively attracting) periodic orbit of v with cag. We need
thus only to match &, [€,v] and &, [€, v] in directions with the same ratio of
length (not necessarily equal to 1). We prove below that this is possible.

We have:

and 8%. Indeed, would they match as well as their s;-derivatives with

Proposition 1  No new periodic orbit of £ is created in this process.

The proof of the above proposition requires the three following claims
which follow from the construction of ~

1. v can be constructed so that [ |y/| < 20.

2. As 39 — 51 becomes smaller and smaller, |y| remains bounded by 2.

3. a glues up with cag, ¢ tending to 1 as 52 — 51 tends to zero.

Proof. [Proof of Proposition 1] As 5, — 5; becomes small, ¢ and € are
0(1)-cl~ose. This is clear from the equations satisfied by the components

over 6% and a% of ¢ and € and from the third claim stated above.
6%1’ it depends on ~/(s)ds(§) =
v (s)(Ads(£) + Bds(a%) + C). Observe that, because 2, 6% and aisl

For the C-component on
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commute, ds(ai) and ds(a%) are independent of s;. They are bounded
uniformly. So are A and B.
Since [ |7'| is bounded by 20, then

S1 T S
[ / <20 (S50 = o).
S1 S1 jZO

After some work, this implies that the v-components of ¢ and & are close
up to o(1). Indeed, C (the v-component of £) satisfies:

(?9 5> +C+ gg v (s)ds(&) =~'(s) <Ads <%> + Bds (%) + C)

while C, the v-component of £ satisfies

@ 4 9 4 —8_0 =0
0s? 7651 o
with C(51) = C(51), 9 (51) = 3% (51). O

The claim follows.

2.2.3 How ~ is built

We start with the differential equation with a constant g

Ou 0P fuo,
u =
952 T 0%
We set it in a matricial form with v = f%.

Then, % (Z) _ ((1) ‘%0) (Z) ‘

Lemma 2 Consider with |Y| < 2,

t(o 1)
(& 1770 .

For t small, it reads up to a multiplicative factor as

1 (cos(ﬂtJrsﬁ) sin(ﬁt))>

cos sin(8t)  cos(ft —

We claim that:
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with |B] < 1,8 = cosp.
S _ 0 -1 .

Proof. Since 7 is small (|50] < 2), 1 -5 reduces to a matrix of ro-

—0

. a —p . 9 o
tation (ﬁ a)wnha + 6% = 1.

(1 5)=e" (5@

with
(1l 1 -«
Q_<Oﬁ))Q _B<O 1))204—_70
O
Then,
0 —1 a—0 0—p
t - t t
e 1 -7 :Qfle ﬁ (6% Q:etanle ﬁ 0 Q
_ ta—1 [cos Bt —sin Bt
=etd (sinﬂt cos 3t ) Q
76’5_0‘ B —a\ [cos Bt acos Bt — (Bsin Gt
g \0 1 sin Bt asin Bt + B cos Bt
B et_"‘ [ cos Bt — asin (Bt — sin Gt
3 sin 3t asinfBt + Beosft )
Set 8 = cosp,a = sinp. We find:
. 0 —1
1—70) _ e [cos(Bt+¢) —sinpt
© ] sinft  cos(Bt—p)) "
Observe that the multiplicative factor tends to 1 as 7 tends to zero. O

Let now A be an arbitrary 2 by 2 matrix close to (é (1)) which reads

has complex eigenvalues and determinant equal to 1.

Lemma 3 There exists then 81 = cospy > 0 such that
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0 -1

. t .

1 cos(fit1 + 1)  —sinfBity _ —tising: ! <1 2sin 901>

= — . =e e )
cos 1 sin (1t cos(B1t1 — ¢1)

Proof. We identify

acos p; = cos(Bit1 + 1) beos ey = cos(Bit1 — p1).

O
Thus,
a+b
cos(f1t1) = 5
. (b—a)
t1) = ——=.
sin(f1t1) 2tan ¢

The first equation can be solved since A has complex eigenvalues and
[trA| < 2.
The second equation yields then:

tan o b—a b—a
1 =
a+b)?2 4 — b
2\/1 _ (atb)? . ) \/ a +
We also have
2 sin Bltl
2=l
COS p1
i.e.
h—
2 cos iy = (LA COSPL
2sin
b—a 24
= c”sinpy.
D) ¥1
Since det A =ab+c* =1, ¢?is equal to /1 — ab.
Thus,
. b—a cos (b—a)?
111 = — = _—_—
Ao 41— ab)
tan o1 = b—a b—a
AT JI0—ab) —(b—a? Ji_(arb)?

The compatibility follows. (I
Observation 1. 1—ab> (b+a) —ab= &=2%

4
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Observation 2. 01 = cosey can tend to zero here. Then since (it
can be chosen close to zero (cos (1t = “TH’), sin B1t1 is of the order of
51t1 = (COS gﬁl)tl. Thus,

b—a cosy

t1 ~ .
(cos 1)ty 2 singg

= /1 —ab. a and b have both to tend to 1 so that ¢; tends
\ (0 —1 )
to zero. On the other hand, coming back to e 1 =% , we have

: b—a
ie. t; ~ Tsmer

200 = =0
and |aq]| tends to 1 so that |7g| is at most 2.

Observation 3. t; is positive and tends to zero as c¢? tends to zero. (This
follows readily if 3; does not tend to zero. If §; tends to zero, the claim
follows from Observation 2).

Next, we prove:

Lemma 4 Let A = (:; b’y)’ with a +b < 2,ab < 1,a,b close to 1,

0<d<v,ab+~6=1,0(y—09) small enough. Then, there exists a, b, c with
a+b<2a,bclose tol,ab<1,ab+c*=1 and o, 3,01, < 1, close to
1,02 + 3232 = 1 such that

G)-(E7) )

a=aa — c2p? b:l;a—c2ﬁf
o + 3237 =1.
§=ca+b3% vy=ap?+ ca

Proof. We have

We may replace the condition § = c2a + b3? with @b+ ¢* = 1.
We then have
j— btest

« 3

aff =7 - cla
o + 3207 =1

a=ax — 02—(1;2(12) di) + C4 =1
1

which rereads
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2

aly —Fa) -1 —-a?)  ay—c?

2 fd
617 a a
jobtest
«
)
o= dr—ca) C;‘) o + 3232 =1
ay—c

(b+c2B7)(v - ?a) = apf(1 - ).

The last equation yields

Bila —e®) = by = ca). (**%)
Combining this equation with the first equation, we find
(@ —7e*)(ay = ¢*) = ab(y — *a). (***%)

This equation ties o and c.

If we can solve (****) with ¢ small, a close to 1(a? < 1), then (***)
gives us 37 > 0 (provided ¢® < 7). We can then find @ and b. As « tends
to 1, with v — ¢? bounded away from zero, % tends to 1. If vc? is small

enough, b will be very close to b. 3 can be computed from

ST
(*F*F*) rereads
et — lay? +a—aba) +y(a® —ab) =0 e
ct—ca(y+68) +(@® —1+~8) =0.
The discriminant is
(ay? + a — aba)? — 4y%(a? — ab) > ?((v* + 1 — ab)? — 4+*(1 — ab)).
Observe that
(Y’ +1-ab)’~47*(1=ab) = (Y’ 4+70)* 470 = (v*—0)* = *(y—6)* > 0.

Hence (****) has two positive roots as |a| tends to 1(ab < 1). For a = 1,
the equation becomes

=Py +68)+dy=0.
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The two solutions are
2 =~ and ¢ = 4.
Assume § < v, we choose ¢ = § and derive from (****) that

_by=9) y-9¢

2
By = =% ~ a > 0.
Furthermore, since 32 = 0,
~ o(y—20
d:a,b:b—i-i(7 )
a

Thus, if §(y — 4) is small enough, @ and b are close to a,b and satisfy our
requirements.
If @ < 1 is very close to 1, all those arguments proceed with a solution

. A2
¢? as close as we may wish to ¢ and % = =%

close to zero.

1
We thus need v > § in order to solve our equation. v — ¢ can be as close
as we wish to zero, a will be taken closer to 1.
We consider now the case & > . We observe that

a — a 8§\ a"yt o
s b= b ={_5p with & < 7.
ay\ (a ¢ a 7
—5b)  \=c2 b 32 a)

a=aa —c2B%b=ba — B3y = af? + Fa,b = o+ bs?

We solve

This yields

exactly as above, with § < 7.
Thus, this equation may be solved and consequently, we may write

_ _ 2 S~ a2
G0 = () (@ 5) oron

We want to show how to generate the matrices

(52 5%> o® + 525% =1

Lemma 5

with 31 and 3 close to zero, 32 > (32 or vice-versa.
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We compute the product of two matrices A, A;

A— a —v/1—ab d Al — al —v/1—aib;
“\WV1—ab b anc A1 = V1—aib by '

We find

AA — aa; — V1 —aby/1—aib; —ay/1 —a1b1 — b1/1 — ab
V7 \aivT —ab+ byvT —aiby bby — V1 —abyI—aiby )

If a = by and b = aq, we find

AA, — 2ab—1 —2av/1—ab
" \opv/T—ab 2ab—-1 )

Clearly if aa; = bb; then

52
AA, = (;‘2 fl)
with o? + 3267 = 1.

Furthermore, if a is close to b; and b is close to a1, then « is close to
2ab — 1, which is close to 1 if ab is close to 1. We thus need to worry about

pi > B or 8% > 3.
We then observe that, since aa; = bbq,

ﬂf:a\/lfalbl+b1\/1—ab:a\/1—a1b1+a—le/l—ab

- % (am/l —ab+by/1— albl) - %52.

Taking a > b or b > a, we achieve the two occurrences.
Consider now a matrix

- a —c2 L.ab+ct=1
A_<52 b)WIth0<a+b<2'

a, b close to 1, fixed.
Consider a small angle ¢t > 0 and the product

a-

o

—?2 costy sinta\  [acosts + Ef sinto c:zsin to — &2 costo
b —sinty coste) ~ \ G2 coste — bsints bcosty + & sints |

Ql
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As t5 tends to zero, this matrix gets closer and closer to A and assumes the
form

ap =%

0 by )’

b>aied <. (2.1)

Assume that

The other case is similar.
We apply then Lemma 4 and write

¢ solves

ct—ca(y+68)+ (@® —1+78) =0.

Assuming that

1—7v3<a?<1,7+0=2ccosty — (a+b)sinty > 0. (2.2)
We find
2 _ oy +90) = Va2(y+9)> —4(a® — 1+179)
B 2
aly+68) — /a?(y +4(1 —a?)(1 —796)

We then have

2 _ oy =0)+/a?(y = 9> +4(1 - a?)(1 —9)

apfi = ay —c* = 5 (2:3)

The positivity is warranted by b > a.
Observe that

|6(y — 8)| < |a — b||sinta).
For fixed @ and b, this can be made as small as we wish by tak-

ing to to be small. Observe also that, as we reduce (g _l)7> into

a 70 a 751 =~ a(’Y*cza) _ a ac® 1-a®> _ a + ﬁ(l _
2 52 a & = ay—c2 T« a ay—c2 T« a

a?)0 (\/11_7) = 2 4+ O(V1—a?). Thus, if we can choose a very close




222 Recent Progress in Conformal Geometry

to 1, for @ and b fixed with @b < 1,a+b < 2, then @b < l,a+b <

2(&,13 very close to @,b). Indeed, as o tends to 1, @ tends to a,c? tends to

§ and 237 is O(6(y — §) + 6v/1 — a2). This tends to zero and « tends to 1.
We then have

Lemma 6 Ifa,b are chosen appropriately, there exists to > 0 small such

92
52 51> can be written as

(s ) s

that the matriz

Vv1—ab b vV1—ab a

Observation. In the reduction of Lemmas 4, 5, « is a free parame-
ter close enough to 1. (% depends on «,d,b,tz. Lemma 6 states that
we can find a,b and «, also ¢ and b so that the equation A:;, =

a —c? a —v/1—ab b —V1—=ab\ . .
2 b vi—ab b JI—ab a is solvable in 5.

Proof. We then should have

ab) with 0 < a+b < 2.

a=2ab—1 (2.4)
62 =2aV1 - ab (2.5)

(2.2) becomes
4ab(l — ab) <vd,ab< 1,v+6>0 (2.6)

and (2.3) becomes

4aapy/1 — ab = (2ab—1)(y—8)4++/(2ab — 1)2(y — )2 4 16(1 — yd)ab(1 — ab).
(2.7)

Assume that
daapV'1 — ab > (2ab — 1)(y = 9). (2.8)
Then, (2.7) yields:

(2ab — 1)%(y — 6)?
v1—ab

16a%a3v/1 — ab + — 8aag(2ab — 1)(y — ) (2.9)

_ (2ab %— 0?2 | 16(1 — v0)abv/1 — ab

ie.

2aa2v/1 — ab — ap(2ab — 1) (v — §) = 2(1 — v5)bv/1 — ab. (2.10)
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Thus,
2v1 — ab(aad — b(1 — v68)) = ao(2ab — 1)(y — 6). (2.11)
Observe that

2

ag = @ costy + 2 sinty,y = & costy —asinty,d = & costy — bsinty (2.12)

t2 should be positive and small.
Replacing in (2.11) and using ab = 1 — &*, we derive

2v/1 — aba(aa — bb) = (acosty + 2 sinty)(2ab — 1)(b—a)sinty  (2.13)

+ 2sintoV1 — ab (sintz(¢* (b — a) + a(aa — bb))
+ costac®(a(b — a) + bb — aa)) .
Observe that

(d—5)+bb_6aa.

(2.14)

[allS]

Thus,
2v/1 — aba(aa — bb) = (b— a)sinty ((acosty + ¢*sinty)(2ab — 1) (2.15)

—2%\/1 — abétsinty — 2aTba\/1 — abé? cos t2> + 2(a@ — bb)V1 — ab x sint,

_4 —_
_ . . c o (0
X (asmtg — smtgi — costoC (z + 1)) .
Assume now that

b> a,aa > bb,aa — bb = O((b — a)?). (2.16)

ab<1l,a+b<2 a,bclose to 1. (2.17)

Since 1 — ab is small and 2ab — 1 is close to 1 while aa — bb > 0, aa — bb =
O((b—a)?), we can solve (2.15) by implicit function theorem and find t5 > 0
small. Indeed (2.15) rewrites under (2.16):

2T aba@ — sinta(@(2ab— 1) + o(1)). (2.18)

—a

We need therefore to fulfill (2.16) and (2.17), also (2.8).
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Consider
1>b>a. (2.19)
Let @ be such that ¢* = 1 — a@b.
Take
bb ,
a = — +¢,e > 0 tending to zero ,b < 1. (2.20)
a

For ¢ small enough, if g is close enough to 1 (in function of b)

ab = %B +eb< 1. (2.21)
Also
a+b%+€+bb<§+1>+€<2. (2.22)
We then need
aa — bb = O((b — a)?) (2.23)

i.e.

and this is easy to satisfy.
_ The proximity of a and b to 1 depends only on the proximity of b and
% to 1.

Finally, we need (2.6) i.e.

4ab(1 — ab) < (¢* costy — asinty)(¢* costy — bsinty) (2.24)

262 costy — (b+a)sinty > 0 (2.25)

(2.25) follows from the fact that to is small.

For (2.24), we observe that as % tends to 1 and 1 — ab to zero, ab can
be kept away from 1 so that ¢ is far from zero and t5 tends to zero. (2.24)
follows.

We also assumed (2.8) i.e.

(2ab — 1)(b — a)sinty < 4a(acosty + & sintz)v/1 — ab. (2.25")
Using (2.18), this rereads:
2v1 —ab (aa — bb)(1 + o(1)) < 4aav'1 — ab(1 + o(1)) (2.26)
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which follows readily. O

We now build ~:
We pick up a small interval J and we consider the v-transport over J

which is given in Span (6%, 5%) by

0 -1
t 1 —27
e\ VI
Assume —% > 0 for example; 4 will be assumed — there is, after a simple
argument, no restriction in this assumption — to be as small as we please.

Use Lemma 2 to read this matrix up to a multiplicative factor under the
form

_ 72 _ _ _
(;2 l—f)witha—l—b<2,a,bdoset0 l,ab+c* =1.

Choose 3 = cosp > 0. Since —y > 0, o = sin ¢ is positive and since # is
small,

cos(ft — ¢) - cos(Bt + ¢)
cos ¢ cos

l_):

=a.

Also

ab =

- (cos?® Bt cos? ¢ — sin? BEsin? ) < 1 (2.27)
¥

tends to 1 as 4 tends to zero since sinp = %

ISIERS]
|

_ _ 3
Pick up b< 1. Set a = % + (% - 1) . Adjust |y| so small that g —1lisas

small as we please with b, @ away from 1 (f is given, small, positive). a,b, ab
satisfy (2.16) and (2.17). (2.6) and (2.8) follow if ¢2 is small positive, see
(2.24), (2.25), (2.25"), (2.26).

Using Lemma 6, we rewrite

a —c*\ _
b )

a f~c2 a —v1—ab b —+v1 —ab\ (costy —sinty
2 b v1—ab b v1—ab a sinty costo

with ¢y positive small, 0 < a+b<2,0<a+b<2,ab<1,ab< 1.
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Using then Lemma 3, we may write

(0 —1 ) (0 -1 ) (o -1\ (0-1
(a _02)_965 12singy) [ "\12singy) “\12sings) “\1 0

e b

with 0, ta,t3,t4,t5 > 0.
All multiplicative factors tend to 1 as ¢1 tends to zero. [ || is clearly
bounded.

2.2.4 Modification of a into an

We focus on the interval Iy and we pick up ¢ > 0 and N large, with

E=o (u—]{,") We pick up a real

| To] | To]
ol 0l
PN+ 1) NS 2N

in a way which will become clear in a moment.
We build a fucntion £ on I as follows:

O is chosen so that fg‘? [(1;1) =27N + [Iy).
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Setting

Stodr
Sog = — e

53 Z(T)
d81 0 0

dsy = 101) D33~ 5(51)8—51

we consider the differential equation

0 0
6(51)8—51 (6(81)8—51) u+u=0 onl

which rereads
0%u

9z + u = 0 on an interval of length 27N + | I
52

starting at S5 i.e. on [33, 84 + 27 N].
Thus, the solutions of

[’U, [’U,&H = —¢{on
and of
[tv, [fv,&]] = =€ on I

with the same initial data &, [v, £] match at 34.

2.2.5 Computation of &N

We compute &y .
& satisfies the differential equation:

[ov, [pv,En]] = —En @=L

We know that £y (53) = €.
We need to compute [—pv, Ex](83) = [—v, En](83).

Lemma 7 —[v,&y](53) = 72—_145:;;@;2&2)2)(0)0 +1T+722.
Proof. £ satisfies

[—v, [=v,&]l = £+ [, 0] = (€-7)v

and v incurs a jump at §3 from \/ﬂ = —2%; to 0. « is a function of s,
1472

which is a function of 7, the time along —v. We are here taking s = 22 + 32
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and thinking of v'ds(§) as dy(§). We have

dy  dy ds
dr — ds dr
so that
dy dr dy 1
— - e = - @@
T +d7’ ds drt % 29(z? +y?)’
Thus,

(51) — [~0.€](55) = ——L !

2(z —7y)(0)

Vit 2@ +2)0)

On the other hand

o 9 N . _
0
=1+752—.
1+72 7 Oy

Thus, &y satisfies

[—v, [—pv, En]) = —én
En(33) =¢
[—pv,én](5s) = VI+ 722 — 2 (=—7)(0)

Vi@ ) 0)

Let

ge = 2f:cée = v
697 Q*yax ayv 3=

€1 = 20
¢ is a function of s = 22 4+ y2. Thus,
ds(e1) = ds(e2) =0

and

[61,’1}] = [eQ’U] = [6159‘7”] = [62’90“] =0

V1+72 x 25(22 +y2)d5(§)(§3)v

(2.28)
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since
n o 0 0 0
T —,Yy=— —x—| =0.
oz Yoy Yoz~ Toy
Observe that
bl v—202 + (y& -z — e —
Tty = — 2 E b~ oy). T+42 =227 P /1142
Oz “ 0y ~ 5
Observe also that
2_1’(:6%—1—3;(%)—1—];(%—1’(%)_ x (e la il Tkl
or 2 + 12 _z2+y2 v B
+ Y egz Y 61— €2 — U 1+72 — Te2
22 + 12 26y 22 + 2 5 v 7:1324—3;2'
Thus,
F_ 0 _ 70 _ z=%" ~2(e1—ea—pv) | (y+52)
=2 -7 = 51+ pla—e—en | Wi

S — — — A /1+*2 =
[780’075]\[](53 =V 1 +’72z2-l|}-y2 (61 6’2 ‘P’U) - ;E2':y§e2 - Q(I ’Yy) PY

¥ z2+y? \/1+ﬁ2

Here, x,y are taken at s3 and we will label them x(0), (0).
We solve then (2.28). We derive:

Proposition 2  Let so be the time parameter along —pv

ey = (EZWO) 1 (el—ez—sov)+ W+72)0) Y o,
(@ +92)(0) /1472 7 (@ +42)(0)

(=% +42)(0) g (2% +42)(0)

+ <m y(O) €1 — €2 — YU \ 1 + ’?2117(0)62

L@ w)(0) e ) s,

(2 +92)(0) /14 72

Corollary 2  Given a fized connection on M, &y - En,EN - [pv,EN],
[pv, En]-En and [pv, En]-[pv, En] are bounded independently on M transver-
sally to v.

Proof. Observe that dsa2(pv) = —1 and dsa(e;) = dsa(ea) = 0. The
only unbounded terms could come from a derivative taken on ¢. But ¢ is
multiplied by v. Hence the claim. O
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Observe that
[pv, e1] = [pv, ea] = 0.
Thus, denoting s, the one-parameter group of —pwv
Drys,(e1) =e1r Dys,(e2) = ez

(x,y,0)(s2) is derived from (z,y,0)(0) through the use of ~s,.
We can use this fact and reread the differential equation

(:C,.y,O) = §N($7ya9)

Indeed, we then have

Drys, (W) — $90v = Apu
(y +72)(0)

@O 1
e <<x2+y2><o> < (U57) T 0>D””(62)>

— Y €1 — ez V1+7%2(0 :

1 227 OD s D S2 .
+(" 00 (952) - S 2 (62)>8m82
Set

x(0) = pcostp
y(0) = psine.
Then,
0 5} 0
2 =905 ~ 20 = ~p
and

0 ) _ 0
20% er%) — (Sln1/) +’YCOS’L/))/)%>
sin so _2SiD’L/J i 0 — 0
+ , <\/1+7 = (2089+p_81/1 +v1+7y coswp—aw .

Observe now that
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since p? = (2% + y?)(0) is a constant.

We thus derive:
Proposition 3  The differential equation (z,y,0) = {n(2,y,0) rereads
) = cos $o cosy —ysing (siny) + 7 cosv)

vV 1+5?
i (VEFFRY ¢ )
v

cost — ysin n sinsgy/1 + 42 sinzﬂ)

FV1I+52 v

pé =20 (cos So -

pSg = COS Sg —COS1/)7’7/SID1/) + msniijQcosz/)f'ysmq/} sin So.
YV1I+52 ¥ V1+ 732

If we set 8% = p"y%, this becomes

+ sin sq (\/1 +~2sinvy + /1 —l—ﬁzcosw)

00 — 7si
— =20 cosszw—i— 1+ 42 sin sy sin
or 1+,72

) . .
sy _ cos — sy oo i (VT2 sinw 4+ 2508 Z TS0V o
or V1+32 72

1+%
The first and the last equation define an autonomous differential equation.
We conjecture that, generically on 4, this differential equation will have at
most a countable number of nondegenerate periodic orbits.
In order to have periodic orbits in (¢,6,s1), we need the additional

condition

2km =20 fOT (cos 52% + /1 + 42 sin sq sin 1/1) dr
vy
keZ

We conjecture that, generically on 7, this condition is not satisfied, hence

that there are no periodic orbits in (¢, 0, s2).
We cannot rule out other periodic orbits which would be partly made

of orbits of &5 continued by orbits of &.
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Such orbits have |Af| > C > 0 since we can assume that there are no
periodic orbits of £ closing up near a repelling or an attractive orbit of v.
We claim that:

Propositions 3’ |Af| > 27 on such periodic orbits.

Proof. We come back to the differential equations corresponding to the
flow of £n. We first claim that an orbit of {5, under the energy bound,
cannot go from the inner boundary of the torus of modification to the outer
boundary of this torus. Indeed, we have

1
w-0().
Py

1 d 2nN 1
Asl =10 (%) 1=1- [ 222 2 < Bl
Py ¢ ol 2

which is impossible for N large enough.

Thus, a piece of orbit of £ which contributes to a periodic orbit of the
contact vector-field goes from the outer boundary to the outer boundary,
i.e. from s = 0 to s3 = 0 and has

Thus,

|AG] > C > 0.

Coming back to the equations defining the flow of £y, we find

Thus,

and this implies that

INEYe?
Hence, since 8% = p"y%
AT > Qf = g
2

In the variable 7

? = 20cos(s2 — ) + O(7)
-
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0

5= (52 =) = sin(y) + s2) + O(7%).

We start at s, = 0 and we have an interval of time at least equal to

o)

ahead of us. Either |cos(sy — )| or |sin(¢ + s2)| is therefore larger than
as we start.
Assume first that | cos(sa — ¢)| > 3 as we start. Since £ (s — 1) =

2
2
O(%), | cos(sa — 1p)| will remain larger than 1 for a time interval I of length
larger than %1
Thus, taking I of length ¢; /7,

180] = 26| [ cos(sz — ) + 0] = £~ €
I 47

and the conclusion follows.
The argument extends to the case where, at any time 7,

|cos(se — )| > e>0

with ¢ any prescribed positive constant (7 small in relation to ¢).
Thus, we may assume that

[cos(s2 —¢¥)[ < ¢ small

on the entire piece of £y-orbit.
Then, we have

0 0
or <¢ - %) = ysin(sz — ) + O0(7°)

and

(- 55) 0= (¥ - 55 ) @£ 7701+ 00
Also

2 (2 =) = Fsin(y + 32) + 0(7?)
= (sin 21 cos(sy — ) 4 cos 2 sin(se — ) + O(F?)
= +7cos2¢ + OF).

Observe that the constraint | cos(sa — )| < ¢ forces

(2k + 1)7T| .

|sg — ¢+ 5 <
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Thus, at the entry and at the exit point,

2k +1
p= Bt
2
and
2k +1
xzpcos(#:l:c)
2k +1
y:psin(%ic).

After integration, we derive

0
[ 5t =0) =5 [ cos2u ol

Since A(s2 — 1) = o(1), we must have
/cos 2y = o(|1))
T
for any I such that

|| >

vV o

20a

Otherwise, there will be an I, with |I] , such that

’:I:"y/cos21/1+o(7y)|l|’ > ag|l| > el
I

yielding a contradiction.
Hence, on any such interval I, there exists an integer ¢ and a certain
time 7 if I such that

2 + w —o(1).
Thus,
v+ BT )
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Thus,
o (71) = 55(0) £ 371+ o(1)] = T (14 o(1)).

If 7 is the entire time spent on this &-piece of orbit, either

»le

el = 51+ o0(1))
which forces

6(r) — 6(0)] > 20- %(1 +o(1)) > 2

P(7) = ¥(0) = o(1)
Or

7l < < (1+0(1))
Thus,

7] < Z(1+ (1))
Thus,

0(r1) — 6(0)] > 20%(1 +o(1)) >2r  again.

2.2.6 Conformal deformation

Let A be a positive function on M. We consider the contact form Aapn
where ay is a modified by the construction of this large rotation.
We assume that

dOéN(’UN,[é',UN]) =-1 with UN = @NU

in the region of M where we will carry out our constructions and compu-
tations. For simplicity and generality, we come back here to the following
notations

v instead of vy
&o instead of &y

«g instead of ap.
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It must though be kept clear to the mind that in the application below —
which is our main purpose — v = pnv,En = &, any = . Later, we will
have vy and v,&x and &y, any and ag. This is why we want to avoid any
confusion.

a is Aag (it will be Aay thereafter).

We thus assume that

dao (v, [§0,v]) = —1

in the region of M where we will carry out out constructions and compu-
tations.
We start with

Lemma 8 €= + Bg, o] - Aol
Proof. We compute

(dX N ag + Adag)(&,v) = (dA A ap)(§,v) + Adag (€, v)

dA\(v)  dA(v)

= _T + Tdao([&bv]av) =0

(d)‘ Nag + )\dao)(f, [§0a U]) = (d)‘ A O‘O)(& [€0a U]) + )\dao(f, [§0a U])

o) DD g, i, = 0 ]

We now compute

da(v, [€,v]) = Mdag(v, [€,v]).

Lemma 9

N—— A(§+<) G)Udao(v,ngo,d,vn)-

Proof.
Digoo - 2l o))

adao (v, 6, 1]) = Adeo (v, | +

= dao(w 69, ]) ~ <d§§“)> da (v, f60,0]) + 23y v, (69, ), o)

() Qo)
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Corollary 3 Set \; = t++;' If da(v,[§,v])(x) < 0, then so is
A

doi (v, [&,0])(x) for ap = Aayp.

Proof.
do (v, [&,v])(2) = =M (5 +t+ ((5),, + (5), dao (v, [[§o, 0], v])) and
the result follows. O

Assume now that

1 1
2(3),2(3),, e
Recall that
y(@) =1+ (%)v +A G) dao (v, [[§0, v], v])

and

~ v

b=

v(x)

so that

(3. [6.1)) = —2sda(v.[€.1]) = -1

We compute in the sequel

fig = dpa(€)
[ = dp(v)
and also 7, where [¢, [£,7]] = —70.

Lemma 10 ji = — (dao(v, v, [60.v]))
(1+20(3),, + B2 +9@) - A (4

Proof. Clearly,

+ Jedag (v, [v, [[&, V], ”H) :

) vUvU

:—;av v, [€,v
N—Fy(x)g/Qd (v, [v, [€; V]]).

We have
da(v, [v, [§,v]]) = (dA A ag + Adao) (v, [v, [€, v]]) = dA(v)ao([v, €, v]])

+ Mdag (v, [v, [€, v]]) = () dAA(v) + Adag <“’ [“’ [%O ”} D
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+ Mag <u, [u, [di(rf) [go,v],u”)

= (x) ‘MA(“) A (%) dao (v, [v, &]) + Adag (v, {v, %[50, U]D

+ Moo (v, [v, {di\(;) [50,1}],1}“) = day (v, [v, [€o, v]])—2A (%)Udoco(v, [v, &)

#1(@) + xda (v. o (5) ol ] ) + Srdoato. o .01, 0])

- <§> da(v. 6,01, 1) = dao(u o, 60, ] 1+ 23 (i))x (§>

—2) G)U +7(2) dA,iv) * %d%(v’ v ool vl

Observe that

\ (d)\(’v))v IR

A2 XN
dA(v) Aovo  Aodes A
= - 4 U.
A( A2 )w NPT TR

Next, we compute 7. We know that —7 is the collinearity coefficient of
€, [¢,7]) on .
We will therefore compute [€, [¢, 7]] in the (o, v, [£o, v]) basis and we will
track down the component on v, throwing away the other components.
We have:

Lemma 11 Let v(z) = \/y(z). Then,

7= G {dA)(fo) B % dAA(QU)dA([é‘o,v]) = A, d)/\\(Qv) B d)\([f\‘g,v])dA(U)
(§Oa ]) d)\([fo,v]L d)\([fo,v])

4 ( ) —B— 5 he + B (T) Km]

with
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€. (€, 9]] = N EKO,U] - dA([fg’U])v, %O-i- %[50,11] - dA([fg’U])M”

[’U, [507”“ = 50 - ﬂ[§07v] + ﬂfov'
Indeed,

ao([v, [€o,v]]) =1
daO([U’ [50; ’U]]a U) =l
daO(KO’U]’ [U’ [fo,U]]) = figy = dﬂ(fo)

We then compute

ez o), B)oron(3(3), 43
oo (), (252))
—o (i) + i (3) +o (2D) )

+ [§o, v]v <l + <l>w + de(v)> = Av + Bl&, ).

A A A2
Set [§0a [§O’U]] =-Tv
et ol = | £ + le0. 01— 22 a4 i)

A (B (dk([fg’v]))w g, D).
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— Afig, d);\(;)) _ d)\([fg’v])dA(v) A (M)

— B
A2 ) (£0,0] 0 A2

Coming back to ay, &N, vn, we observe that iy is bounded as well as
its derivative since jiy is identically zero wherever we introduce the large,
27N rotation and fiy equals fip outside of the set where this modification
occurs. Similarly, 7 is bounded as well as its derivatives independently of
N by construction. O

(dA([so,vn dA([&J,v])) |

Proposition 4 |an|+|dan|+ |7n| < C, where C does not depend on N.

Next, we show how to build A so that 7 remains bounded and “moun-
tains” are built around the hyperbolic orbit. These “mountains” keep the
variations away from this hyperbolic orbit. Since this is a quite surprising
result, we complete our construction carefully.

2.2.7 Choice of A

The construction of {n,x, @n » = Aay involves the definition of the function
A. We would like to choose this function carefully with respect to v(vy) so
that Adon (vn, [Enx, ON]), iy, N = AN (ON), inexn, = AN (ENN), TN
enjoy appropriate bounds.

To avoid unnecessary complicated notations, we again use &, «, &, ag
etc. The main issue is that we cannot hope that § = da(v, ) is a contact
form (with the same orientation than «).

Assuming that v is nonsingular, it is reasonable to first consider the case
when the w-limit set of v is made of periodic orbits only. Around “elliptic”
(attractive or repelling) periodic orbits, ker o “turns well” (see [Bahri 1988,
p. 26]) so that the existence of such a 3 (with appropriate choices of \)
follows.

Around hyperbolic periodic orbits, kera “turns well” in most of the
cases, except for one case which yields a precise (local) normal form of
a and v (see Appendix 2.3). Then, locally, ker oy behaves (nearly) as a
foliation. There is no hope for such a A and such a  to exist near such
orbits, with this behavior of ag and v.

We thus need to keep our homology away from such neighborhoods or
to extend it using the ideas of [Bahri-1 2003, Chapter V.1]. These ideas
can be pushed and worked out. They still require a certain amount of
work to become practical. We explore here another direction: we aim at
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keeping the unstable manifolds of the periodic orbits of £ away from such
neighborhoods by creating “mountains” around them. These “mountains”
are built by increasing to a high value the Hamiltonian A around them so
that the curves on the unstable manifolds of the periodic orbits of &, are
unable to penetrate them.

We need for this a lot of rotation of kera around v. This will allow us to
keep control of ji, 7, da(v, [¢,v]) and derivatives with respect to v, [£o,v]...
We cannot get such a rotation from the neighborhood of a “bad” hyperbolic
orbit since ker o turns very little around v in such a neighborhood. We
have to seek for it in the neighborhood of attractive or repelling orbits and
“bring it back” to our neighborhoods.

For the sake of simplicity, we will assume in a first step that the stable
and unstable manifolds of our “bad” hyperbolic orbit 8 do not intersect the
unstable and stable manifolds of another hyberbolic orbit. We will discuss
the case later.

Thus, (H1) the stable (respectively unstable) manifold of O is part
of the unstable manifold of the repelling (respectively attracting) periodic
orbit.

We will assume — a very natural hypothesis which we will see to hold
after a minor modification of ker g and v if needed — that (H2) agp,v
have the normal forms provided in (), (v) above near the repelling and
attracting orbit.

The construction of the function A is ultimately quite involved. How-
ever, in order to describe a basic step in this direction, we first take the
following example. The construction is refined later.

2.2.8 First step in the construction of A

Let W, (O) be unstable manifold of O and let 9V be the boundary of a
small basin for the attractive orbit. 0V is a section to v. We consider
Wu(0O) NIV =T and a small neighborhood £ of it in 9V. Let £ be an
even smaller neighborhood, 6 = 0(z), zo € £ be a C*°- function valued in
[0,1], equal to 1 on £’ and to zero outside of L.

We set:

)\((E) — 650(I0)S(T),

for all z of W(L) i.e. for all the z’s of the flow-lines of v abutting in L.

Such z’s are parametrized by a base point xg in £ and a time 7 on the
(reverse) flow-line of v abuting at z¢. 0 is a small number which we will
choose later.
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More generally,
Az) = 92 Oi(wi)si(Ti))

where the (x;,7;) are various sets of parameters traking a point x of M
through its reference point z; in a section to v and a time 7; on the flow-
line of v abuting at z;.

Clearly

_5(29 651) Ao 529‘98%52 (Z gi)
AG)WZ(AG)W)JA”G) (GG,
(SOMSON %AHW

Bsi| | 0si||0%s:||0%s:| | 0si |
=00 (Z@ ( 67- ‘(‘:)7'Z (97'12 ‘aTi ))
(2.29)
We assume that
(981' 62&' 63&'
‘8_7'1 ‘8—7'12 + ’3—7'5’ = O(l). (2.30)

Then

3

Ay 1 1
(). G),, e

In this way, v(z) and ji are under control. We need to worry about dji and
7. Coming back to the formula of 7 in Lemma 11, to A and B as well a the
formulae for v and &, we see that these formulae involve derivatives of %
According to our choice of A above, A is larger than or equal to 1, might
tend to +00. Because we are only considering negative powers of A and
derivatives of such quantities, we do not fear the increase of A to infinity.

The derivative of § > 0;(x;)s;(7;) yield more problems because s; may
be very large and derivatives of # may also be very large. Since we want
A to be very large when 6; = 1 and we are at the “end” of the (reverse)
flow-lines, we require

551(7_'1) = LOg 5\

where ) is some large number. The flow-lines are defined on [0, 7;]. Thus &
cannot tame s;(7;).
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We observe that, as we modify ag into ay and & in £y, see Propo-
sition 2, iy = dan(vn,[vn, [En,vnN]]) is zero in the domain where the
modification takes place.

Also, since in this domain [vy, [un, En]] = =€,

dan(vn, [vn, [[En,vN], vN]]) = —dan (vN, [un, En]) = —1.
Thus, in the domain where &, is modified into &y
An =0
dan (vn, [vn, [[En, o], on]] = —1
’YN(‘T) =1+A (%)’L}N’UN
- dA(v Av
v = (2522 + (@) = A Ry ~ 25

We then have:

(2.31)

Proposition 5  Assume s; is only a function of 7;, the time along v .
Then, there exists C independent of N,d, X such that, given N and A,

\an| + 1dian (En)] + |din (on)| + |dan ([En, on )]+ [dian (En,a)]
+ diin ([Enxs on]) + |d(diiy (En,x)) (Ena)| < C.
Proof. Recall that \ = 92 0i5i), 0

Either z is in the domain where & has been modified into &y .

Then, {n - En, 6N - [En,on], [Env,on] - €N, [En,on] - [En, vn] split over
e1, es with bounded coefficients, the bounds being C' and independent of
N.

We do not claim any control on the vy-components of these vectors.
iy is expressed using A (%)UN s A (%)UNUN and A (%)'UN'UNUN' Since the 6;’s
have a zero derivative along vy, all these expressions read as products

87”51-
§ (Zoi aT;") m=1,23.

By construction ds;(e1) = ds;(e2) = 0 since dri(e1) = dri(e2) = 0
while dr;(onv) = 1. €n,vN, [En, vn] split on e, €2 and @y v with bounded
coefficients. Thus df;({n),d0;(vn),dB; ([En,vn]) are clearly bounded and
liin| + |din(En)| + |diin (vn)| + |diinv ([En,vn]) | is bounded and even 0(6)
in such a region.

For d(dpin (En.0))(En,0) we come back to the expression of 5

dX\(v d\ v
Enva = %V + %KN,UN] - M

UN .
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We thus have to take derivatives which are typically expressions such as

(ZG 0 sl) N 6d)\/\(2UN) ( 0, ((9? SZ)
i [¢n,vN]
d)\ €N3UN SZ
B v (Z 87’ )N

and then take again a derivative of such expressions along &y . On 2 Tm ,

the e; and es components of each derivative do not give any contribution. It
is only the ¢ yv-components which give a contribution. These are bounded
and have a bounded derivative along {n, [€n, vn], vn. The problems come
only after taking a first derivative of §; and then going on with a second
derivative of this expression. Typically, we need to estimate

(d0;(EN))ey » (dOi([En, vN])) ey + (A0i([En, UN])),y
(dei([vaUN]))[gN,vN] v(dei(gN))[gN,vN] etc.

We recall now that
Ev &N, 6N, oN] - SN, oN ] EN - [Ens o] [En, on] - €N
are bounded transversally to vy. Furthermore, df;(vy) = 0. Thus,

(dO:i(En))ey + (dOi([En,vN]))e, ete.

are bounded independently of N.
For df;([En,vN])vy and the like, we observe that

dOi([En, vn])uy = dOi([vn, [En, vn]])

since df;(vy) = 0 and the conclusion follows again.
Thus,

|d(diin (En,2)(Ena)l = O 5m+1Z—m = 00( Log™\).

We can bound djin(En,)) in a similar way.
For diin ([€n .2, vn]), we observe that

w o] = V08 O]y Ao e ) o

_ (ATN>N [Ex, o] + (M)W o

The condition follows again since we have an additional § coming from the
expression of fiy.
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Finally, if = is not in the domain where £ has been modified into
&N, then dag(v, [v, [€o, v]]), dag (v, [v, [€o,v], v]]) are C*°-functions and even
though /i is not expressed only with the use of A (%)U and other terms of the
same type, ji is a product of these terms with these C°°-functions, which
are independent of N. The above argument extends verbatim.

Before proceeding with the estimate on 7, we make the following four
observations:

Observation 1. As we take a derivative of s; along &y, [En,vN] or vn
(which we see as split on the basis (e1,e2,vn)), wnv = vy is absorbed in
gsi or other derivatives of the same type, but higher order (df;(v) = 0).

3

vy gone, we are left with the coefficient of vy which is C'-bounded inde-
pendently of N. We can take safely another derivative along &y, [En, vn]
or vy. We will not hit ¢ with a derivative.

Observation 2. Since df;(v) = 0,vy - db;(w) = db;([un,w]). We may
then take one more derivative along a direction such as &y, [En,vn]. We
know that x -&n, En - [En, vn], [En, un] €N, [En, vn] - [€n, vnv] are bounded
transversally to v and that df;(v) = 0. We get then bounds on such ex-
pressions which depend on |6;|c2 and are independent of N.

Observation 3. If we take a derivative of s; along vy, &y or [En,vN], we
free a §. Furthermore, in all our computations, we never take a vy-deriative
after taking two derivatives along &y or [{n,vn]. Otherwise, we might end
up with terms such as df;(don(vn) - (En - v)). This never happens.

Observation 4. Thus, if a derivative is taken along vy, either it goes onto
s; and frees a §, or it goes onto df;({n) or db;([En,vN]). Since db;(vn) = 0,
we end up with df; of a Lie bracket ([vn,En] or [vn, [En,vn]] = En), hence
with an expression of the same type.

Taking more derivatives along vy will not change this pattern. We can
then always take one more derivative along &y or [, vn] and use Observa-
tion 1 if the expression which we have contains a df;({n) or d6;([En, vn]);
or this expression contains only 6; and we can then take two derivatives
along &y and/or [€n,vn]. The result is bounded independently of N.

Using the four observations above, we turn to 7 and estimate it, firstly
in the domain where &, has been replaced by &y .

Then, in Lemma 11, A and B reduce to

Am ey (25D

a5+ (3),)
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and 7 reads

aA (e, o)) - 26D a0

F=-

A A A

(S oo (252,

&o is in fact {; and v = vy. Recall that fiy is zero. Thus, since fin¢yey +
TNjiny = —dry(vy) [Bahri 1998], dry(v) = 0 and 7y is constant on a flow-
line of v. They all abut to a point where oy = 1 and 7 is the original 7
of ag. Thus, 7 in the expression of 7 above is 7 and is bounded.

dv(€) is equal to

1 [dA(&) Br _ d\(©)
v<w>[ *

Santeo) + B av(ieo, o)) - P gy,

All of this involves derivatives of A (%)w along &, [£0, v], v. In comput-
ing 7, we take one further derivative along &y of dv(§).
Taking into account our four observations, we derive that

(dv(€))e, = O Log™\)

since the initial derivative A (%)w frees a 8. This O depends on df;, d>6;.
The same estimate holds for the contribution of the v (%)W part of B.
Also, taking v-derivatives in v (w) (the second part of A) or in ¥
(this first part of B) yields the same estimate since v = 1 +0(9). The same
holds true of 22X g A([&, v]).
Thus,

7=0(6 Log™ A+ 1)

N ((dA([&; UN]))UNL D) (d)\([fj\an w]))w

_ <dA<[@sz, m)); 1 <dA<[@sz, vN]>>[£N,UN]> |

As we compute (M) or (M) , all vy — derivatives

have to be taken on df; ([, U]A\;]) Otherwise, a § is freed either because vy
has been absorbed in s;, yielding gj? = O(1), or because [{y,vy] has been
applied to s; in the first place, with the same conclusion. Such contributions
can be included into O(6 Log™\). Observe also that vy cannot be applied

to a simple 0; since df;(vy) = 0.
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Thus, since df;(vy) =0
(d)‘([ngvND) _ (d>‘([§]\h UN]))UN + 0(5 LOng)

A2 A2
and since vy - dO([¢n, vn]) = dOi([vw, [En, vn]]) = dbi(En),

<7dA([§§2’ UN]))UN = LS;N) +0(6 Log™N).

(In dA(n), either the {y-derivative is taken on 6; or, if not, a ¢ is freed.
The additional contribution is thrown into O(6 Log™\)).
Similarly,

(7&([%’ UND)vaN = 7dA([U§2’ D 4 o5 Logm).

Thus,

() ()

- <dA§§2N))2 _ <M>2> +0(5 Log™A + 1).

Observe now that
1 (de) _ 1 <dA(5N>) N <dA<gN>>2
A A2 En Y A En A2

1 (dA([sN,vND)KN’W] _ 1 (dA([sN,vND)KMm +<dA<[sN,vNJ)2_

A A2 2 A 22

Thus, using the identities above and the form observations stated earlier

7 =00 Log™ +1) - <<dA(A§N)>£N 4 (M) KWN])

=O0(6 Log" A +1) — e 203 "5 (Z (d0:([En, vN])) ey o]

+ (d0i(n))e,, ) -

Let 7 be the pull back map from x towards the torus 7o — 77 (outside
T3, inside of T») where the modification takes place (the introduction of the
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large rotation) onto 07% - 6; is in fact defined on 975 and should be thought
of as 6; o w. Thus,

7=0(0 Log™A + 1) — e 22 %53 "5, (&, ] - (d0; © dm) ([En, vw])
+ &N - (dO; o dm)(En)) -

We then split

[En,vn] = dn([€n,vN]) + anvn
En =dm(én) + Byon

ay and By are easily seen to be bounded and independent of N.
Thus, since df; o dr(vy) = 0,

QNUN - dé’l o dﬂ([fN,UN]) = CYNCZHZ' e} dﬂ'([’UN, [§NaUN]]) = aNdb‘i o dﬂ(f]\[)
Bnun - db; o dn(§n) = Bndb; o dn([vn, En])

and
7=0(5 Log™ A + 1) — * 2 %53 " §s; (dr([¢n, v])- db; o drr([En, vn])

+dr(§n) - d; o dr(En) + O(|db; o drl) )

= O(6 Log™A+1) — e 2% "6, (d6; (dm([€x, vn]), dm([€xs vn]))
+d?0 (dr(En), dr(€n)) + dO; (dr(En, vn]) - dr([En, vn])

+ dr(én) - dm(én)) + O(|d6; o drl) ) .

It is easy to see that dn([En,vn]) - dm([En,vn]) and dr(€n) - dm(En) are
bounded independently of N so that

7 =0(5 Log"A+1) — e 22020 3 "hs; (d6; (dm (v, vn]), dr([En, un]))
+ d?*0;(dn(En, dm(En))) + O(|dO; o drl) ).

From the formula for £y, see Proposition 2, it is clear that dn([{n,vn])
and dm(€y) have bounded lengths and lengths bounded away from zero
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and their determinant is bounded away from zero (¥ is small). Indeed
(@ +y*)(0)3dm(En) =

(CC%\/%(S) cos sz + v/ 1 4+ 72y(0) sin 52> (e1 —e2)

+7 ((y +72)(0) cos so — /1 + 422(0) sin 52) es
(2 +y*)(0)7dn ([on, En]) =

(E%ﬁ;%%§2$n52+ 1+W%AOVDS@>(€1eﬂ

-7 ((y + 52)(0) sin sg + v/1 + F2x(0) cos 52) €s.
On the basis ((e; — e2), e2), the determinant is:
- (((y +7x)(0) sin s2 + /1 + 722(0) cos 52>

<($%\/%(20> cos s2 + /1 4+ 72y(0) sin 52>
+ ((y + 7x)(0) cos sg — v/1 + F22(0) sin 52)

<—wy)_(0) sin sg + /1 + 3%y(0) cos SQ) )
1+42

= —7 ((y(0) sin 55 + z(0) cos s2)* + (y(0) cos s2 — 2(0) sin s3)?
+70 ((@* +°)(0))) = =3(=" +4%)(0) (1 + O(7))..

On the other hand, setting (X = A(e; — e2) + Beg)|| X||? = A% + ;Y—lzBQ,
we have:

@) Oeossy | g
( JSite +V1+7%(0) %
+ ((y +72)(0) cos s2 — /1 + 72x(0) sin 52>2

= (2(0)* + y(0)*)(1 + O(%)) = (z* + y*)*(0)7||dr (&)

The claim follows.
We are ready to prove:
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Proposition 6  There exists a constant C' independent of N, X\ such that
7<C.

Proof. 1t suffices to build #; o 7 (independent of N, \ etc.) so that

d*0; (dr(En), dm(En)) + d*0;(dr([vw, En), dr([on, En])) + O(|db; o dr|) > 1

if0<6; < % This is possible in view of our claim above.
Furthermore, there exists a constant C independent of N such that

d*0; (dn(¢n), dr(En))+d*8i(dn(fon, En]), dr([on, En]))+O(|d;0dn]) < Ci.
Finally, we choose § and A so that
O(8 Log"A +1) < Cy.

The estimate on 7 follows.

Assume now, in a first step, that no periodic orbit generating our homol-
ogy intersects the stable or the unstable manifold of O. We first complete
a diffeomorphism of M and spread the rotation which we have introduced
near the attracting and repelling orbit along the stable and unstable man-
ifold of O. We are pointing out, on the drawing below the zones where ¢y
is non constant, dropping from 1 to a value O (%) or climbing back to 1.

We create, half-way between each pair of strips, a surface S. We cut
then in this picture a thin hyperbolic neighborhood of W, (O)UW;(O) and
a thinner one.
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Between U;” and S, ker ay turns considerably along vy = pnyv. We
an‘LSi
arm

on the outer boundary of U, and equal to a large value {; as we reach
S. We can also build 6; = 6, a function equal to zero ouside of the larger
neighborhood of W, (0) UW(0O) and equal to 1 on the smaller one. We
need here only two functions s;, s1 and ss, s1 for the repelling orbit and so
for the attracting one, with 6; = 6, = 6.

As we reach S, s1 and sy are equal to £y, an \ = €N oy, For 6 = l,a=
edNa = \ya, Ay tending to 400 with N. Thus, our form extends to all of
M. O

can build, with all required bounds on

a function s; equal to zero

We claim now:

Proposition 7 Let us consider the periodic orbits of & which define
the homology at some fized index ko and their unstable manifolds in Cg.
The curves on these unstable manifolds do mot enter a fixed and small
neighborhood of O.

Proof. All curves x of this type have a tangent vector

T = CL§N7)\ +b’UN7)\
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with
1
aSao;/ |b] < C.
0

ao and C' are independent of N, ag for energy reasons, C' because of the
bound on 7. Suppose x enters the inner chore. Then, £ = O (ﬁ) +bun,a

For N very large, this is basically a piece of orbit of v. If x enters the inner
chore from the side i.e. from the boundary of the hyperbolic neighborhood,
it stays away from O since similar orbits of v do not approach O.

On the other hand, if these curves enter the inner chore through the

interior boundary of U;”, then vy » = \7”(—7’) between this interior boundary
v (x

and S, ie. vn = O (%) v. Since [ [b] is bounded and &y = O (5L,

such a curve can hardly move. It cannot enter, assuming it starts in U; or
between U; and S, a smaller neighborhood of O since the piece of orbit of
v it spans is so small.

Next, the curve x has no point between U,  and S, i.e. lies entirely
between S and O. By continuity, we may assume that z starts near S and
is therefore entirely contained between S and the outer-boundary of U;r ,
away from the side-boundaries.

Then,

= S0 o (2 'th/1|b|<(]
r = — v -— w1 .
)\N N ) 0 =
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In this region, any = Ayag, Ay a constant and Cg for (an,vy) and (ag,v)
coincide. The curve is tiny and a pseudo-gradient for fol ap(d)dt on Cg,
is a pseudo-gradient for fol ay(z)dt on Cg,. It is easy to see that such

a pseudo-gradient (for fol ap(2)dt on Cg,) will drive such tiny curves to
points locally i.e. keeping away from O. 0

We now have to face the possibility that the periodic orbits of £y might
intersect W,,(O) and W(0O).

If we try then to carry the rotation from the attractive or repulsive
periodic orbit of v to the hyperbolic one, we perturb &y, push away the
periodic orbit. If we change the Hamiltonian, we change completely the
periodic orbit since we go beyond the effect of a diffeomorphism (carrying
rotation is completed through a diffeomorphism once the modification of
ap into ap is achieved). If we remove a flow-line neighborhood, as small
as we may wish, of the flow-lines of v originating in such periodic orbits
(which intersect W, (O) or W4(0)), we can carry out the rotation of ay on
the complement. How large a neighborhood of the hyperbolic orbit are we
carrying then? How much are we missing?

Suppose for example that no periodic of &) intersects, W, (O), but that
several periodic orbits of &y intersect W,,(O), typically one for simplicity.
Then, the rotation from the repelling orbit can be carried out beyond the
hyperbolic orbit. These flow-lines (which carry a lot of rotation) fill in a
neighborhood of W,,(O) after removing W, (O).
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Using a view from top, we have:

On the other hand, our periodic orbit intersects W, (O):

Thus, if we remove a neighborhood of the flow-line of v through P, we
can safely bring rotation from the attracting orbit as well.
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Using a view from top

Thus, below P, we can build a lot of rotation after combining the rota-
tion which we can safely bring from the attractive orbit with the rotation
from the repelling orbit:

The piece which is left is as small as we wish, we can think of it as a
tiny neighborhood of the (downwards) flow-line of v through P. We thus
only need to fill this hole. On the boundaries of this hole, we have a lot of
rotation distributed as follows
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If several periodic orbits intersect W, (O) and none W,(O), this hole
becomes several holes, but the basic process does not change.

If one (or several) periodic orbit intersects W, (O) and one (or several)
periodic orbit intersect Ws(O), the situation changes since orbits very close
to W, (0) UW,(O) connect these orbits then.

Any such v-orbit cannot be filled with rotation:
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If we remove these flow-lines, we can fill in every remaining flow-line
with rotation.

Combining, we can certainly fill with rotation near the intersection point
of a periodic orbit with Ws(O) or W,,(O) the following (shaded) set of flow-
lines:

//
/f
/

\\

The & -orbit is above this picture

and interests 117, ((7) at a point on

A ey

" the v flow-line through T .

The &p-orbit is above this picture and intersects W, (O) at a point on
the v-flow-line through T.

The periodic orbit lies above this picture. We cannot fill the hole more
because some v-flow-lines of the hole connect this periodic orbit (which
intersects W, (O) here) with another periodic orbit (intersecting Ws(O)
then). We can take this hole to be as small as we wish though after taking
thinner neighborhood of the allowed set of flow-lines.
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Indeed, any space between the wv-orbits connecting the two periodic
orbits can be filled in, see the drawing below.

4 ! can be filled in

Such spaces are as close as we wish from P. Combining with the ro-

tation brought from above P (repelling or attracting orbit) — carefully
removing first the v-flow-lines of the periodic orbit — we derive the “hole-
neighborhoods”.

Thus, in all the cases studied above, we have derived sets of flow-lines
surrounding the hyperbolic periodic orbit and carrying as much rotation
as we please but for a finite number of hole-neighborhoods of the following

type:
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T~

Lots of rotations spread

along the flow line in

the intermediate zone

little rotation inside

We remove the content of the hole i.e. a = ay is now defined only at
the top of the hole and in the outer neighborhood of flow-lines where there
is a lot of rotation.

In the empty hole, we now build a new «ay which rotates considerably
before reaching the hyperbolic periodic orbit:

i.e. we fill in inside

For this purpose, we use (*). We only need to use the appropriate ~y
and to glue the new rotation so that we have a globally defined ay, with
all required bounds etc.
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The first step is to get 7 = 0 on the boundaries of smaller holes, in-
cluding the top boundary. Next, we need to rescale the large rotation that
we have on each lateral wall so that it stays large but becomes the same
all around instead of being split between the top part and the bottom part
(see Figure (A)) according to the wall which we are considering.

These two steps are completed in the space between an inner hole and
an outer hole (which is smaller than the initial hole, (see Figure (B) below).
Then, we can fill the inner hole with a uniform, large rotation.

We first observe that the boundary 05, in the flow-box, of the set
S ={z € flow-box, p(z) # 1} is independent of N. It depends only on v,
which remains unchanged with N, on the intervals Iy and on how we carry
the rotation below the periodic orbit (coming from the attractive as well as
repulsive orbits).

Second, v is transverse to 95 since v is transverse to the boundaries of
the tori where the insertion of a large rotation has taken place.

Third, on each flow-line of v in the box, there are at most three intervals;
one where ¢ is not 1, then one where ¢ is 1 and a last one where ¢ is not
1 again.

first interval with 5 )
a large rotation
—

intermediate interval,
> atways there

last interval with \E
a large rotation >

P

Figure (A)

The only interval which is always present is the one where ¢ is 1, the
“intermediate” one since the large rotations take place in the vicinity of
the top and of the bottom of the box. The flow-lines run from top to
bottom near (only near) the lateral sides of the box. Each of these flow-
lines carries a large rotation which is borrowed either from its top portion
or from its bottom one, or from both. Using the large rotations coming
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from the attractive v-orbit and the repelling v-orbit, we can construct a
box around the hole where a lot of rotation is carried around its boundary
(all of it):

rotation coming from the repelling orbits

rotation coming from the
attracting orbits

We draw then the following two layers:

second laver below

which cut into the upwards rotation, go down to the downwards one and
then come back to the upwards one. The top one stays some more upstairs
as the lower one speeds up to the lower level to collect rotation from there.
If we cut then the central piece and flatten it, we find a thin box:
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Figure (B)

This carries rotation all around its boundary.

Our arguments apply to this box.

If there is a flow-line (and then several) running from a periodic orbit
of & cutting W, (O) to a peridic orbit of £ cutting W (O), there are two
constructions as the one carried out above, one for the top with the peri-
odic orbit cutting W, (O), the other one for the bottom with the periodic
orbit cutting Ws(O). We can match the parts containing a lot of rotation
from the top and from the bottom (the boundaries parts). We then fill in
partially inside (without matching, leaving a hole which is a neighborhood
of the flow-line which connects the two periodic orbits) as if we had only a
top or only a bottom.

The basic double picture for top and bottom together (not thickened,
just flat) is:

!

Bt

\
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i.e. there is a top:

and a bottom:

which basically bound the same boundary. Near the boundary, for both of
them, there is a lot of rotation. Top and bottom fit together to define a
flow-box. The v-flow-line is jailed in the box.

In order to see better how to build our boxes, we draw two ends together
and mark with bold lines the two caps of the box from inside which we add
rotation, sealing the whole box with rotation all around except for a hole
inside it.
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] iop cap between
hold lines to fill up

q
/]
rotation
cotning i O R O A R ) A O A .
from top » K ’ / %
spread to :::\ § . ,:::/ /
4 s rotation  coming  from
1 ]f bottorm spread to top

bottom  cap  hetween
bold lines to fill up

Observation. Between the two bold lines defining either of the top or
the bottom caps, the v-flow-lines carry a lot of rotation near the boundary.
This fact is used to extend the rotation inside the box, sealing it off; a hole
is left inside.

We now have our initial flow-box and an inner, smaller one without
bottom. « is defined in the space between the two boxes and or the top

/i

AN

¢ defined here

™

¢ defined in the

R RGELEESEEEPERR

space between boxes

The only space where £ and « are not defined is a parallelepiped with
a top and with a bottom. We build another yet smaller parallelepiped:
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first parallelepiped
A irst parallelepipe

second  parallelepiped

(without bottomn)

N

third parallelepiped

Since 05 is independent of N, we can easily extend the function ¢ (the
parametrization along v) between parallelepiped 2 and 3 and extend as well
i, & etc. The uniformity of 95 allows us to keep all bounds. [ (extended
using the function v and (*), &, « are extended using (*)) is kept equal to
zero on the extension of S (which we may complete as we please between
box 2 and box 3 as long as it matches with the boundary data — of 95 —
on the boundaries — top and lateral — of box 2).

Such an extension of &, « etc. enjoys the same bounds. Indeed, outside
of S, ¢ was €. Thus, on 95, ¢ = &, [pv, €] = [v,€], the v- interval outside of
S is “large” as pointed out (independent of N) so that (*) provides C°°-
bounds depending only on . 7 is therefore bounded outside of S. Inside
S, it is bounded because fi = 0, thus 7,(= —[ige — Ti1) is zero and 7 equals
the value it has on the boundaries of the “intermediate, large” interval.

One issue to worry about is the glueing of the data of &, [pv, £] derived
from the initial conditions near the top of the box after the use of (*) once
we reach the bottom part of the box.

Since box 2 has no bottom side, we can sidestep this problem here, but
one can easily overcome it manipulating (*) above the boxes.

We may assume now that (the extension of i into -y is as we please, sub-
ject to v = 0 on the extension of S) v is zero identically on the boundaries
of box 3, including the top side.

One can get 1 = 0 on the top side after a modification of i into zero,
using (*) and ~, along small flow-lines originating in this top part — curving
then the top part, we can build a flow-box 1 which has the same lateral
boundaries than the former flow-box 1 and still carries a large rotation on
all flow-lines between box 1 and box 2, while i = 0 on the top portion of
box 3.
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We then observe that the rotation of v on the lateral boundaries of box 3
is large, either on the top portion or on the bottom one. This is embedded in
the construction and is due to the fact that [ % (¢ is the parametrization
along v) is large on each of these flow-lines. We then extend ¢ so that it
becomes constant (small obviously) on all the lateral sides of a yet smaller
parallelepiped box 4. From there, the extension inside box 4 is immediate.

We need to check that this last modification, the spreading of the ro-
tation so that it becomes uniform, keeps all bounds holding true. This
rescaling is typically derived through the diffeomorphism of [0,1].

[0,1] — [0, 1]

T ds
t o 20 +(1 -t

fl ds
»(s)
[0,1] is the time along the v-flow-line from bottom to top, ¢ is the function
built with the rotations, as such it depends on the base point z of the flow-
line. ¢t = t(z) depends also on the base point of the flow-line z, which is on
the top of the box. t is zero on the lateral boundary of box 2 and 1 on the
lateral boundary of box 3.
This gives rise to a diffeomorphism v,(,)(y) of the space between box 2

and box 3. 7, is the one-parameter of v.
D~ is of course bounded. ds is the differential of

(2) J 22+ (1~ 1(2)a

Observe that % is at most CN, hence is upperbounded by C; fol %, since
we may assume that the total rotation of these flow-lines, between box 2
and box 3, is at least coNV.
/1 ds
0 ¢(s)

We also claim that
/ 890 ds
a2 o2

Indeed, the top of the flow-box is transverse to v. ¢ is a function of s and
as such, between the two tori, does not depend on the flow-lines. The de-
pendency on the flow-lines is due to the transformation (given, independent
of N) which brings the rotation to the flow-box. Thus,

dyp ’
%] < et
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and
Oy d a7y 1
‘/ arpas /linsgC'Max—
0z 2 0o ¢ ®
Thus, again,
T 9 ds
f 6f ©2
— <
1 ds -
f w(s)

dt is also bounded independently of N. Thus, ds is bounded independently
of N.
We thus have (¢ is the parametrization which we built).

Proposition 8 &, [¢v, €], i, 7 are bounded. Furthermore,
é- : é‘a [@’U,f] : [@U,g],f : [(ﬁ’U,f], [(,Z?’U,f] : 5

are bounded independently of N transversally to v.

Proof.  Since Dy, + ds(-)v is bounded, , [pv,{] are bounded. i and 7
are bounded by construction.
§-§ etc are initially bounded but v, (y) could have an effect. However,

denoting € the initial &,
5 = D'ys(y) (é) + dS(g)’U = D(Vs(y))(g)
Any further derivative taken on £ through a vector-field which reads
D) (X) 4+ ds(X)v = D(7y54))(X)

would yield derivatives of 5 along X which are bounded transversally to
v (and v is mapped onto fv by D(vy(,)) if X splits on £ [pv, €], ie. if
D,y (X) +ds(X)v splits on &, [pv, £], derivatives of v, which are bounded
and would yield derivatives of D(74(,)) which might be unbounded.

But

D(’ys(y)) = D’}/S(y) + dsv.

Derivatives fo D,y are bounded as well as derivatives of v. Derivatives
of ds might be unbounded; but these are multiplied by v and our estimate
is transversal to v.

Our construction of the functions s1, so etc proceeds then as in the case
when no periodic orbit of the contact vector-field intersected W, (O) and
W5(O). Proposition 8 holds. O
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Lemma 12  The function 2% +y? has no local mazimum near the repelling
or attracting orbits along the trajectories of &.

Proof. We recall that £ = 8% = :Ya% so that

§-&-(@®+y?) =28 (x—yy) =21+7°) > 0. .

Corollary 4  There is no “small” é-trajectory exiting from Ty and coming
back after a short time.

Next, we establish the following qualitive result:
Lemma 13 For & small enough, Tn is negative in Ty — T7.
Proof. We write
En = (Acos sy + Bsinsy)ea + (A cos s1 + By sin s1)¢v + Dey

: 9 _ ., 0 o _ o
PUis 5,2 = Yz — Ty, €1 = 2055-
We know that

[§Na [‘va §N]] = TNPV

ie.
Hn, 0
[Ens (9—81] = 7'Na—sl-
Also
ey _ Dea _
881 o 881
Since dsi(e1) = dsi(e2) = 0 and since %Al = %Bl = 0, e has no contri-
bution in [y, %iflv ] and
0 0
(€N, ﬁ] = |(Acos sy + Bsinsy)ea + (A1 cossy + Bysinsy) —,
0s1 0s1

0
(—Asins; + Bcossy)es + (—Ap sinsy + By cos 81)6_
S1

0

" ds1

+(ACOS S1 + BSinl)(762 . A1 sin51 + eq - Bl COS 81)

(7(141 cOs s1 + Bl sin 81)2 — (Bl COS 81 — A1 sin 51)2

7(714 sin S1 + B cos 81)(62 . Al cos1 +e9 - Bl sin 81))



Contact Form Geometry

0]
= (—(A% + B%) + Aes - By — Bey - Al) —.
681
Thus,
7~ = —(A? + B}) + Aey - By — Bey - Ay.
From Proposition 2, we derive
R e 0) + (y +72)(0)
F(x? +y?)\/1+ 72 (22 +y?)(0)

_ —y(0)V1+73%  V14+75%2(0)
(@2 +y2)(0) (22 +y?)(0)°
A= (z —3y)(0)
=
(2?2 +y2)(0)y/1 +72

b VOVTER (@ —)0)
-

Y
:Y(IEQ + y2)(0) (,TQ + 92)(0)\/r’72

Observe that

ez (z? +y*)(0) =0

(2 +y*)(0)A = —z(0) + O(F) (|| + |y])

H(@? +y*)(0)B = —y(0) + O(F)(|z| + [y])

2

H(@? +y*)(0)Ar = —2(0) + OF) (=] + [y])

Y(z® +y?)(0) By = —y(0) + O()(|z| + |y|)

ea- (3(2® +y°)(0)A1) = —y(0) + O(F) (x| + [y])

ez (3(a® +y)(0)B1) = 2(0) + O(F) (|| + [y])-

= W(*2($(0)2+y(0)2)(1+0(W2))) =2

(1+0(7*)

Y2 (@* +y2)(

)
0)

269

<0.

O
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Lemma 14 If all the 0;’s involved in the construction of T are small at
a point x of M (0; < ¢, c independent of N), then

_9 -
R — | 72))e O L Visi 8 Log™\).
TS Sy 0) ¢ T O 00 L)

Proof. Coming back to 7, we recognize that the term O(1) in its expres-
sion comes from Uf; and that, for 6; small,

(x5, on] - (dB; o dm)([€n, vn]) + & - (dB; o dm)(En)
is positive. The claim follows.

W,(O) and W, (O) are tangent to v. Let us for example focus here on
W.(0O). Along v, as we move away from O to go to the attracting orbit of
v, &, En rotate as well as [€,v] and [€n,vn]. This builds a sequence of lines
(closed lines) of tangency of £(¢n), [€, v]([En,vn]) to Wy (O):

& -tangency (or $w )

[£.] tangency (or[&,,,¥])
[0] o 0]
‘_\__\____-——/ é‘,‘ -tangency (or & )
& o] &

1] //‘—‘“\—___)—"‘ [£,¥] -tangency (or[&),,v])
W, (0) ® ® ©

These lines are sizably spaced along v for &,[¢,v], along vy for
N, [En,on]. B

® designates the region where ¢ (or &y) points into the paper across
W, (O) while ® designates the region where ¢ (or ) points towards us.

Let us consider the vector-field

—s6dO([€, v])v

where £ = &y ) and v = vy, x. 0 here is zero above the piece of paper and
builds up to 1 as we approach it:
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/ normal to the piece of paper
/ point on the piece of paper

above the paper, (W, (@)) infront of us

pointing to us

O

Lemma 15 Between and , —s0dO([¢,v])v points downwards from
and . Below until the next &-tangency line, —sédf([¢,v])v points

upwards towards .

Proof. Observe that, since df(v) = 0,
v dO(€) = db([v, £]).

From to along a v-flow-line, df(§) decreases (it is positive near ,
negative near ) so that

df([v,€]) < 0,df([€,v]) > 0 between [1] and [2].

The claim follows.
‘We now have:

Lemma 16  Assume that §s > M. There exists c(M) > 0,c(M) tending
to zero with ﬁ and &, such that any piece of En x-orbit entering and exiting
the region of modification between and stays in a ¢(M)-neighborhood
of the £(&n) line of tangency.

Proof. We take local coordinates between and where W, (0) is
y =0,v is % (vN = %) and % is tangent to the & or £y tangency line.

&N x reads up to the factor % as

€ — s50dO([€,v])v 4+ O(60)[€, v]
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€ has near the tangency line a non-zero component on 6%' It thus reads as

0o + a1(z — xo) + b1y + c1z + higher order
—zy(z,y, 2) , with 6y # 0,7(z0,0,0) # 0, positive
1o + a2(x — o) + bay + caz + higher order.

near (7o,0,0). The y-axis goes from left to right through W, (0). Thus
én .y reads after setting @ = M(y +n)** for example

0o + a1(xz — o) + b1y + c1z + higher order

_ZW(CEv Y, Z) B

fto + az(x — @) + bay + c2z — 9s4M (y + )" e(a, y, 2)
+ higher order.

O(M (y+n)*6)+

with &(x0,0,0) > 0 and M = M(x,y, z) very-large.

This provides the general form (up to meaningless details) of {x x near
the line of tangency of §. The size of the neighborhood where this form
holds does not depend on M, M. The higher terms are independent on
M, M.

Observe that if (¢y < ¢)

AMM (y + n)*co > Ci,
(1 a fixed constant, then

z < 0.

Thus, if at such point z < O(M (y+n)+t48), 5 = —zy+O(M(y+n)**8) > 0

4M M (y +n)3¢g is larger than C; thereafter, » remains less than O(M (y +
n)*48), the £n .5 piece of orbit cannot exit without crossing the chore.
Thus, we need

AMM (y +n)3eo < Oy as long as 2 < —caM(y +n) ™.
Assume now that
2(0) < —¢(M),y +n(0) > 0.
Then,
2(t) < —c¢(M) + ¢At ¢ independent of M, M.
Thus,
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and for 0 < ¢ < <) taking M6 < 1:

2
y+n(t) > C(T) yt.
Thus,
() (42) > L
5 (<2M>) < i
It suffices then to take
(M) > 2021\_45
{4MM f0 "ML — 20y

and we have a contradiction.
We thus need to have

0> 2(0) > —c(M)

at the time of entry.
We now follow the piece of orbit of {5 1. As z reaches the value 0(12\4)
if it does; if it does not, we are done — either 2 < 0 and z becomes less

than CUQM) or # is nonnegative. This forces (s0 = d so that s6 = s6 +0(J) =

s8(1 4 0(1)))
(y+n)* ( < )1/3-

4s6Me,
. c(M)
As long as z remains larger than =7—,
- - c(M
v < -2
8
and
(M) c \Y3
0< T LA —— . 2.32
Stn)t < -—grAts (455Mc0) (2:32)

This forces

3 o, 1/3
At < — | ——=— = Al max-
< e(M) <455M60)
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Assume that z(tg) = @ and for ¢ € [to, t1],
c(M
(t) > C(4 ).
Then,
o 1/3
T —= for t € [to,
(y+n7 < (455M60) or £ € [to, 1]
and
£(t) > —Cs
so that
c(M
z(t) > z(to) — Ca(t —to) = (2 ) _ ca(t —to).
5(_12\4) — co(t — tg) is larger than E(iw) if
b 1o < <D
202

We thus know that until 222 2 (¢) is larger than <22 We thus ask that

202 4
1/3 _
Atmax = = 8 —C'l — < C(M)
e(M) \ 4s0Mey 2ca

e.g.

o~ (i)

Then (2.32) holds until the time of exit i.e.

8 Cl 1/3
t—tg< — [ ——
L= D (455Mc0)

and

B - 1/6
z(t1) < 2(to) + C(tr — to) = o (_C ) < Ké&(M).
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2.3 Appendix 1

2.3.1 The normal form for (a,v) when o does not turn well

We consider a hyperbolic orbit O of v. We establish:

Proposition 9  There is, up to diffeomorphism, a unique local model for
(o, v) around O such that o does not turn well.

Proof. Let o be a section to v at o € O. Since O is hyperbolic, it has a
stable and an unstable manifold; they can be seen as two foliations F,, Fs
with traces A,, As in o.

Since o does not turn well along v, ker a along O is never tangent to
Fu, neither is it tangent to F,. Otherwise the mononicity of the rotation of
ker a would imply an infinite amount of rotation. Thus, ker « is contained
between T'F,, and T Fy, it lies in exactly one of the sectors defined by the
tangent spaces along O to F, and F.

T.F,
kerer,

TF

This property extends, by continuity, to a small neighborhod of O. Let
o be a small section to v at xg and let ¢ be the Poincaré return map. Along
the v-orbit from = € o to {(z), ker v, rotates monotonically with respect
to the tangent spaces to the foliations T, F, and T} F;, since these tangent
spaces are transported by v. If we declare T, F,, and T, F, to be orthogonal
to each other, we have

0<0(z) <

oS
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6(z) designates the amount of rotation of kera,, from z to ¢(z). Given
two distinct contact structures, both having v in their kernel and both not
turning well along v, we have two functions 64 (x),02(x), both between 0
and 7.

We complete around O a rotation which maps ker a; to ker ag at xg.
Along the rotation, ker ai; remains in the same quadrant for all x in a small
neighborhood of O. It is then easy to scale the speed of the rotation of ker a;
so that it coincides along O with ker aig. This rescaling is a diffeomorphism
of a neighborhood of O which may be achieved through a reparametrization
of the v-orbits.

ker a; and ker as are now close in a whole neighborhood of O and they
both have v in their kernel.

Since both planes rotate monotonicaly, are very close and have the same
limits at infinity (due to the hyperbolic behavior of v), it is possible to bring
one onto the other through a reparametrization of each v-orbit. g

2.4 The Normal Form of (a,v) Near an Attractive Periodic
Orbit of v

Let O be a periodic orbit of v. We establish:

Proposition 10 There are suitable coordinates (61,x,y), 61 being an
angular coordinate along O such that o reads (61, z,y)(xdf; + dy).

Proof. kera is tangent to O and there is an additional direction along

O defining ker a. v and this additional direction define an orientable frame

in ker a. If we add to these two vectors the contact vector-field £ of a, we

build a frame for M? along O. We thus can take, along O, this additional

direction to be % and £ to be a%, v = %.
« then takes the form:

(a(®)z + b(0)y + O(z® + y?))db + (1 + az(0)z + b2(0)y + O(z® + y?))dy
+ (a1(0)z + b1(0)y + O(z® + y?)) d.

Using Gray’s theorem, its use leaves O unchanged as can be checked, we
can get rid of all second order terms after the introduction of a related
diffeomorphism.

Rescaling, o reads (up to a multificative factor):

(a(@)z + b(0)y)dd + (a1(8)x + by(0)y)dx + dy.

Since a A da is a volume form, a(6) is non-zero for every 6 € [0, 27].
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We rewrite « (rescaled) as

2

(a(@)z +b(0)y)dd + (1 — b1 (0)z)dy + d (al(é')% + bl(G)xy)

2
- %a’l(ﬂ)dﬂ — ¥ ()aydo.

2
We remove as above % a’(0)d0 — b

/
1
d(al(G)g + b1(0)xy) is closed and o
again Gray’s theorem.
We are left, after rescaling with:

(a(@)z + b(0)y)dd + dy with a(6) # 0.

(f)xy db since it is second order.
1

). We may also remove it using

Setting
df; = a(6)db,
we find
(z + b1(0)y)db: + dy.
The family

(2 + thy (V)y) dv dy

is a one-parameter family of contact forms. For all of them, there is a
vector-field v; in their kernel having O as a periodic orbit,. The family is
constant equal to dy on O.

We thus can use Gray’s theorem and reduce up to rescaling, « to

xdfy + dy

as claimed.
Let us consider two vector-fields vy, vo having O as a periodic orbit. Up
to reparameterization, they read:
0 0 0

S
20, "oy T ian

Assuming that O is attractive for both of them, we can find functions
a1(0),az(0),b1(0),b2(0), c1(0), c2(f) such that a; > 0,b? — 4a;c; < 0 and
d(a;(0)z% + bi(0)xy + c1(0)?)(v;) < 0 for 22 4+ y* > 0, small.

This reads:

Qi

b;
(a; — by)x? + (b — 2¢;)zy + ¢} y + 2a;(0) <:17 + 5 ) dx; < 0.
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Set
b;
X=x+ Y Y=y
2@1'
so that
b;
=X - Y.
. 2ai

The above equation rereads:

bi bi
(a) — b)(X — 5 Y)2 + (b, — 2¢)(X — 5 V)Y + AY? 4+ 2a;(0) X x; < 0.
a; Qa;
Setting
dx; = Ai(6)X + B;()Y + higher order,
we find

b;
(a; —b; + 2&1AZ)X2 + (b; —2¢; +2a;B; — —(a; — bl))XY <0

3

b? ’ ’ b; / 2

K2

i.e.

(¥, — 25+ 20,B; — B (0l — b1))? — 4(c] — 2 (¥, — 2e:) + (£ )2(a — b))
(aé —b; + 20,1141) <0
2a;A; + aé —b; <0.

This implies:

bi 2 bz
(2@-) (ai —b;) + ¢ < 5 (b — 2¢;).

Furthermore,
2a; A; + a; —b; must be sufficiently negative,

once B; is given.

This last condition is easy to satisfy as we build a convex-combination
of v1 and vy in kera. O should be an attractive orbit for the convex-
combination. We thus consider the condition:

bi 2 b’L
( > (a; —b;) + ¢, < 5 (b — 2¢;)

2ai a;
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i.e.
b b\ _ ([ bith b\, b2\’
G+ —e— — a; = .
‘ a; 4@1' 2ai 2@1' 4@1'
Setting
b;
T dw ¥,
we derive:
b;
P < ——=4h.
Q;
Thus we need to find, given a;, b;, a positive periodic function 1 such that
(0 ai
The only conditiion is therefore to have:
1
bi
— < 0.
0 Qi

Assuming such a condition is fulfilled (it has to be for i = 1,2, but we are
considering more general a;, b;), ¥, i.e., ¢; is easy to build.

There, v; and v2 can be deformed one onto the other among vector-fields
of ker a for which O is attractive. O

2.5 Compactness

Let (M3, ) be a three-dimensional compact orientable manifold without
boundary and let o be a contact form on M?3. We consider the Legen-
drian framework developed in [Bahri 1988], [Bahri 1998], [Bahri-1 2003]:
we assume that there is a non-singular vector-field v in ker a such that
B = da(v,-) is a contact form with the same orientation than . We intro-
duce the action functional J(z) = fol o (2)dt on the space of Legendrian
curves Cg = {z € H'(S', M) s.t. 3, (i) = 0, a(&) = positive constant}.

The various hypotheses involved in this construction are discussed in
other papers [Bahri-1 2003, Section IV].

The critical points of J are the periodic orbits of £ which is the Reeb
vector-field of a. We refer to [Bahri 1998] for the construction of a special
decreasing pseudo-gradient which we built for this variational problem.

We prove in this work that, under two suitable hypotheses, denoted
Hypothesis (A) and Hypothesis (B) described below — which we conjecture
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to be always satisfied — compactness holds for some flow-lines (all in fact,
see [Bahri]) on the unstable manifold of a periodic orbit.

This result is far reaching because it indicates the existence of an in-
variant sub-Morse complex made of flow-lines connecting periodic orbits,
with no additional asymptots involved.

We have defined in [Bahri-1 2003] a homology related to the periodic
orbits using J or Cg. The existence of this invariant sub-Morse complex
can be equivalently rephrased into the more technical statement that this
homology has only periodic orbits as intermediate critical points (at infin-
ity).

We believe that this homology is equal to the homology of PC*> for
the standard contact form on S3. Some of the tools required in order to
compute this homology in this particular case extend to the general case.
We provide a brief account of one of these tools in Section 2.5.7.

This work is organized as follows:

In Section 2.5.1, we recall (without proof) some basic facts about a, v, J
and Cg. Our proof uses little of the analytical framework. In Section 2.5.2
we consider a periodic orbit of index m in Cg and we build a model for
its unstable manifold. In Section 2.5.3, we introduce Hypothesis (A), Hy-
pothesis (B), and we state our results. In Sections 2.5.4 and 2.5.5, we
proceed with the proofs. In Section 2.5.6, we extend the result to flow-
lines from zag41 to x5y, (In Sections 2.5.4, 2.5.5 we had only considered the
case Tar — 59 _1). In Section 2.5.7, we provide the classifying map for the
Sl-action on the space Cjz. This should be an essential tool in the compu-
tation of this homology. In Section 2.5.8, we discuss oscillations and how
to enlarge them or tame them whenever possible, if they are “high”. In
Section 2.5.9, we discuss iterates (of critical points at infinity, not iterates
of periodic orbits). In Sections 2.5.10 and 2.5.11 we overcome the Fred-
holm and transversality difficulties which we had set aside in the previous
sections.

2.5.1 Some basic facts

« is a contact form, v is a vector-field in ker . We are assuming that
B = da(v, ) is a contact form with the same orientation than o.. We rescale
v so that

BNAdG = aAdao.

The following results are established in [Bahri 1998], [Bahri-1 2003].
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Proposition 11
Z) dOé(’U, [55 U]) = 71;

“) [55 [55 U]] = -7V,

i11) The contact vector-field of B is w = —[§,v] + € where § =
do(v, [v, [¢, [€,v]])-

Let

Cp = {x e H'(S', M) s.t. B.(i) =0, (&) = a positive constant.}
A tangent vector z to M reads
z = A+ pv + nw.

If « belongs to Cg, then & = af + bv, with a being a positive constant. A
tangent vector z at x to Cg reads z = A{ + pv + nw with:

T 1
A7 = by — [y by

A, u,m 1 — periodic
1 = pa — Ab.

Let J(z) = fol o ()dt.
We have established in [Bahri 1998], [Bahri-1 2003]:

Proposition 12 There exists a decreasing pseudo-gradient Z for J on
Cp such that

i) The number of zeros of b does not increase on the decreasing flow-lines
of Z.

i) On each flow-line, fol Ib|(s) < C + fol b](0).
i) At the blow-up time, b(s,t) converges weakly to > ., c¢;b,, with
leil > ¢o > 0.

We also recall, see [Bahri 1988], [Bahri 1998], [Bahri-1 2003], that if a
vector z is transported by v, then its components verify (derivatives are
taken with respect to the time along v):

At =mn
n=-A

On the other hand, if a vector v is transported by &, then its components
satisfy (derviatives are taken along &):
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p+nt=0
n=p-

2.5.2 A model for W, (x,,), the unstable manifold in Cgz of
a periodic orbit of inder m

Let x,, be a periodic orbit of index m. We provide in what follows a model
for its unstable manifold in Cjg.

Proposition 13  The unstable manifold of x,, can be achieved in sy, for
m > mo(mg > 4).

Proof. Let us assume in a first step that xz,, is a simple periodic orbit.
We indicate at the end of the proof how to extend the result to iterates.
We start with the case where m = 2k + 1. z,,, can be elliptic or hyperbolic.
Assume that it is hyperbolic to start with. Then, if ¢ is the Poincaré-return
map of the periodic orbit and u is a real eigenvector of df¢ in ker o, u is
transported by £ while v rotates (considerably: m > my).

Setting x,,(0) at a point where v and u coincide, setting 1 to be the
—[€, v]-component of u, we have

7 can easily be seen to have at least 2k genuine zeros, also 7(1)1(0) < 0
because the periodic orbit is hyperbolic of odd Morse index. The zeros of
7 are tl = O,tg, PN ,t2k+1,t2k+2 =1.

Setting n = nilp, ¢,..],% = 1, ..., 2k +1 we derive 2k + 1-functions which
are pairwise orthogonal and are orthogonal to themselves. Each n; defines
a tangent vector z; with

7’]Z + a2771-7' = ci5ti + Ci+15ti+1-

Thus, Span {z1,. .., 22k+1} is achieved in Tay,.

If 2op41 is of odd Morse index 2k + 1 but elliptic, the [¢, v]- component
n of any transported vector u has always 2k, 2k + 1 or 2k + 2 zeros exactly.
Indeed, it needs to have at least 2k, at most 2k + 2, zeros and if the number
of zeros were to change, there would be a point where u(v) would be mapped
onto yu(yv) with v < 0, yielding 2k + 1 zeros, 2k of which are genuine i.e.
a hyperbolic orbit.

Taking the base point at one of the nodes of the most oscillating eigen-
function, n must have 2k + 1 zeros to the least. This yields 2k function
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N1, -..,N2k which are zero at
1= OatQa .- '7t2k+1
and yield 2k vectors z1, ..., 2o, Which are pairwise orthogonal and orthog-

onal to themselves. For each of these vectors, we have
il + a® T = €61, + Civ 1014,

so that Span{zi,..., 291} is achieved in Tyxyo.
We still need an additional vector zogt1. At ,,(0), we introduce the
solution of

dl(u) —u = v.

This yields a new vector Zog11. 1 of Zog+1, which we denote 72541, is not
zero at x(0) or at t; = 0 since the orbit is not hyperbolic. If we compute
the second derivative J" () - Z2kt1 - 2 (the —[€, v]- component of z is 1),
we find

"

1
T (Em) - Fripr -2 = — / (iope1 + iizesrr)n = 0(0).
0

Thus, Zak41 is J’ (zm )-orthogonal to z1, ..., zak.

We claim that we can take, after deformation of the contact form,
72k+1(0) to be negative and Zaxy;1 in the negative eigenspace of J’ (Zm)-
Then, J~ () is non positive on Span{zi, ..., 2ok, Zak+1} which is again
achieved in ['yx42.

In order to prove our claim, we complete a deformation of the contact
form so that x,,, without degenerating, changes from elliptic to hyperbolic
with eigenvalues equal to —1 and back to elliptic i.e. x,, iterated twice
degenerates but not x,, which stays of odd Morse index. At the switch,
dl|ker o is -Id and we can set z(t1) = x(0) at any point. We may solve
continuously, through the degeneracy, the equation df(u) —u = v.

Tj2k+1(0) is zero at the switch and changes sign through it. We consider
the side of the switch where it is negative. z1,..., zok still exist but zox11
might have disappeared (when the Poincaré-return map has an eigenvalue
equal to -1 and 0 is at the node, zg541 exists). The negativity of 7jax41(0)
means that J (Tm) * Zok+1 - 22k+1 < 0. We thus will have produced a space
of dimension 2k+1, Span {z1, ..., 2ok, Zok+1 } Where J’ () is non positive.

If z,,, = xok is of Morse index 2k, the most negative eigenfunction of
— (i + a®n7) has 2k zeros. An elliptic orbit is, as we will see, of odd Morse
index. Thus zo is hyberbolic. We pick an eigenvector u. Since m > 4,u
coincides with v at some points on the periodic orbit. We set 2(0) at such a
time. We transport v along the periodic orbit. This yields an n-component
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of the transported vector. Using Sturm-Liouville arguments, 7 vanishes at
2k + 1 times, t; = 0,11, ...,tox+1 = 0. This yields 2k functions 7y, ..., 72
with

ii; + a®iT = €6, + Cip10t,,,

and 2k vectors z1,..., 2o which are pairwise J " (2, )-orthogonal and or-
thogonal to themselves.
Again,
Span {z1,...,29r} is achieved in T'ay,.

In each occurence, J~ () is non positive on the vector-space which we
build and we therefore can take these directions to achieve the unstable
manifold of z,,.

Let us enter into some more details and check that our representation
of Wy (zy,) in Ty, works. We will consider for simplicity first the case of a
hyperbolic orbit of index 2k.

We then have 2k nodes t1, o, - - -, tor where we locate the v-jumps. The
basic equation is

2%k _
n reads as >, ¢;7; where each 7; solves

— (i + a*miT) = 0,

7;1 — periodic.

We may consider the above equation when the ¢;’s are in the vicin-
ity of the ¢;. We find in this way 2k functions 71, 72,...,7m2x. The
second derivative fol n? —a?n?t in Span{ni,...,nx} reads as ctAc =
Dizg cici (ni(ty) + (i) + X cfni(ti). Clearly after integration by parts,
ni(t;) = m;(t:). )

When all the ¢;’s are located at the t;’s, this quadratic form is identically
zero. We claim that

9 0 .
Z ci QZCja—tinj(ti)'i‘Cia—tim(ti) [N ZCZC?

i G

when ¢ is a fixed positive constant. Thus, by moving slightly for each
direction (cq,...,cor) the location of the Dirac masses, we may achieve
that J (z2r) is negative in this space.
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Assume that the above inequality does not hold. Then, for each ¢ such
that |¢;| > 14/ ¢i, where ¢ is a small constant( ¢, = /€ for example),

0 0 12
€, Mi(1i) T2 cha_tﬂj(fi) | o) = © ((Z Ci) ) '
i

In the remainder getting rid of the other ¢/s ( -7 (t;) is bounded as we
will see) we derive that the matrix (off diagonal terms should be multiplied
by 2)

0
<6_ti77j (t1)> lFrs o)

or some nontrivial sub-matrix of the above one should have a zero eigen-
value. For the sake of simplicity, we will assume that the number of points
(t1,...,t2x) has not been reduced in the above process. We can compute
this matrix as follows: we set a section to £ at t1, tangent to kera at oy (t1).
Let ¥ be the Poincaré-return map. 7; is obtained by solving the equation

Diy(z) — z =,

z is in kerag,, ) and reads z = p1v — [, v].

Let 19 be the Poincaré-return map at £;. xg; is hyperbolic so that
Dijo(v) = v.

D1 read as o o Dy o 0~ ! and our equation above becomes

Dipoo (z) —o 7 (2) =0 (v).

Let At = —t1+t; which we can assume to be small,. We then have, using
the transport equations (ji = —n7,7 = p) : 01 (2) = (u1 + O(mAL))v —
(m + A€, v] + o(At). Observe that 71 (1) = 0 so that n1(t1) = o(1)
and 071 (2) = p1v — (m + P AL, v] + o(At).

The matrix of Dty on kera reads (g Cj) in the (v, —[£, v]) basis so that

Yy
1 a
D¢Old<70 11).

5
Our equations on z then re-read:

(v = D +am =1+ o(At)

1*77(771 + i At) = At(1+ o(1)).
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Thus, since At = —t; +#; and 7, (¢1) = 0, we find:

9 (t)|,__7_+1_7_+1
8151771 A 1—7_771’
and this extends to give
0 v+1
—_— iti ;= —.

If we want to compute now %nj(ti) |z, for ¢ # j, we use that fact that

i = g so that grn;(ti)
mapped onto #v so that

7= p;(t;). Between t; and t;, along &, v is

o
pj(t:) = O505(t5) = T

Our matrix thus reads

y+1 205 - oo 203,

YL
202k 202k ... ... v+1
The 6 satisfy the relations (we go from z(f;) to z(f;) along +6): 0{0; =
v; 9?9? = 0% if o (t;) is in between woy(t;) and ok (tr), 9?9? = 6% other-
wise.

We have to compute the determinant of this matrix. We multiply the
matrix by v — 1 and each line i by 6}( 6} = 1). We find then the follow-
ing determinant (after a manipulation and a transposition with the above
notations):

v+l 20} e 20L
2y (y+1)03 208 ... 20l
2y 20y (y+ DO 20y,
2y 20y 203y - (v+1)83
v+l o2 2 2 2

2% (y+1) 2 - 2
=003, 1 2y 2y 4+1--- 2

2y 2y 2y -y +1

which is not zero for v # 1 and v # —1.
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The proof extends verbatim for xo41 hyperbolic.

We turn now to the case of elliptic orbits to prove our claims and prove
also that we can produce for W, (z,,) an m-dimensional manifold — with
Fv-jumps which can be tracked down — in I'g,,, where J " (z,) is negative.
Using a scheme similar to the one used in Lemma 11 of [Bahri-1 2003], we
can see that an elliptic orbit must be of odd Morse index. Indeed, deforming
the contact form as in Lemma 11 of [Bahri-1 2003], we can change this
elliptic orbit into a hyperbolic orbit: we rotate Cv(0) on Av(1),\ < 0; C'is
the Poincaré-return map. We cannot complete the other move allowed by
Lemma 11 of [Bahri-1 2003] with a critical point of infinity i.e. bring Cv(0)
onto Av(1), A > 0 since the Poincaré-return map C would then degenerate
for a periodic orbit, while it does not for a critical point at infinity. We
thus have changed our elliptic orbit into a hyperbolic orbit with eigenvalue
v = —1. Let us follow the proof of Lemma 11 of [Bahri-1 2003]: —1 is
of course a double eigenvalue at the switch; C' =-Id in fact. Beyond the
switch, see the proof of Lemma 11 of [Bahri-1 2003], x,, is still an elliptic
orbit of index m (|[trC| remains less than 2 since C' remains conjugate to a
rotation). But da(Cv(0),v(0)) has changed sign.

The analysis which we completed above for hyperbolic orbits applies;
but it does not lead to the conclusion which we desire since v = —1 (observe
that @ = 0).

We consider a base point 0. Its location is not important since Dy =
—Id. Taking the solution of 7j + a?nr = 0,7(0) = 0,7(0) = 1, we claim
that we can produce 2k oscillations, thus produce 2k functions 7; in the
null eigenvalue of the quadratic form fol n? — a®n?7 using 2k + 1 4 v-jumps.
We still need an additional direction Zsgy; which we create by solving
Diy(z) = z+ v at 0. Since 7;(0) = 0 for ¢ = 1,...,2k, Zor+1 and the z;’s
associated to the 7;’s are orthogonal for .J” (Zm)-

We claim that

"

J (@m)Z2kg1 - Zont1 <0

on one side of the switch: indeed, 7j2541(0) is zero at the switch. Solving
the equation for 7jax41 continuously through C' = —Id,7j211(0) becomes
negative on one side or the other since da(Cv(0),v(0)) changes sign (in the
argument of Lemma 11 of [Bahri-1 2003], Cv(0) crosses uv(1), u € R —
here y = —1 — through the deformation).

Since

"

J () - Zogy1 - Zokt1 = */ (Ti2k+1 + a*fizk417) Tkt
Sl

= 72r+1(0) <0,



288 Recent Progress in Conformal Geometry

our claim is established.

We now claim — this will conclude the proof of Proposition 1 after a
perturbation argument bringing us back to the elliptic case — that, at the
switch,

0 N 0 4. N
;’28_15 ZCgcjng(tj) —l—a—lficfni(ti)’Zch?

t o\

for z € Span {z1,...,22;}. z; is built using 7;. The 7);’s are not here the
n;’s of the z;’s. They are the 7;’s corresponding to the various solutions of
Di(z) — z = v at the various nodes.

Computing as in the case when x,, was hyperbolic (here z,, is elliptic
turned to hyperbolic with v = —1), we find that such an inequality holds
for all vectors (¢, .. ., car) which are not in the vicinity of unit vectors such
that an odd number of ¢;’s are non zero. In fact, the zero eigenvectors of
the matrices A — these matrices may be p X p, for any p < m if some
c¢;’s are o(y/> ¢7) — are equal to (1,—1,1,—1,...) with an odd number of
components (some intermediate ¢;’s might be zero).

The n-component of all these eigenvectors read > ¢;7;. Since the 7j; are
equal to Zj”k(—l)i_jm with 7; > 0, such a combination Y ¢;7; with the
¢;’s as above (an odd number of them is non zero and equal to 1 in absolute
value) is far from Span {z1,...,z9x}: a vector in Span{zi, ..., zar} has no
component on 7gg41.

The conclusion follows.

Another line of proof uses Proposition 29, page 198 of [Bahri 1998]:
once C' = —Id, we can perturb slightly C' and bring C to have real eigen-
values very close to —1 but different from —1. z,, has become hyperbolic
and the framework developed for hyperbolic orbits applies. This method
has the definite advantage that the representation of Wy (x,,) extend to
iterates since the Morse index of iterates grows then linearly. Turning all
simple periodic orbits into hyperbolic orbits might be the best choice for
this homology. O

Observe that the unstable manifold of x,,, as we start near z,,, is pro-
vided by m =+ v-jumps which have a location than can be tracked down.
* will designate below the location of such a dv-jump

2.5.3 Hypothesis (A), Hypothesis (B), Statement of the
result

J on Cp has critical points at infinity which are curves of UiI's,. Each I'gy
is the space of curves made of k pieces of £-orbits alternated with k pieces
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of +wv-orbits. Denoting a; the time spent along £ on the i-th £-piece of a
curve of 'y, we introduce the functional J equal to > a;.

The critical points at infinity of J on Cy are the critical points of J, on
UirD'ak. They are described in [Bahri-1 2003], there is a vast zoology among
them.

Let us recall the two following definitions:

Definition 1 A v-jump between two points ¢ and z; = x4, is a v-jump
between conjugate points if, denoting ,, the one-parameter group of v, we
have:

(@:lo‘)ml = Qg -
Such points live generically on a hypersurface > of M.

Definition 2 A &-piece [yo, y1] of orbit is characteristic if v has completed
exactly k (k € Z) half revolutions from yg to y;.

The description of the critical points at infinity x> of J goes as follows
[Bahri-1 2003]:

o If x has no characteristic {-piece, all its v-jumps are v-jumps be-
tween conjugate points.

e If £°° has some characteristic &-pieces, some additional conditions
have to be satisfied, see [Bahri-1 2003]). Any v-jump between non charac-
teristic pieces is a v-jump between conjugate points.

To each 2 is associated a suitable Poincaré-return map C (see [Bahri-1
2003]) which preserves area.

We have shown in [Bahri-1 2003], Proposition 28 and Lemma 11, how,
without modifying C, we can redistribute the v-rotation from a non-
characteristic &-piece of orbit to another one at the expense of creating
additional critical points at infinity with more characteristic &-pieces than
. We may thus redistribute all the v-rotation from all the characteristic
&-pieces on a single one (up to € > 0; a small amount of rotation is to be
left on each &-piece).

We then introduce:

Hypothesis (A)

Assume that x°° has at most one characteristic £-piece. As the number
of &-pieces of x°° tends to infinity, the amount of rotation of v derived after
rescaling the rotation from all the non-characteristic £-pieces onto a single
one of them is at least 27 (the &-piece where the rotation is relocated is of
our choice).

Hypothesis (A) is not needed in the study of the flow-lines from a peri-
odic orbit z,, to a critical point at infinity having at least one characteristic
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piece x3°_; with m odd, i.e. in the Sections 2.5.4 and 2.5.5 of the present
work. It is needed later as we study flow-lines from x,, to x5°_;, with m
even or with x7°_; having only non degenerate {-pieces, see Section 2.5.6.

We also need to state our results another hypothesis, Hypothesis (B) as
“companions” develop. The concept of “companions” is explained below
in 2.5.5.2, it is related to the existence of “false critical points at infinity”
which we bypass by introducing small +v-jumps near one of the edges of
one of their characteristic pieces, see [Bahri 1998], [Bahri-1 2003] for more
details. “Companions” have all the same orientation and build “families”.
The +v-jumps of two distinct families do not overlap, see 2.5.5.2. Some
thought shows that it is reasonable to expect that, as we decrease J and
we deform our curves in the T'y_s and if the curves under deformation are
not in the vicinity of a critical point at infinity, the relative sizes of the
various +v-jumps should be bounded above and below by constants C' and
%, unless the &-distance between two of them becomes very small (then,
one of them might disappear if it has been created as a companion of the
other one). As we approach a critical point at infinity, we cannot expect
such estimates to hold uniformly since some of the +v-jumps become large
and contribute to the edges while other ones live on the &-pieces and are
small. However, we may assume that,

Hypothesis (B)

On a given characteristic piece, all the Tv-jumps belonging to the same
family and which are a little bit inside(counting using v-rotation) the char-
acteristic piece are of comparable relative sizes

The statement of Hypothesis (B) is very natural as long as some of the
+ov-jumps of a family do not concur to build an edge as the associated
configurations approach the critical point at infinity. However, if a given
companion is part of one of the edges, therefore might be large and enters
a characteristic £-piece, we may “tame” it as it enters so that it becomes
comparable to the other companions or members of the other families in
the second case which are already inside. This can be done with the use of
a decreasing normal see Section 2.5.4.2 below or see [Bahri-1 2003], if the
critical point at infinity is true. If it is false, this issue does not arise since
a decrease can then be engineered with the introduction of a companion.

Under Hypothesis (A) and Hypothesis (B), we prove the following result:

Theorem 1  Let y;°_, be a critical point at infinity of index m —1 having
at least one characteristic piece. Assume that the mazimal number of zeros
of b on its unstable manifold is 2[F]. Assume that,if m is odd, m is large
and that all &-pieces are of (strict if degenerate)H}-index at least 1. Let
ym be a periodic orbit of £ of index m. Then, the intersection number
i(Ym, y=°_1) for the flow of [Bahri-1 2003] is zero.
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Observation: The proof of Theorem 1 which we present here does not
require any restriction on the Hl-index of the &-pieces if the flow-lines
from y,, to a neighborhood of y;°_; do not involve companions, see 2.5.5.2
for the definition of this notion. The case of zero H}-index is discussed in
Appendix 1. Hypothesis (A) and Hypothesis (B) are discussed in [6]. Flow-
lines from y,,, to yo°_; with yo°_; having only non characteristic {-pieces
have already been studied and ruled out for m large under Hypothesis (A),
in [Bahri-1 2003].

2.5.4  The hole flow
2.5.4.1  Combinatorics

We start with an abstract result which may be viewed as an (elementary)
observation in combinatorics.

We consider a sequence of 2k points each bearing a sign, + or —. Such
a sequence, together with the assigned distribution of signs, is called in the
sequel a configuration.

A configuration contains at most 2k sign changes. A configuration with
2k sign changes is called maximal.

Given a configuration, we consider two consecutive points. We assume
k > 2. We are given a sign of rotation (the same for all configurations,
which are placed on a curve). Then, one of these points is the first one
(using the positive rotation) and the other one is the second one. Let us
assume that the sign + is assigned to the first one:

+
123
The hole flow assigns signs to the intervals between the points as fol-
lows:
Starting from the + assigned to 1 and independently of the configu-
ration which we are facing, we assign signs to the remaining 2k — 1 points

so that there is an alternance each shift between the + and — signs. Thus,
we have

+4+ -+
1234

signs of the configuration
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1234
+ -+ =

alternating distribution

We then introduce on each interval [i,z’ + 1] the sign of 4 in the alter-
nating distribution.

We claim:

Proposition 14  The original configuration of signs with the additional
intermediate signs has at most 2k sign changes.

Proof. We reverse the process and start with the alternating configura-
tion. We add in between its jump the signs of the original configuration,
inserting between 1 and 2, the sign of 2 for the original configuration and
so forth. The result is the same. Viewed in this way, the claim of the
Proposition 14 is obvious. O

Next, we discuss the choice of the starting point 1. We assume that
we have some freedom of choice on 1 but the sign assigned to the choice
should be + (i.e. the same, it could also be -) for all possible choices in the
configuration. We then claim:

Proposition 15 Let us consider two distinct choices 1 and 1’ for 1 ex-
tracted from the same configuration. Then either the configuration has a
sign repetition between 1 and 1" or the two hole flows, the one corresponding
to 1 and the one corresponding to 1, coincide.

Proof. The alternating distributions for 1 and 1’ coincide if and only if
there is an odd number of points between 1 and 1’. Then (and only then),

the hole flows coincide.
If there is an even number of points between 1 and 1/, then there is a
forced sign repetition in the configuration since 1 and 1’ bear the same sign.
O

An obvious observation which we will be using below states:

Observation 1. Given a configuration, assume that between two identical
signs points there is an even number of points or that between two reverse
signs points there is an odd number of points, then the configuration is
forced to contain a sign repetition.

Next, we define:
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Definition 3 Given a configuration, an elementary operation on this
configuration is the reversal of the sign of one and only one point in the
configuration.

Proposition 16  Given a configuration with a choice of 1 and the addi-
tion of the intermediate signs of the hole flow, any elementary operation
completed on a point of the configuration distinct from 1 does not increase
the number of sign changes of the configuration beyond 2k.

Proof. The hole flow is unperturbed. We are simply modifying the orig-
inal configuration outside of 1. a

Let us assume that we are considering several configurations ¢ which all
have the sign + on point j and have a forced repetition between positive
signs in [i, j}, i < j. Assume that two distinct alternating distributions
starting from a + can be defined on 0. We then have

Proposition 17 Choose a hole flow using one of the alternating dis-
tributions. Introduce the corresponding intermediate signs in all intervals
[k, k + 1] except those contained in [i,j]. Introduce furthermore a sign —
between j and j + 1. The distribution of signs derived in this way has at
most 2k sign changes.

Another more obvious Proposition states:

Proposition 18 Given all configurations o which have a sign repetition,
we can introduce once an arbitrary additional sign on the interval of our
choice without increasing the number of sign changes beyond 2k.

Observation 2. For Proposition 18, since we are not assuming that we
proceed as for Proposition 14, we need to be careful and not use the hole
flow as we are introducing the additional sign. We may use, however,
elementary operations on the configurations o as long as these elementary
operations do not destroy one sign repetition at least.

Proof. [Proof of Proposition 17] O

In the case where the hole flow used is not the one provided by the use
of j as initial point, then this hole flow gives a — between j and j+ 1 (since
the one of j gives a + in this interval). Thus this hole flow is compatible
with the additional introduction of a — between j and j+1 and the number
of sign changes does not increase beyond 2k.

We consider now the hole flow provided by the use of j as initial point.
We introduce a — between j and j 4+ 1. This might increase the number of
zeros beyond 2k.

From i to j, we then have one sign repetition to the least. The full use
of the hole flow associated to j (before the introduction of the — between
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j and j + 1) will result in an additional sign change between ¢ and j with
respect to . This is obvious if this sign repetition occurs between j and
7 — 1. Then the hole flow would introduce a — between j — 1 and j which
are both positive.

Otherwise, starting from the + sign introduced by the hole flow between
j and j+ 1, we evolve left towards 4, alternating the signs. Before hitting a
repetition of sign, the sign introduced by the hole flow agrees with the sign
of the left edge of the interval [k, k + 1] considered; otherwise an additional
sign change occurs and the claim follows:

Accordingly, the sign introduced has to disagree with the sign of the right
edge of the interval. But then, we arrive at the repetition, a sign change
has to occur.

We thus see that if we had used the hole flow between i and j, we would
have introduced a sign change, i.e. two additional zeros. The total number
of sign changes would be 2k. However, we have not used this hole flow
between ¢ and j. The introduction of the sign — between j and j + 1 would
only provide for one sign change. Proposition 17 follows.

Observation 3. We could have introduced the + of the hole flow of j or
[7,7 + 1], only we would need to complete it close to j and introduce the
— after it is the interval. With this provision, the statement of Proposition
5 can be modified into “Introduce the corresponding intermediate signs —
except those contained in [i, j].”

2.5.4.2 Normals

Given a critical point as infinity #°°, with a &-piece [z, g | which is char-
acteristic, i.e. along which v has completed exactly a certain number m of
half-revolutions in the -transport, we may define m + 1 nodes,
= _ .t
Yo =Ty <Y1 << Yn =2
These nodes are the points y; along the characteristic £-piece at which v,

starting from yg = :car , has completed exactly i half-revolutions. To each
interval (y;, yi+1), are associated a decreasing normal to the right and
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a decreasing normal to the left, in fact continuously varying families of

these as follows.

We choose a point z in (y;, yi;+1). We consider the vector v at z and we
transport it to yo = z; for the normal to the right and to y,, = :car for the
normal to the left. We derive vectors which have components on [£, v] since
z is not a node. On the other hand, this characteristic £-piece is preceded

and is followed by &-pieces:

Yo

)’n\—/

X, .
0 '+
/ X

We take ¢ at zéf,:c;f and we transport along v to yo, ym. We derive
vectors at Yo, Ym, equal respectively to (1 + A7)E + By [&,v] + p~ v, (1 +
AD)E + B[€,v] + pTv. We scale these vectors so that they compensate
exactly the [£, v]-component of the transport of v(z) at yo, ym:

We adjust the ¢ and v-components by modifying the lengths of the &
and v-pieces. We derive in this way a normal to the right and a normal to

the left, £N; (2), £N;"(2).
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We assign to each of them the orientation which corresponds to decrease

J. Indeed, Ay, Af are not zero and
|J'(z®)N*(2)| = ex AT (Af for AY).

We derive our normals N*(2).

To each of them is associated on orientation of the £+ v-jump which is
introduced at z. Observe that there is a way to combine +N; (z) with
$Nl-+(z) in order to build a tangent vector into x°°; we simply assign the
same orientation to the v-jump at z. Because z°° is critical in its stratifi-
cation,

J'(x®) u=0.

Thus, if u is chosen with N, on the left side, it was fN;r on the right
side. IV, and N;r corresponding to + v-jumps having reverse orientations.
Accordingly, if we think of the curves £ 4+ eN; , 2> + EN;F, e > 0, these
two curves will contain at z a + v-jump with the same orientation. This
orientation is the same throughout (y;,u;41). We will refer to it in the
remainder of this work as the preferred orientation of the normals in

(Yi> Yiv1)-

Definition 4 z*° will be labeled false if the preferred orientation in
(yo,y1) (or (Ym—1,Ym)) corresponds to the orientation of the left edge of
the &-piece (respectively the orientation of the right edge of this {-piece).
Otherwise, °° is sign-true.

We then have:

Proposition 19 If 2 is sign-true, then the edge orientations are re-
versed; otherwise, if m is odd, they agree.

Proof. Assume the left edge is positively oriented. Since x>° is sign true,
N; (2) has — as preferred orientation. The preferred orientation switches
from a nodal zone to the next nodal zone. If m is even, N, _,(z) has + as
preferred orientation. Since z*° is sign-true, the right edge has the negative
orientation. Proposition 19 follows. 0

2.5.4.3  Hole flow and Normal (II)-flow on curves of T4x, near x>

T4, is the space of curves made of 2k £-pieces alternating with 2k + v-
pieces. The 2k + v-pieces build a configuration. Some of these +v-jumps
might be zero. We are assuming throughout section 2.5.4 that we can
keep track of all the 2k+ v-pieces on our deformation classes. Let
us consider such curves near °°. Since they are close in graph to *°, they
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must have a nearly {-piece (a “&-piece” broken maybe with tv-jumps)
close to the characteristic piece of *° and they must have nearly +v-jumps
corresponding to the two edges of this characteristic piece.

Let us assume, in a first step, that we can associate without ambiguity a
Fwv-jump on our curves which corresponds to the left edge. We will discuss
this point later. We have “nodes” also, xo,...,Z, which correspond to
Y0, - - - , Ym and can be roughly defined using the v-rotation in the transport
along the nearly £-piece, up to o(1). We thus have preferred orientations on
each (z;,2;41) and also normals N defined on our curves (the definition
of preferred orientation, normals on ™ extends easily).

Let us consider such a curve and the sequence of its 4+ v-jumps on the
nearby &-piece. We denote the nodes (up to o(1)) by vertical lines, the
sequences of £+ v-jumps by *’s. We will also have a line indicating the
preferred orientation of each nodal zone, which will be labelled “Area of
+7 or “Area of —”. We will assume for the sake of simplicity that the left
edge is positively oriented and we will introduce the hole flow associated to
this left edge. Its distribution of signs will be indicated at the bottom of
our drawings:

Preferred orientation™\,

(Area of ) Hole flow

Observe that there is a * with the positive orientation at xy or nearby,
corresponding to the left edge. These should be also another one at x,, or
nearby (up to ambiguity) corresponding to the right edge.

We then have:



298 Recent Progress in Conformal Geometry

Proposition 20 If at any point between two consecutive *’s, not close
o(1) to the nodes, there is agreement between the sign of the hole flow and
the preferred orientation, a decreasing normal can be defined which will
bring the curve below the level of J(x>°) without increasing the number of
sign changes beyond 2k.

If there are several points of this type, these decreasing normals can be
convex-combined and the claims remain unchanged.

Proof. The point lies between two nodes (z;,2;41). It is not close o(1)
to the edges of this interval. We may use Nl-i (€). This use decreases J at a
negative rate bounded away from zero. Along this displacement, the nodes
may move. We need to decrease J only by an amount equal to o(1) so that
the + v-jump introduced by the normal is small and the nodes move little.
The points when N, was introduced was not o(1) close to the nodes so
that the argument proceeds above J(z°°) — e. O

Since the sign(s) introduced by this (these) normals agree with the
sign(s) of the hole flow associated to the left edge, the number of sign
changes does not increase beyond 2k.

Corollary 5 If there is a node with no % close to it, such a normal can
be introduced.

Proof. Indeed, there are then two consecutive x’s with points inbetween
them not close o(1) to nodes and having reversed preferred orientations.
One of them agrees with the sign of the hole flow on the interval. |

Proposition 21  Assume that a * is in between nodes, not close o(1)
to any of them. Then, a normal can be introduced at the location of this
x with the associated preferred orientation. This normal will decrease the
curve below J(x°°)—e without increasing the number of sign changes beyond
2k.

The use of several such normals together, also combined with the hole
flow, has the same properties.

Proof. This corresponds to elementary operations on a configuration.
Since the * corresponding to the the left edge is not in between nodes,

we are not perturbing it. The conclusion then follows from Proposition 16

above. |

Definition of the * of an edge

We consider the case of the left edge and an approaching configuration
o. We can define an “average left edge” 6 which varies continuously with o.
We consider a fixed small number § > 0 and all the + v-jumps of o which
are contained in a d-neighborhood of 8, Vs. § is fixed as o approaches x°.
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0 is as small as we may wish. These 4 v-jumps are ordered according to the
time-parameter on the corresponding curve. ¢y is a fixed small parameter.
We consider the last of the 4+ v-jumps in Vs of size at least 2cy having the
orientation of the left edge. If this last £ v-jump is defined unambiguously,
the corresponding * is the * of the left edge. As this £ v-jump becomes
of size 2¢y or starts to move out of Vs, we may have an overlap of various
choices for this + v-jump and therefore of various choices for the * defining
the left edge. A problem of definition for our deformation arises when
these various *’s define different hole flows; we will address this issue in our
arguments. As we point out below, in the proof of Proposition 24, when
the last of these large £ v-jumps becomes small (of size G < ¢ < ¢p), we
can move it away from this Vs-neighborhood while decreasing J. This uses

Proposition 30 (below).

2.5.4.4  Forced repetition

The construction completed in 2.5.4.3 rests upon the definition of the hole
flow which, in turn, rests upon the choice of a representative for the left edge
If there is a clear representative for this left edge—as when the left edge of
the curve neighboring x> is large and isolated from the other + v-jumps—
this hole flow is well defined. But if there is an ambiguity—as when the left
“edge” of the neighboring curve is made of several 4+ v-jumps having the
same orientation—then the hole flow might not be well defined. In view of
the proof of Proposition 17, the configuration has then to contain a forced
repetition corresponding to the orientation of the left edge (positive). Thus,

Proposition 22  If the construction of 2.5.4.3 cannot be carried out at a
curve T near r°°, then the configuration o of x contains a forced repetition
(with the positive orientation) near the left edge of x*°. QOutside of the
curves T having such configurations, the constructions of 2.5.4.8 can be
carried out continuously. Furthermore,

Proposition 23 Let = be a curve neighboring £ with a configuration
o for which the hole flow of the left edge is defined without ambiguity. If
the construction of 2.5.4.8 cannot be carried on a whole neighborhood of x,
then o contains a forced repetition between the representatives of the left
edge and the right edge of °°.

Proof. In view of 2.5.4.3, we must then have at least a * at each node
Y1,---,Ym—1. 1wo very close x’s can be separated, see Proposition 30,
below. Thus, there is exactly one * at each node (close o(1)). In view of
2.5.4.3 again, we cannot have then a * between nodes. Finally, before the
family of «’s at x1,...,&;,—1, there must be a * at z¢ (close o(1))) with the
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orientation of the left edge. A similar statement can be made for the right
edge.

We are assuming that x> is sign true. Thus, if m is odd, the edge
orientations agree and we have a sign repetition in between. The argument
repeats for m even since the edge orientations are then reversed. (]

We continue our study of such configurations and observe:

Proposition 24 A neighborhood U of such configurations may be chosen
so that the construction of 2.5.4.83 on OU reduces to the use of the normal
(IT) flow on x’s which do not represent the left edge, while all configurations
in U contain a forced repetition.

Proof. If U is taken small enough, all the configurations will have exactly
one * in a neighborhood of a node. On QU one of these *’s has to be “away”
from its corresponding node and the normal (IT) flow can then be applied
to this *. Since this * might represent the left edge, we have to modify U.
We observe that if any of the *’s which are located near z1, ..., z,,_1 moves
more than o(1) from the related node, the configuration has crossed in a
region where the use of the normal (II) flow on a * which does not represent
the left edge is available. We then consider the first #(x,) before the * at
21 having the same orientation than the left edge and the first *(x,,) after
the * at x,,—1 having the same orientation than the right edge. If one of
these x’s advances (for 1) or recedes (for z,,) towards the neighboring *
on the characteristic piece, then this * has to move out of the node and the
configuration crosses into a region with a good normal (IT) flow.

One of these *’s could also exit the characteristic piece and reverse sign
or become small after leaving the edge (forcing thereby all preceding *’s on
the left, all following *’s for the right to leave also). But since we need a
representative for the edge, a * at the node z; of z,,_1 has to move out of
the node, with the same conclusion.

Finally, one of these *’s, %, or x,,, could become smaller and smaller,
reaching a size ¢, 9 < ¢ < cg, ¢o small and fixed. Since all our configura-
tions are near x°°, one or several large + v-jumps build the edges and none
of them is then *g or *,,, whichever has become small. We are assuming,
for example, that *( is becoming small. There is a *, denoted *;, within
o(1) of 1 and no * between *¢ and *.

Using Proposition 30 (see below) on such configurations, we can move
xo away from the large + v-jumps of the edge towards z(, while decreasing
J. Once % is a little bit away from the edge, since it does not represent
it anymore (it is small and slightly away from the “average edge”), the
normal (IT) flow can be used on it in order to decrease below z°°. This
covers in particular the situation, near QU, when the jump % defining the
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left edge (or *,, for the right edge) is becoming small and is being replaced
by another jump, another x for the left edge. In the transition, the initial
xo can be moved inside the characteristic piece. As the definition of the x*
associated to the left edge changes, the normal (IT) flow can be used on this
initial *g to decrease below x*°. We thus see that we can track down all
these configurations and that they contain, throughout, a forced repetition
inside the characteristic piece, i.e. between %y and x*,, and that the exit
set is through the frontier OU of a domain U where a normal (II) flow is
available. This includes the case when the jump at %o or *,, becomes of a
size ¢, § < ¢ < cp. Then we are changing the definition of *q or *,, for
the left or right edge (respectively). In the transition region, the normal
(IT) flow (without any use of another hole flow on the introduction of an
additional+ v-jump) can be used on the jump *g or *,, which has become
small. 0

Observation 4. Some further thinking shows that the above reasoning
on *qg and *,, is not needed. The basic argument runs as follows: U is
defined to be the set on W, (z2x) near 3% _; where there is a * near each
node x1,...,x,. Would there be other *’s in between nodes, the normal II
flow can be used on them. This is in particular the case on OU. Assuming
that there is a * near each node and none in between, in U; C U; C U,
we can introduce in each zone a decreasing normal corresponding to the
preferred orientation. This corresponds to a distribution of signs which be-
haves exactly as a hole flow, only that the initial 1 is not defined for this
distribution of signs. However, since we are introducing this alternating
distribution once, we do not increase the number of signs changes beyond
2k. The definition of this alternating distribution is clear and unique. The
use of this distribution is limited to Uy, shielded from U°€. It convex - com-
bines naturally with the normal II flow-. The advantage of this argument
is that it bypasses the use of Proposition 23 and the forced repetition in U,
thus the definition of %o and %, as well as of the *’s of the edges as this
point.

2.5.4.5 The Global picture, the degree is zero

Two or more *’s can be assumed not to be too close. Otherwise, using
Proposition 30 below we can bring them apart (in a global deformation)
while decreasing J.

We have now four regions and the transition between them; there is first
U and U; C U, a smaller version of U. On U; we use the normal Ny (2)
and extensions of it (alternating sign distribution starting with N (z) be-
tween nodes) related to (o, z1) and we convex-combine it with the normal
(IT) flow as above on U — U;. Using Proposition 18 and Observation 2,
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we have not raised the number of zeros beyond 2k. Outside of U, we use
the construction 3. when available. It provides with combinations of hole
flow and normal (IT) flows in the region where the representative of the
left edge is defined properly. In the remainder, we have several possible
representatives. We may assume that the hole flows corresponding to these
representatives do not coincide. Otherwise, we find no problem in order
to define our decreasing deformation. We then must have a forced repeti-
tion. In order to decrease J in this region, we introduce again a normal
N{ (2) related to (zo,x1). This is completed as follows: we may assume
that there is no * “between nodes” (i.e. not in the immediate vicinity of
nodes). Otherwise, we use the normal (II) flow maybe on several nodes
at the same time. This flow can easily be seen, after the construction of
N (2), convex-combined through “sliding” with N; (z) (we can use sev-
eral consecutive copies of N; (z) in the same interval between two *’s to
complete the convex-combination). Under this assumption, there is a last
* “before the node at 217 (i.e. before x1 and not in the vicinity of ;). This
last x(xg) is close to the left edge.

N (2) is introduced betweeen this * and x;. It is introduced in the
“middle” of the first nodal zone. The representatives for the left edge are
chosen among the v-jumps of size > ¢y having the orientation of the left
edge and close to the average left edge. Thus N, (z) is introduced after any
of these representatives. It is also introduced before (on the characteristic
piece) the +v-jump corresponding to the hole flow (whatever it is) in the
interval starting with . In fact, since the only +v-jumps needed for the
hole flow can be located in the vicinity of the nodes and the other ones
taken to be zero, we may assume that N (z) is introduced before any
+wv-jumps used by any of the hole flows on the configuration. Thus we do
not introduce v-jumps “in the edge” i.e. before *y. Since the competing *’s
for the definition of our hole flows are before *o (*¢ possibly included), we
do not introduce £v-jumps between the starting 1’s of our hole flows.

We have to worry about the convex-combination of Nj (z) and one of
the competing hole-flows, namely the one such that the +v-jump introduced
between g and *; (the next *, to the right of %¢) is not negative. If *; is
not beyond x1, no positive v-jump is introduced before *; since this v-jump
would not decrease J. We need to worry only if %y is a positive v-jump.
Otherwise if % is negative or zero, N (z) and ¢ are compatible (including
if xg is zero).

If %( is positive, it generates a hole flow which may be viewed as one of
the competing hole flows.

We thus may view % as a positive j generating one hole flow and we
have another i, ¢ < j, with a * at ¢, positive again, in the left edge, defin-
ing the competing hole flow. We thus have replaced our two competing
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x’s with the % at ¢ and *g. We then invoke Proposition 17: the use of
N (2) is allowed without increase of the number of sign changes beyond
2k. Along the decreasing deformation, #y is untouched and therefore its
sign unchanged, unless it moves inside the characteristic piece. But, then,
N (2) locates precisely at %o and becomes the normal II flow which is com-
patible with all hole flows. At the boundary of the region where there is
a hole but not a well-defined representative for the left edge, Ny (z) will
convex-combine with each of the hole flows (used on disjoint closed regions)
and by Proposition 17, this combination will not raise the number of zeros
beyond 2k.
With the support of a drawing:

Ny and

Normal (1)
flow

convex  combinations  of

N7 (=) and the various flows

Using now a standard deformation lemma, we may assert that a given
compact K in J.__4e, with coo = J(2°°), can be deformed into J. . UV,
where V is contained in a neighborhood, as small as we please, of z°°. In this
neighborhood, the nodes are defined up to o(1). If K is in I'y, and if its & v-
jumps can be tracked down, as is the case fo K’s contained in W, (23%), z2k
a periodic orbit of index 2k, then after the use of the deformation lemma,
we may apply our construction to the part of the deformed set in V. The
result is that all of K is moved below c¢o.. Thus—and this is the form under
which we will use this conclusion:

Proposition 25 Let x55,_; be a true critical point at infinity of index
2k —1 (x5, could be a cycle at infinity) with at least one characteristic
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piece. Assume that all the oscillations on W, (z2) near xorp—1 are small
(i.e. no Fredholm issue). Then, the intersection number of Wy (xar) with
Wo(x$5_) is zero if there is no intermediate false critical point at infinity
between xo1 and x55,_4.

2.5.5 Companions
2.5.5.1  Their definition, births and deaths

When we defined normals, we defined also what a “preferred orientation”
was. If the preferred orientation on (yo,y1) or (Ym—1,ym) coincides with
the orientation of the closest edge, ™ is labelled false.

False £°°’s can be bypassed downwards, without increase in the number
of sign changes but at the expense of introducing a normal, i.e. a new =+ v-
jump which is the immediate neighbor of an edge £ v-jump bearing the
same orientation. Bypassing such 2°°’s modifies our configurations in one
regard: individual jumps are replaced by families of companions around
a single original jump. If we wish to extend Proposition 25 to this new
situation, we find out very soon that the reasoning has to be different since
a family can control several nodes through its various companions.

Let us observe though that as long as there are two companions or
more in a family, the original companion is among them and it survives
their death, with the same orientation, i.e. as an added companion goes
away, its original companion survives its death, with the same orientation.
Elsewhere, this original jump might switch signs, but it then has no com-
panion.

This observation is important as can be seen when we try to understand
how a true critical point at infinity y°° dominates another true critical point
at infinity z°°. If £ has several characteristic pieces, then £°° is in fact a
cluster of several critical points x3°, £3° 1, ..., 2%° ,. 32, is the critical point
at infinity which has the same graph as x°° but its associated cycle does
not use any full (half)-unstable manifold associated to a characteristic &-
piece. 232, builds a cycle through a combination of various characteristic
§-pieces, one at a time, as pieces of a puzzle. 252, , using two of them at a
time, etc. As soon as y*° dominates 25°, it has to dominate 25°,...,22°,
and if we try to cancel W, (y>)NW,(23°), it is in fact Wy, (y>°) N W (222 ,),
a stratified space of top dimension ¢ which we need to move down past the
level of x*°. Along this stratified space, configurations vary, companions
are given birth to, then die, etc. It is a full story which we are facing.

The following Proposition which we will prove later reduces considerably
this otherwise quite complicated scenery:
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Proposition 26  When a companion in a family which is not a family of
an edge, and such that the v-rotation between its extreme companions, on
the left and on the right, is less than m — §,0 > ¢, becomes extremely small,
it can be brought back close to its closest surviving companion (towards the
original companion).

We will prove this Proposition later. Its proof involves slight modifica-
tions of the flow which we will indicate later. It is of relevant importance
in that no companion can appear suddenly or disappear somewhere. All
these births and deaths are within the family.

2.5.5.2  Families and nodes

a. Critical Configurations of families

The basic observation which we make here is that a family of two compan-
ions or more cannot overlap a node which is not xzg or z,,, i.e. an edge
node; or if it does, the associated configuration, in fact all the configura-
tions containing such an overlap, can be moved continuously down, past
J(x*°).

Indeed, the family covers then at least two distinct preferred orienta-
tions; one of them coincides with the orientation of the 4 v-jumps of the
family or by creating a new companion (obviously with the same orienta-
tion) in between existing companions, we can move all these configurations
down.

Each time a deformation (obviously a J-downwards deformation) is de-
fined, we study the configurations which are “at the boundary” of such
a deformation, i.e. the transitions to other configurations where such a
deformation cannot be defined.

For the deformations defined above, their definition is directly related
to the overlap. As the overlap fades away and the family recedes (up to
0(1)) on one side of the node, this deformation cannot be defined anymore.
Thus, we have to find another way of decreasing these configurations once
the overlap on a node is one-sided up to a small constant ¢. We will then
scale the growth of the companion which we grew or introduced, putting it
to a smaller and smaller growth. It does not suffice anymore to move the
configuration down. We have to find other, compatible ways to decrease J
over such configurations (by deforming them).

The configurations which we consider below are therefore configurations
such that any family is within o(1) of at most two consecutive nodes. In-
deed, otherwise, there is a definite overlap. On the other hand, we will
assume that the hole flow of the left edge is well defined, which amounts
to say that the family associated to the left edge is defined without am-
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biguity, then its hole flow can be used in between families, which implies
that continuously defined and decreasing deformations can be defined on
configurations such that one node among x1,...,2;,—1 is not within o(1)
reach of a family. The hole flow convex-combines in a natural way with the
previous flow related to the overlaps. They coexist without increasing the
number of sign changes in the configuration beyond 2k.

Lastly, we observe that if a family lies between two consecutive nodes,
within ¢ > 0, ¢ small and fixed, of each node, then we can think of the
whole family as reduced to its original companion.

Such a family is obviously not associated to an edge of the character-
istic piece and the use of the normal (II) flow, increasing or decreasing
all members of the family at once, whatever suitable, even reversing, all
together, their orientation, is available for it. Again this portion of the
flow convex-combines with the other portions defined above and there is no
familly which cannot have at least a node with o(1) reach.

‘We thus define:

Definition 5 A critical configuration on a characteristic £-piece of °° is
a configuration such that every node x1,...,zy,—1 is within o(1)-reach of
one family, every family with support on the characteristic piece is within
o(1)-reach of a node at least and every such family is within o(1)-reach of
at most two consecutive nodes.

We then have:

Proposition 27  Consider all critical configurations such that one family
is within o(1)-reach of two consecutive non-edge nodes. Assume that the
hole flow of the left edge is well defined. Then all these configurations can
be deformed below J(x>) using the hole flow of the left edge.

Proof. On each side of the area where the family sits (up to o(1)), the
preferred orientations agree. There is one side where the preferred orien-
tation agrees with the sign of the £ v-jump introduced by the hole flow as
we use it. g

We extend Proposition 27 as follows:

Proposition 28  Assume that a critical configuration o does not contain
a forced sign repetition, with the sign of the left edge, between the family
defining this left edge and xo+c, ¢ > 0 small. Then, Proposition 27 extends
to all such o’s which contain a family within o(1) of o and x;.
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Remark 1 =z + ¢ stands for a point close to xg inside the characteristic
piece.

Proof. This family has to have the orientation of the edge, otherwise we
could separate it away from the edge (a family with the wrong orientation
cannot leave the characteristic piece through the left edge unless it is fol-
lowed by a family having the orientation of the edge which will take the
place of the family of the edge. Such a family would be after z; and we
would have ample room to separate the edge and the family with the wrong
orientation.)

The hole flow starting at this family has to agree, under our assumption
(no sign repetition near the left edge, with the sign of the left edge), with
the hole flow defined by the family of the edge. This hole flow provides a
sign + after z7 and this agrees with the preferred orientation of (1, z2).

O

Corollary 6 If a critical configuration o contains two or more families
within o(1)-reach of two consecutive nodes, then either o can be decreased
below J(x*) in a continuously defined deformation or o contains a forced
sign repetition, with the sign of the left edge, between the family defining
this left edge and xo + ¢, ¢ > 0 small.

Proof. At least one of the families does not control the nodes ,,—_1, Tm
but controls another pair of nodes. O

b.  Critical configurations with one family within o(1)-reach of
(xmflaxm)

We thus see that the only critical configurations which we have not been
able to decrease below J(2°°) are those such a family is within o(1)-reach of
(Tm—1,Tm ). If an additional family is within o(1)-reach of two other nodes,
we have defined such a deformation. However, once we define a decreasing
deformation for the configurations with only one family within o(1)-reach of
(Zm—1,Zm), we need to check that the flows convex-combine and generate
a global decrease below J(z*°), without increase of the number of zeros
beyond 2k.
Let us consider such a configuration:
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We use in the sequel the hole flow of the right edge, between z,,_3 and
Tpm—1- 1t is well defined if there is no repetition in the configuration related
to this edge. We make this assumption in a first step. Since we are using
the hole flow of the left edge in other parts, we need to convex-combine in
some regions and this needs careful checking. This is the reason why we
are not starting from a critical configuration and we are simply assuming
that a family controls x,, 1 and x,,.

The normal (II) flow on intermediate families is compatible with both
flows. Thus, we assume that every family has to be within o(1)-reach of a
node and that it does not overlap over a node. We cannot yet assert that
every node is controlled by a family.

We focus on x,,_o.

Proposition 29  If no family is within o(1)-reach of Ty—2, then the two
hole flows can be convex-combined near the configuration on the interval
preceding (Tpm—1,Tm).

Proof. Since x*° is sign-true, the preferred orientation of (z,—2, Zm—1)
is + and the preferred orientation of (2,1, %m—2) is —. If the two hole
flows disagree, then one requires the use of 4+ between the family controlling
Tm—_1,Tm and the previous family, while the other one requires the use of
—. The introduction of + follows the introduction of — and is compatible
with the orientation of the family controlling (2,,—1, ). The convex-
combination can proceed. It makes use of a single interval in the transition
but, on each side, the use of the full hole flow is warranted. O

Thus a family must be within o(1)-reach of x,,_2, on one side or on the
other side, with no overlap.
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Let Uy be a small neighborhood of the set of all configurations containing
such a behavior, with no repetitions related to the right as well as to the
left edges.

Let Fy be the family within o(1)-reach of (x,,—1,%,,) and Fy be the
family within o(1)-reach of x,,_o

We claim:

We consider in what follows three distinct consecutive families of com-
panions Fy, Fy, F5. Fy follows F3 and F} follows F». The support of Fb
is inside a characteristic piece. We define the thickness T of F; to be
the £-length between the first and the last companion of F». We assume
throughout this part that the maximal size of a companion of Fy is o(T)
and that T' < 3.

We then claim:

Proposition 30 We can rearrange Fi, Fs, F3 along a J-decreasing de-
formatiion so that

i) The v-rotation between the right edge of Fy and the left edge of Fy
is at least m — §, where § is a fixed positive number.
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it) If T > 0, the v-rotation between the left edge of F» and the right
edge of F3 is also at least m — 8. It is also at least m — & if the v-rotation
between F1 and Fy is more than m + 6. The first part of ii) has to be
understood as a statement involving T after the deformation.

iii) Assume that Fy had initially a thickness T > ¢, a fixed positive
number ¢ < 5. Assume that Fy can be separated in two distinct families of
consecutive x v-jumps Fy | F2Jr and that the maximum size of the jumps of
Fyf sy is small o of the mazimum size of the jump of Fy ,s_. Then, after
decreasing deformation, all of Fy\ is at a &-distance equal to Wéo at most of
Fy . Furthermore, s1 changes into sfr, with %SJ’_ < s}r < cs4 and s_ into
s_(1+0(1)).

Proof.

Proof of i) See Section 2.5.8, Proposition 32. Given two consecutive =+ v-
jumps, the &-piece between them has H{-index zero (is minimal) if the
v-rotation along this £-piece is at most w — §. If it is less than © — §,
then we can “widen” the intermediate £-piece between them by inserting
v-verticals to the left of left jump or to the right of the right jump. We take
the side which corresponds to the smallest jump. In this way, no v-jump
disappears. We need to take this cautionary step only if the jumps have
opposite orientations. This widening process never stops as long as the
v-rotation is less than w. There are indeed no “small” rectangles made of
two small £+ v-jumps and two large ¢-pieces as long as the v-rotation along
these &-pieces is less than m — 4. See Section 2.5.8 for further details.

Proof of ii) Once the distance between Fy and F; is m — ¢ or more, we turn
to F» and F3 and complete the same process. If the thickness of F5 does not
fade away in this process, then it goes to the end and the distance between
Iy and Fj is at least m — 6. It can also happen that the thickness of F5 is
zero or becomes very close to zero while the distance between F; and F5 is
more than .

At the end of the process, if either T' > 0 or the v-rotation between Fj
and Fy is more than 7, the v-rotation between Fy and F3 is at least m — 4.

Proof of iii) The claim can be derived from the case when F; is reduced
to a single & v-jump of size c_ and F;" is reduced to a single & v-jump of
size ¢y, with ¢4 = o(c_) assume that both =+ v-jumps have the positive
orientation for example.
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Our deformation is the composition of two deformations. The first one
involves a recession of the right v-jump towards the left. This one might not
be (in fact is not) J-decreasing. We thus have to compose this deformation
with a second one which decreases J. To define the first deformation, we
consider the £-orbit through z+ and we consider a distance T along this
&-orbit before 27; we find a point 27:

We introduce the v-vertical at z=. There is a unique piece of &-orbit
between the v-vertical corresponding to the v-jump of size ¢_ and the v-
vertical at x7:
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When Ty = T, the distance between the v-verticals through = and
2~ is O(c4) and so is the length of the &-piece between them. We need,
however, to check that the length c_ has not been consumed along this
process.

The condition is easy to see:

Let § be the size of the v-jump at z~. This v-jump transported T — T+
backwards along ¢ and the v-jump transported backwards 7" along £ should
have the same [£, v]-component. This gives us the equation:

ST —T%) = e, T(1 + o(1)).

Then,

and the size of the v-jump removed from 7~ is O(§ + ¢4 ), i.e.

C+T

O(C+ + W)

We thus want to have:

i.e.
T c_
T _T+ - O(Z)
For example, this works if
T-1"  [ex
T Ve

As pointed out above, this deformation is not J-decreasing, it is in fact
J-increasing. To compute the increase, we compare J at two nearby curves
along the deformation:
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55

The change in J is € — [, o
A is obtained from £ by v-transport during a time ¢. Thus, since

Atpn =
i =
e— [ya=0().
The size § of the v-jump has been computed above. It is chja (1+0(1)).
Thus,
dJ  O(c3T?)
dr+ (T —T+)2
and

C_
AT =O0(ET) = = O(&*\/cT).

In order to define a decreasing deformation, we need to find another de-
formation of the same curves which would be decreasing and which would
convex-combine with the previous one.

We recall for this that F» has support in a characteristic piece and that
its thickness 7' is less than § and larger than ¢ > 0. Thus, one of these
v-jumps (we are assuming for the sake of simplicity that F» is made of two
jumps. There is no loss of generality in this assumption) is /2 to the least
away from a node. A decreasing normal can be defined at such a jump and
it will warrant a decrease of J at a rate > A¢, A > 0 fixed. Consuming a
size ¢t /100 of the related v-jump (this is possible since ¢y = o(c_)) which

we set aside and do not touch during the first deformation if the normal
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has to be taken at 2™, we warrant a constant decrease of J. This works if
the normal at 27 or £~ decreases the size of the v-jump.

It also works in the other case at Z~. If the normal at 2™ increases the
size of the v-jump, then we engineer the decrease of J by increasing the size
of the v-jump as it travels along the first deformation. We then stop — to
avoid entering into technical difficulties — when the right v-jump is at WEO
of the left v-jump since then the distance to a node might have shrinked to
%. We could of course have used other smaller fractions of ¢.

The statement about s; and s_ follows from the estimate on AJ and
on § with T — T+ > WEO' This proof contains the proof of Proposition 26

as well. O]

Proposition 31  If z,,_2 is not xg, all such configurations in Uy can be
deformed below J(xso) and the deformation can be convexr-combined, with
global decrease and no increase in the number of sign changes beyond 2k,
with the hole flow of the left edge.

Proof. The proof of Proposition 31 uses Hypothesis (B). On all the con-
figurations which we are considering, there are three consecutive families.
Fy and F, are as above. Fj is the first family before F,. We pick up a

small constant § = % and we reorder these families, along a J-decreasing
deformation as described in Proposition 32, Section 2.5.8 below.

-3

C

Fy and Fy are now away by m — 555 to the least. If they are away by
more than 7 + ¢ or if F5 has some thickness, then F» and F3 are also away
by m— % to the least. Finally, the two-edge jumps of F5 are of comparable
size. Otherwise, the thickness of F3 is less than 155. We assume in a first
step that x,,_3 is not xy. We distinguish five distinct situations according
to the behaviour of the right and left edge of F5, denoted L.E.F5 and

R.E.Fs with respect to x,,—2. ]

1st Case: The distance (all distances are along &) of R.E.Fy t0 Ty,—2 is
more than ¢. Since the v-rotation between R.E.Fy and L.E.F; is at least
T™— %, there is a hole at x,,_1. We use the hole flow of the left edge in this
hole to decrease J. Observe that we need to prove Proposition 31 if the
hole flows of the right edge and hole flow of the left edge do not coincide.
This implies at once that the hole flow of the left edge should yield a —
between F} and F5,. If it yields a +, Proposition 31 is a straightforward
statement since this + coincides with the orientation of F;, and is provided
by the hole flow which we are using outside of Uj.

2nd Case: The distance of R.E.F5 to Z,,—2 is less than ¢ but more than

g and the distance of L.E.F5 to x,,—o is less than %30.

F5 has then a thickness larger than %. This implies that its right edge

jump and its left edge jump (we may assume that there are only two of
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them) are of comparable size. If we come back to our computation, we
find:

+
¢ >ce
c
where C'is a constant related to Hypothesis (B). The rate of decrease of a
normal at the location of the right edge jump is lowerbound by C;¢ since
the distance of RE.F5 to x,,—2 is more than g The rate of variation of
a normal at the location of the left edge jump is upperbounded by C %30
since the distance of L.E.F5 to z,,_2 is at most %.

We can therefore use the two normals together to decrease J and since
the size of the jump is comparable, we can get all the 4+ v-jumps of F3 to
switch signs together along this unhindered J-decreasing deformation. This
acts as an normal (II) flow. This flow can be convex-combined with the
flow defined in the first case without increase of the number of zeros beyond
2k since this would yield a combination of normal (IT) flow (generalized)
with a hole flow (used partially near x,,_1).

3rd Case: The R.E.F; is within 5 of z,, o while L.E.F, is within %30
of Z,,—2. We then introduce a normal between R.E.Fy and x,,—1 which
yields, since this is the preferred orientation of this area, a positive v-
jump. (If + was the preferred orientation of (;,—1, ), we would grow
Fy. Proposition 31 would be a straightforward statement.) This can be
considered to be a local use of the other hole flow. While it provides a
decrease of J, it is not compatible with the hole flow of the left edge.
However, this flow which is used locally and does not require the hole flow
of the right edge to be defined, is compatible with the normal (IT) flow of the
second step. It is incompatible with the local use of the hole flow of the left
edge as in the 1st step and the uses of these two flows are shielded one from
the other by the flow of the second step. This flow, because it introduces
a + after Fy and before F; and because F} is positively oriented, is also
compatible with the use of the hole flow before F5. It is also compatible
with any normal (II) flow (under the form of overlap as well).

4th Case: L.E.I5 is more than %30 to the left of x,,—2. R.E.F5 is less
than %30 to the left of x,,_o and less than ¢ to its right. It lies in between.

We use i) of Proposition 30 (§ = %). Either F, overlap x,,_3 or there is a
hole at x,,—3. We can use the overlap (a normal (II)-type) flow or the hole
flow of the left edge. They are compatible, thus can be convex-combined
for transition, with all the flows we defined above. We made a special point
about this in the third case.

5th Case: R.E.F5 is more than % to the left of x,,_o. We use the hole
flow of the left edge near x,,_5. It introduces a negative v-jump before
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Tm—2 and is compatible with all previous flows.

The above argument requires some additional work in the second case.
Indeed, in order to create a hole at x,,_5 or at z,,_3, that is in order to
set up the framework of the discussion above, we need to use the widening
process developed above.This process has a disadvantage: if two families
such as I, and F3 have the same orientation, then as the v-rotation between
them approaches 7, the size of the members of these families facing each
other increases considerably. This can destroy Hypothesis(B). If they have
an opposite orientation , we push away F3 from F5; then the v-jumps of
F5 are decreased, we can scatter the decrease over the family and keep
Hypothesis (B) satisfied. The argument used above thus works perfectly
if F3 has the positive orientation since when we use Hypothesis (B), see
above in the second case, F; is negatively oriented. The orientation of the
families is not relevant in the other cases.

We thus can use this widening process and the above discussion only if
F3 is positively oriented or if it is tiny, reduced to a single negative v-jump.
Again in this latter case, the widening process will not increase the size of
the left edge of Fy considerably.

We need to adjust our contact form now so that this argument will also
proceed in the case when two families F3 and F5 having the same negative
orientation face each other.

In order to solve this problem, we provide the following construction
which allows the use of the Normal (II)-flow while decreasing J on receding
families.

Let us consider a piece of §-orbit, of length 7. We can modify § into §~ ,
in Darboux coordinates, « into & = (1 4+ o(1))a near this piece of &-orbit
so that, in these coordinates , the transport map of §~ from one edge to the
other edge of the £-orbit becomes

50
0C

C is a positive constant. The transport matrix is provided in a basis of
kera = kera transported by £. Details for this construction are provided
in Appendix 1.

We use the above construction twice on the characteristic piece: we use
it once just after the right edge, on a v-rotation interval of length 7. The
modification takes place a bit away from the boundaries of this interval.
The first vector of the basis is parallel to v at the right edge and is &-
transported, the second vector of the basis is parallel to [§,v] + yv at the

right edge and is {-transported also. C'is a large constant. In this way, the
transport matrix of £ to the left(in the direction of —&)will yield a large
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contraction along the [¢, v].

We “undo” this modification but on another piece of &-orbit carrying
also a v-rotation equal to 5. This piece of {-orbit is the first half of the
nodal zone (-2, Tm—1). On this latter piece of &-orbit, Cis replaced by
%. The two vectors of the basis are equal to v, [, v] at Z;,—2. In this way
the total transport matrix along the characteristic piece is unchanged. It is
quite obvious from the details of the construction which are carried out in
Appendix 2 that we do not create in this way new critical points at infinity.
However, we modify greatly the rates of decrease or increase of J along
normals between the middle of the first nodal zone, starting from left, until
Zpm—2, which are tamed in this way: the [, v]-component of a transported
vector to the left edge is divided by é, while the rate of decrease of a normal
after the first half of the nodal zone (2,,—2,x;,—1) is kept unchanged. The
use of the Normal(IT)-flow on F» as it recedes follows.

These modifications affect v, see Appendix 2 and also the transport
matrices of £&. We prove in Appendix 2 that we can keep the same v in the
nodal zone (Z,—2,Zm—1). v is modified in the first half of the first nodal
zone, but this has no impact on our deformation.

We discuss this deformation in details:

In the interval which immediately follows the left edge, we observe that
the modification affects the flow very little. Assuming that left edge is
positively oriented, small positive v-jumps can be destroyed in this region,
this decreases J before and after the modification. Small negative v-jumps
can be slid to the right in this first half of the first nodal zone without change
in their sizes, J decreases in this way. This follows from the construction
of a new type of “Normals” of which ample use is made in the sequel:

Given anytv-jump inside the characteristic piece, of a given size ¢, we
can transport +£ from the base of this +-v-jump to its top, creating therefore
a small vector at its top with an 7-component equal to +¢(1 4 o(1)). The
&-component has changed by O(c?). The v-component is also O(c?) and
therefore, the size of our £v-jump is not really affected. We then transport
this vector back to the left edge. Assume for simplicity that this +v-jump
was the first one after the left edge. The vector at the left edge has then
a component equal to Cc. C is far from zero if the +v-jump is far from
special positions where [£, v] is transported from the v-jump to the left edge
onto +v (up to a multiplicative constant). Transporting +¢£ from the base
of the left edge to its top as if we were building our left normals, we find
a variation of our curve which decreases it by Cjc where C; is non zero
unless C' is zero. But then, the v-jump is in between nodes and using our
usual normals, we can decrease and slide over these special positions so that
we do not encounter them until the next critical one or until the process
is hindered by another +wv-jump, of this family or of another one. Direct
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computations show that in the first half of the first nodal zone, negative
v-jumps must slide to the right, positive v-jumps must slide to the left.
This alternates as we move from each half nodal zone to the next half. We
refer in the sequel to this deformation as the sliding deformation.

Our deformation proceeds then, with the help of the construction and
the estimates of Appendix 2, as follows: Let ¢y be the critical level at
infinity. Consider a tiny parameter e positive. We may assert that (assume
that x is the only critical “point” in its level surface) J.i. retracts by
deformation onto U U J.—.. U is a neighborhood of z,, made of curves y
of Cs such that 0.J(y) is appropriately small in function of e.

Two cases are possible: either the number of distinct families on the
characteristic piece as Fh recedes is strictly less than m — 2, there is then
a node, to the left of z,,_o, which is not controlled by a family or there is
a family controlling at least two nodes to the left of x,,,—2. We can build a
suitable decreasing deformation. Or there are m — 2 distinct families on the
characteristic piece; then there are as many families to the left of z,,_o as
there are interior nodes and none of these families can control two nodes.
If y is then a curve under deformation and y is in U, these families can be
reduced to tiny Fv-jumps located at these nodes. This reduction follows
from the sliding deformation combined with the use of the Normal (II)-flow.
In addition we claim that the following estimate holds on the size of these
v-jumps(to the left of @, 2 (Zm—2 included):

Yleil = Ofe)

Indeed, if this estimate did not hold, we could use the sliding deforma-
tion(we do not use on the receding side of F5, since would only “shift” the
difficulty without solving it) which has a rate of decrease bounded away
from zero when the +v-jumps are near the interior nodes and move away
these curves inside J._.. Those remaining in U satisfy then this estimate.

We use then the results of Appendix 2 and introduce our modifications.
Accordingly, the curves y of U are changed into curves g, J is changed

into J; using the estimate above, U N J.—. is changed into U N Je_cyo(e),
now the transport matrix of é from x,,_o or points close to this point, the
transport matrix to the left edge introduces a contraction equal to % along
[¢,v] and the Normal (II)-flow can be used on the receding Fs. Observe
that after the use of the Normal (II)-flow on F5, a tv-jump near a node
remains located near a node. (U, Un jc,eJrO(e)) is thus deformed, relative
to the second set B of the pair, onto (B, B). From there, we can , using our
observation about the location of the +v-jumps, move back to the curves to
the curves y and to J. This defines globally a deformation of (U, U N J._¢)
onto (UNJe—e, UNJ.) and a deformation (almost decreasing) of J.4. onto
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Je_e. The result follows.

When z,,_3 = g, the argument adapts: instead of pushing away Fj
which is now the family of the left edge, we can use the above observations
and footnote and slide the negative v-jump past the first half of the first
nodal zone, after the first modification. The deformation argument extends
then, unchanged. The case of degenerate &-pieces of H}-index strict 1 and
the case of non-degenerate £-pieces is discussed later.

We summarized these steps in a chart with L.FE.F5 as ordinate y, R.E.F5
as abcissa . We have y < x. We have introduced the various regions
with the essential flows used in each of them. At the frontiers, convex-
combinations are used. We have discussed above their compatibility.

c. The case of Hi-index 1 and the non-degenerate case

We now address the cases when the Hj-strict index of the characteristic
&-piece is 1 and we also provide the observations used to extend these
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arguments to non-characteristic pieces. This is needed in order to establish
that transversality holds.

When a characteristic piece is of Hi-index 1, the two edges facing each
other may each have one or more companions living on this &-piece. If there
is no additional family is in between, there is a problem of transversality. If
one of the families is confined to the interior of the half of the £-piece defined
by the edge within a family, it is easy to define a decreasing deformation via
the introduction of an additional companion for the other family in between
the middle of the £-piece and the confined family. However, if this does not
happen, the downwards deformation becomes very difficult to define. We
have been able, along the lines of the argument developed in the previous
section, to find such a deformation. The idea of this deformation is the
following: if we could, using one of the families, engineer a decrease of J
which would not change the orientation of the companions of this family
but would cancel the companions of the other edge which are living on the
characteristic £-piece, we could then complete the deformation downwards
since we would then have after only one family on the &-piece. This has the
flavor of the argument used for the Normal(II)-flow on F5 in the previous
section: we use the strength of a +v-jump to cancel another one.

The modifications of the last section, those of Appendix 2 become useful,
but only after we can identify the +v-jumps and where they are localized.

The +v-jump used to cancel the other one must survive the other one
all over the configurations under deformation. This is the result of the
following construction:

We can always, using the “widening” process between the right edge
and the family of the left edge-this is a technical improvement of the clas-
sical widening process defined above, which bypasses intermediate small
companions of the right edge-assume that the companions of the left edge
enter little in the second half of the characteristic piece. We could then use
again the widening process, now between the family of the left edge and
the companions of the right edge and bring these companions to be at least
Faway from the family of the left edge.

As long as a small companion for the left edge survives now, we can
engineer a decrease of J combining the sliding deformation with the use of
decreasing normals on this companion. We can use this decrease to build
up a sizable companion for the right edge on the £-piece, evolve therefore to
configurations where a(n) “artificial” companion of the right edge is present
as long as a companion for the left edge is present. This deformation can
be assumed to be J-decreasing. The sliding process might have brought
this companion of the left edge a little too much inside the second half of
the &-piece, we can make use again of the widening processes and bring this
companion only a little bit inside this second half, with the companion of
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the right edge at least 7 away. The relative sizes can be assumed to be
comparable as the size of the companion of the left edge tends to zero. This
companion might recede towards the left edge, the decrease which we can
then create is small, but we do not need it then: the middle nodal position
and a neighborhood of it are free.

Let us rethink about our deformation process. Again we can deform
Jereonto U U J.—.. The y's of U have their small +v-jumps on the char-
acteristic piece close to the middle node. Therefore, U can be naturally
divided in two distinct connected components or more: those such that
this +v-jump belongs to the family of the left edge, those such that it be-
longs to the right edge, and in fact also those such there is no such v-jump.
These connected components are connected one to the other through J._.
and we need to define a coherent decreasing deformation on all of them.

For the two last ones, we can choose to introduce a negative v-jump(with
the orientation of the right edge) in the first half of the characteristic &-
piece. For the first, we want to do the same thing, but we need first to get
rid of the positive companion of the left edge near the middle nodal point.
This is completed using our modifications, as in the previous section and in
Appendix 2. The case of characteristic £-pieces of non-zero index is thereby
completely solved.

In the case of non-characteristic pieces of non-zero H}-index, the de-
formation uses the representation of Proposition 13 of the +wv-jumps as
Dirac masses that give rise(here)toH{ (there periodic)functions 1 between
the edges of the non-characteristic piece. These functions 7 are used in the
second derivative of J. This representation has already been introduced
and used in [Bahri-1 2003], the H&-problem has been studied in details.

Once a sequence of small +v-jumps has been represented in this way, we
can use the H}-diffusion flow of the second derivative (ij + n7), projected
on the L? -spheres (L? in 7)) to engineer a decrease of J and once this is
accomplished, we can turn back to the representation involving +v-jumps.
The number of sign changes never increases along this process. Furthermore
if the initial datum is non zero, it remains so.

The number of sign changes, counted locally, between the v-edges of the
non-characteristic piece indicates the(minimal) number of families needed
to describe this configuration. This number does not increase. Thus the
minimal number of families (which might differ by 1 from the number of
sign-changes) needed to describe the configurations which we consider and
deform never increases. We might have a gap with respect to the actual
number of families because there might be sign repetitions between these
families. But coming from a number which is less than or equal than this
actual number, we can certainly relabel, reorder, create twins and rebuild
our original local set of families.
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Assuming that the Hi-index of our non degenerate -piece is initially
non zero, we can use the results of [Bahri-1 2003], manipulate the rotation
of v on this {-piece so that the maximal number of sign changes on the
H{}-unstable manifold of this &-piece is i) + 1. i) is the Hi-index of the
&-piece (after manipulation of the rotation).

Then, if the number of sign changes between the families in this §-
piece, with the edges added, is less than i) + 1, the flow will deform our
configurations below the critical level corresponding to this £-piece for index
reasons. From there, we end up in J._.. This implies transversality as far
as non-characteristic pieces are involved.

If the maximal number of sign changes on the Hj-unstable manifold of
a non degenerate ¢-piece is 7)), then we can assert that the flow deforms our
configurations below the critical level only if the number of sign changes
between the families is less than ). We can generate 4, sign changes in this
framework with z'é — 1 distinct families. Thus transversality does not follow
outright from this argument in such a case. We have to use the Appendix 2
(adapted) again, as in Section 2.5.5.2¢: we need to show that we can adjust
the value(s) of the Green’s function of the operator 7j + n7 under Dirichlet
boundary conditions on the non degenerate £-piece. We elaborate some
more about this at the end of Section 2.5.9, but the main arguments are
essentially the same than in 2.5.5.2¢ and Appendix 2.

d. An additional rule

After this full discussion, there is still an additional rule to introduce in
order to build a global flow as some *’s turn to families or vice-versa. This
rule reads as follows:

If there is a hole at the last node x,—1 and no family is “advancing”
towards this node from the left, we introduce, in order to engineer a decrease
of J, before this last node a £v-jump with the orientation of the right edge
rather than using the hole flow near this node

This is of course impossible if another family advances on this last node,
but we can then use the construction of Section 2.5.5.2b and switch to the
other flow if the strict H}-index of the characteristic is not 1 and the con-
struction of 2.5.5.2¢ otherwise, while if we used the hole flow and this hole
flow would have directed us to introduce a +v-jump with the orientation
opposite to the one of the right edge in the last nodal zone, then unless a
family advances from the left, this switch is impossible. Thus, as a family
for the right edge advances towards this node, we are less and less able to
engineer a decrease and a switch is not available. This issue does not arise
with the left edge, because the hole flow provides always for this edge a
+ov-jump with the orientation that this edge has.
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Using this rule, Proposition 31 follows under the assumption that the
hole flow of the left edge is well defined.

If there is a repetition barring the use of the left edge hole flow, we need
to introduce a decreasing normal and we are allowed to introduce it with an
additional sign change if the repetition is not already exhausted by the use
of one of the non-compatible hole flows We have gone over this argument
before:

The repetition occurs “in the left edge” in that, in our construction,
we may require that the family of the left edge should be at a distance
o(1) from the average left edge (which can be defined easily). It follows
that no normal is used in between the repetition. In the interval where it
is used, this normal identifies then with the orientation of one of the hole
flows. With the other one, it might induce an additional sign change but
this would correspond exactly to the single additional sign change allowed.

O

2.5.6 Flow-lines for xary1 to x35,

The extension of the results to the odd case is long and delicate. We provide
it here.

We are assuming that we have at least two characteristic pieces. Let us
assume for simplicity-the arguments are unchanged in the other cases-that
the two left edges of the two characteristic pieces are positively oriented. We
observe first that the hole flow extended into an alternating sequence does
not provide more than 2k sign changes even in the case of 2k + 1 +v-jumps.
Indeed ,starting from the first v-jump which we assume for simplicity to be
positive ,the alternating sequence ends with the positive sign on the other
side of this initial v-jump, we then have a positive v-jump on both sides of
the first positive v-jump and we may as well think that this v-jump is not
there. The conclusion follows.

Next we have two characteristic pieces, we assume in the sequel that,
after the use of the Normal (II)-flow, there is a hole on each of them. We
build a decreasing deformation on such configurations that do not raise the
number of zeros beyond 2k. We pick a hole flow on each characteristic
piece. We overextend this hole flow as an alternating sequence all around.
Either it coincides with the other hole flow and their combination does not
provide more than 2k sign changes. Or it does not. Then the alternating
sequence starts with a — to the right of the positive (for simplicity) starting
v-jump of the other hole flow (which starts with a +). Considering these
two sequences between the edges of the second characteristic piece-starting
from the v-jump of this other hole flow-we see that the sequence of sign
changes of this other hole flow gives at most as many changes of sign as
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the alternating sequence. Thus, the two hole flows (restricted to their
respective characteristic pieces) can be convex-combined with a number of
sign changes at most equal to 2k.

Third, we consider one of the characteristic pieces and *q, the first *
before (not in the vicinity) of the first node. We know how to build a
decreasing normal Ny (z): we introduce a negative v-jump after %o, we
have discussed this matter above; since we are discussing hole flows, we
may assume that the #’s are not in between nodes. N (z) is in a natural
way part of an alternating sequence on this characteristic piece. Let us
assume that there are competing hole flows on this characteristic piece -
because there are several possible representatives for the left edge - and let
us assume that N; (z) is not part of the hole flow which introduces a-sign
after the representative most to the right of the left edge (baptized “first”
representative). Thus, there is an even number of %’s between *¢ and this
first representative of the left edge. We assume that no sign changes are
used for decreasing normals to the left of %o. We then claim that N; (2)
is compatible with both hole flows. This is a local argument which can be
used as we please. Indeed, it is compatible with the hole flow which includes
it. The other hole flow can be identified as the hole flow starting with a -
sign at the first representative and has a + sign immediately after xg. There
might be a problem with the simultaneous use of N, (z) and this other hole
flow if Ny (z) and the orientation of %o do not agree i.e if %¢ is a positive
v-jump. Then this other hole flow, the distribution of signs of this other
hole flow introduces a sign change between this first representative and g
since there is an even number of *’s in between. This sign change is not
actually being used according to our rules and we thus have the freedom to
use Ny (z) and induce thereby a decreasing deformation. This works also
if there is more than one repetition in the left edge. Again this argument
is of local type, N () is free, available under such circumstances and can
be inserted in any other flow.

Thus so far, we have seen that, if there are holes on one of the two
characteristic pieces, we can define a decreasing deformation if the hole
flow is well defined on at least one of the characteristic pieces and also if
this hole flow is not well defined on both, but there is an even number of *’s
in between *g and the first representative of the left edge of any of them.
This works in case of multiple repetitions in the edge, the local argument
also works with the right edge.

Let us now consider the case when there are competing hole flows on
each characteristic piece and there each N; (z) is part of the alternating
sequence starting with a — at the first representative of each characteristic
piece. We may also assume for simplicity that the competing representa-
tives for the left edges on each characteristic piece are consecutive *’s. We
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thus have two pairs of consecutive representatives for the left edges of these
two characteristic pieces. These two pairs define on the circle two time
intervals. On one of them, there is an even number of *’s. This interval is
unique since the total number of %’s is odd. Let us assume that it starts for
example with the left edges of the first characteristic piece. We then claim
that the hole flow starting with a + at the first representative of the first
characteristic piece, when combined with any other hole flow on the second
characteristic piece yields at most 2k — 2 zeros. Indeed, since the number
of intermediate *’s is even, this hole flow ends also with a + at the second
representative of the left edge of the second characteristic piece. Let us
extend, as an alternating sequence all around, the sequence starting with a
— at the first representative of the first characteristic piece after identifying
the two representatives of the first characteristic piece. We then have 2k
sign changes. We compare: the hole flow starting with a + ends also with a
+ before the second representative of the second characteristic piece, while
the alternating sequence starts and ends with a — at both (positive) ends.
We thus have two less zeros for the hole flow starting with a 4+. On the
second characteristic piece, the alternating sequence starts with a — sign,
opposite to the sign + of the first representative of the second character-
istic piece (there are two representatives of the second characteristic piece
to bypass, starting with a — sign on one side. We reach the other side
with a — sign also. The two representatives of the first characteristic piece
have been identified). Hence this alternating sequence introduces at least as
many changes on this second interval (running from the first representative
of the second characteristic piece to the second representative of the first
characteristic piece) as any other alternating sequence restricted to this in-
terval with the given boundary (positive) v-jumps. The claim follows. We
thus have a freedom of two zeros with the use of the hole flow starting with
a + on the first characteristic piece when combined with any hole flow on
the second one. Ny (z) is included in all combinations containing the hole
flow starting with a sign - on the first characteristic piece. The addition of
N7y (2) to the hole flow starting with a +, when combined with any other
hole flow on the second piece does not raise the number of zeros beyond
2k. Thus, as competing hole flows- with the presence of holes on both char-
acteristic pieces-develop, we reduce our flow to the use of one of the two
N[ (z)’s depending on the configuration. We may then use both of them
since, once the other v-jumps of the hole flows are removed, their joint
use becomes possible. Along the convex-combination, the number of sign
changes does not raise above 2k. We may assume in the sequel, working
on pairs of characteristic pieces one after the other, that there are holes on
one characteristic piece at most.

Assume now that, on this characteristic piece, there are two holes or



326 Recent Progress in Conformal Geometry

a hole covering two nodes. We then claim that if a repetition develops in
the left edge of this characteristic piece and we are forced to switch hole
flows, this switch can be completed without increase in the number of sign
changes beyond 2k. Indeed, assume for example that we have two holes,
each jumping over exactly one node, each with a starting *. We can attach
a sign to each *, starting from the representative most to the right of the
left edge which gets assigned the sign defined by its own orientation, and
alternating to the right. Then for a given %, either the orientation of this
*x and the attached orientation agree, or there is an additional repetition;
we can use it to introduce two zeros. We have two hole flows. One agrees
on the interval immediately after any % with the attached sign, the other
one disagrees (signs for hole flows also alternate). Let us consider the hole
flow which agrees with the attached orientation of the starting * for each
given interval. On the other hand, we have defined a preferred orientation
for each nodal region and there is one which is associated to the nodal
region immediately following a given . If the attached orientation and
this preferred orientation disagree at a hole, they will agree at the (next
or previous) hole since there is one more change at a node for a preferred
orientation and not for the attached sequence of *’s. At the hole where the
preassigned orientation of the nodal zone to the right of the * agrees with the
attached sign on this %, we know that this preferred orientation corresponds
to a hole flow- the one of the attached sign- while the preferred orientation
of the next nodal zone corresponds to the other hole flow. Typically, we
find for example:

Attached sign +
£+ = .
HF1 HF?2

Now eliminate the normals and hole flows in all other intervals and
observe the following: If the actual orientation of the * agrees with the
attached orientation, HF1 does not introduce any sign change. We can
use jointly HF2 on this interval. Otherwise, they disagree and there is an
additional repetition and we have a freedom of two zeros which we use to
introduce HF1 together with HF2 (HF2 by itself did not then add zeros).
We thus can use such a node to switch from a hole flow to another one.
Summarizing, if there are two holes on two distinct characteristic pieces,
we have built a decreasing deformation. Any change in a configuration is
monitored by the Normal(II)-flow. Also if all the characteristic pieces are
filled but one and if on the remaining one there are two holes, or a hole over
more than one nodal zone, we also have a decreasing deformation since we
can switch hole flows. This also holds if there is no repetition in the left
edge of the piece with a hole. Finally, if on one of the characteristic besides
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the one bearing a hole there is a repetition-as when the number of *’s in
the characteristic piece from % till %, equals, mod2,the total number of *’s
carried by this characteristic piece- then we can also switch at the hole the
two hole flows. Thus a decreasing deformation is impeded (when there are
holes) if all characteristic pieces but one are filled up and do not jail a forced
repetition (¢ and #,, are different from their associated edges, on one side
the number of *’s in between is even, on the other side it is odd), there is
exactly one hole at exactly one node on this last characteristic piece, there is
a repetition in its left edge. It is also impeded if all characteristic pieces have
been filled up and, singling out a characteristic piece, characteristic piece
number 1, there is no admissible extension (i.e. not raising the number of
zeros beyond 2k) for its basic set of decreasing normals (such as its Ny (2)).
We are going to discuss this below. In all the other cases, after numbering
the characteristic pieces, we can start to reduce holes for pieces 1 and 2.
Once only one with a hole is left, we move to reduce holes for 1, 2, 3 (only
a pair is involved after the first stage), then 1, 2, 3, 4 etc. At the end
of this continuous process, at most one with holes is left. If the holes are
more than one or contain more than one node, we can build a decreasing
deformation , this is in fact part of a global deformation.

The transition between all these situations involving a change in the
holes or a change in the number of holes is monitored by the Normal (IT)-
flow which is compatible with all hole flows. The only issue related to the
use of the Normal (II) flow is that it might change the orientation of o,
*m. Lhis becomes important now because we are tracking sign-repetitions.
We address this issue: In order to stabilize the repetitions associated to a
characteristic piece which has been “filled up” or is being “filled up”, we
introduce representatives L for its left edge and R for its right edge. Let
assume that there is dissymmetry i.e that the number of *’s in between *(
and L, for example is odd, while the number of *’s in between %, and R
is even. #,, and R have the same orientation before any use of the Normal
(IT)-flow since the characteristic piece is almost filled up, if not filled up
and therefore there must be a repetition between *,, and R. We thus may
define an alternating sequence which will start with the sign opposite to
the orientation of R immediately to the left of *,, and move backwards
along the characteristic piece, alternating at each crossing of a *. Since
the characteristic piece is sign-true, we derive for this sequence the sign
opposite to the orientation of %y or L immediately to the right of xy. We
stop here the alternating sequence and we use it in order to define decreasing
normals. Since we have not used one repetition to the least, it is extendable
into an admissible alternating sequence .The argument and the repetitions
being local, we can use these flows on these dissymmetric pieces together.
Furthermore, immediately to the right of %¢ and to the left of x,,, we have



328 Recent Progress in Conformal Geometry

decreasing Normals which have the orientations of the Normal (II)-flow.
Thus, we may extend the use of this flow after sliding the position of its
action on the v-jumps over *q, *,, to the position of the decreasing normals.
The sliding starts on both sides simultaneously and preserves therefore the
repetition between #¢ and *,, (no v-jump is introduced before *,,, the
repetition is to the right of %,,). We could also, since we have two repetitions
on this characteristic piece, reverse the position of the normals and exhaust
the repetition in the middle, leaving the one to the side unperturbed. Again,
we can convex-combine all the flows on these dissymmetric pieces. The
Normal (II)-flow finds a natural extension on these pieces.

Along the other characteristic pieces, we can either continue the full use
of the Normal (II)-flow, a repetition is anyway jailed in there or xg and *,,
confound with the edges; there is no use of the Normal (II)-flow on them
and nothing to extend.

In the sequel, [L, R] designates the characteristic piece with a single
hole at a single node in it and the left edge repetition; or [L, R] designates,
when all characteristic pieces have been filled up the first one in an a priori
chosen order.

In the second case, on [L, R] we pick up the flow defined by the basic
set of normals and we need to extend it only on dissymmetric critical con-
figurations, which is easy to accomplish as explained above. We could even
switch, if needed, the use of - between the two repetitions and incorporate
the flow inside such pieces into the alternating sequence generated by this
basic set of normals. We do not need to extend it over symmetric config-
urations. This works as long as there is one symmetric configuration on a
characteristic piece distinct from [L, R] which we can use in order to turn
our sequence into an admissible sequence. A similar argument can be made
in the first case, with the same basic set of normals, as we already have a
repetition in the left edge of [L, R] and we need another one, distinct from
[L, R], in order to switch hole flows. We develop a counting argument which
is the same in both cases: Let n be the number of characteristic pieces, let
1G be the total strict index on the characteristic pieces, z'g be the index on
the non-degenerate £-pieces. Let 41 be the number of free £-pieces having
either even Hi-index and reverse edge orientations or odd Hi-index and
identical edge orientations, see Definition 4, page 78 of [Bahri-1 2003] for
the use of this notion. Let v be the number of non degenerate &-pieces
bearing a sign change between their edge orientations. Let ¢ be the num-
ber of full (with their full half-unstable manifold) characteristic pieces used
once at a time in the definition of 3. We then have, see [Bahri-1 2003,
pp. 139] also page 78 to gather the full information:

Q6+l 4 2041 =2k + 1.
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Using the results of [Bahri-1 2003], [Bahri-2 2003], we can modify « in the
vicinity of z*° and set ig = 0. Thus,

i§+20+y+1=2k+1.

On the other hand, assuming that all characteristic pieces have been filled
up, if as [L, R] is becoming symmetric and we need to extend its basic
set of normals into an admissible sequence, there is no other symmetric
configuration on any other characteristic piece, then on each characteristic
piece, including [L, R], there are i} + 2%’s. 4} is the strict H{ index of the
jth characteristic piece, a 1 is added for the dissymmetry (xo or x,,) and
another 1 for the incoming edge. Summing up, we find

> @@ +2) =i +2n

J

v-jumps to which we have to add 1 for each non degenerate £-piece with a
change in the edge orientations. Since the edges could be part of the same
family, we do not consider the other non-degenerate -pieces. In all, we find
i + 2n + v £ v-jumps. The count has to be slightly modified when there
is a single hole and a repetition in [L, R]. The formula is decreased by one.
Thus, in all cases,

E+2n+y—1<i§+204+7+1
and
{>n-—1.

If 7 is strictly less then n — 1, we find in the second case that, even when
[L, R] has turned symmetric, there is an extra symmetric configuration, the
basic set of normals can be extended. The same conclusion holds in the
first case. This leaves with £ = n — 1 as the only possible case. In fact, we
must have:

ig+2n —2+ v =2k. (**)

otherwise, this is not possible.

Continuing our analysis, we look into more details at what happens as
we try to extend our alternating sequence outside of [L, R] assuming that
there is no outside symmetric configuration. Since there are more than one
characteristic piece, there are outside dissymmetric configurations. Let us
assume for simplicity that the edges of one such dissymmetric configura-
tion are positively oriented. We extend using the &-orientation i.e. we go
from characteristic piece to characteristic piece along £. If we reach the
left edge of our dissymmetric configuration, after extending the basic set of
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normals of [L, R], with a +, then we will be able in a natural way to jump
over an inside repetition in this configuration, and still include a decreas-
ing normal, in our alternating sequence. The alternating sequence would
become admissible. Otherwise, we have to alternate signs inside the full
dissymmetric configuration, thereby exhausting the two inside repetitions
in order to build an extension to the Normal (II)-flow inside (which we need
to do). We then exit on the other side with the + sign, i.e with the orienta-
tion of the edge. This repeats starting from R until the next characteristic
piece etc. Each occurrence, we reach , if the alternating sequence is not
admissible, the left edge with an orientation opposite to this edge and leave
the right edge with the orientation of the edge, the only exception being L
itself. Thus, on each such interval between two characteristic pieces, there
must be a free {-piece with a switch in the orientation of the edges:

vy>n-—1.

The argument goes now as follows. Assume that n is large. Choose a char-
acteristic piece with v; # 0,4} = 0 (H}-index 0, reverse edge orientation).
We had previously turned 2% to be 0 on this critical point at infinity, see
[Bahri-1 2003], [Bahri-2 2003] for the argument used to derive this result.
In doing this, we could have kept, since we have a large amount of non-
degenerate &-pieces, the amount of v-rotation on several of these pieces to
be less than 7, but only by a tiny bit; so that we can easily rebuild a large
rotation on a given {-piece. This last part of the argument uses Hypothesis
(A). We pile up v-rotation on this -piece which has i) = 0,7, # 0. Piling
up, we Cross z'% =1, creating only false critical points at infinity since they
have a characteristic piece of strict H}-index 0 and with the orientation of
its edges reversed. There is still our critical point at infinity which has now
a non degenerate &-piece with i) = 1. Counting the maximal number of
zeros of b on the unstable manifold of this critical point at infinity, we find
that we should have if it interacts in our homology (page 78, pp 137-139 of
[Bahri-1 2003]:

i§+ 14y — 120 =i§ + ~2¢.
Thus,
=4

We continue our filling on the same characteristic piece. We cross the H}-
index 2 and the maximal number of zeros of b on the unstable manifold
of our critical point at infinity (with the same number of characteristic
pieces) changes by 2. This critical point at infinity do not interfere with our
homology anymore. We still have the new critical points at infinity which
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we have created. They have iy = 0 again because the only new phenomenon
is taking place on the new characteristic piece. Again, counting see [Bahri-1
2003, pp. 139], also page 78, we should have

i+ 1+y—1+20 =if+ 20+ .

Thus, ¢ = ¢, which is n — 1 while the number of characteristic pieces is now
n+ 1. A contradiction.

n is bounded and so is the number of non degenerate £-pieces of x°.
Otherwise, using Hypothesis (A), we would reach the same conclusion. As k
tends to infinity, this forces the Hi-strict index of some characteristic piece
to tend to infinity. Considering Wy, (zaky1) N Wy (23%), we observe that £
is bounded above independently of k. Let ng be this upperbound. Then
Wiy (@ok41) MW, (25%) is of dimension ng at most. Tracking this intersection
near rsg41, using the construction of Proposition 1, we may assume after
perturbing the location of the v-jumps in Proposition 1 if needed, that
each given configuration has at most ng v-jumps which are zero. This
could change after the use of the Normal (II)- flow . However, this does
not change under the use of the flow at infinity i.e the flow on the I'yg’s.
This flow is the one driving our curves to £°°. The other flows are used
to bypass °° downwards. In this circumstance, we are not going to use
the Normal(II)- flow because we want to keep the orientation of the non-
zero v-jumps unchanged. We go to the characteristic piece with a larger
H}-index. There are several triplets of v-jumps on this characteristic piece
having non-zero alternating orientations. Otherwise there are too many
repetitions and we may use a basic normal. We pick such a triplet; in fact
we may choose a large number of triplets which are “far away” one from the
other. On a given configuration, there will be among those triplets, under
our assumption that there are few repetitions, a non-zero alternating triplet.
Our construction below can then be convex-combined; as the configurations
change, we change our triplet and the construction of the normals which we
complete below can be in the transition zones carried out on several triplets,
the fading and the emerging ones at the same time. We can “widen” the
first oscillation of these triplets, using the procedure of Proposition 30 and
if along this procedure we find some other v-jumps, we continue the process
with the agglomerate v-jump but keeping track of the sign changes allowed.
In the end, going left and going right around such a triplet, we can assume
that we cover more than one nodal zone. We choose to construct only
positive Normals in between. Since we are covering more than one nodal
zone, we are always sure that one of them will be decreasing. That is the
one that we choose to expand. Our proof is complete in this case.

We are left with the case when x*° has only one characteristic piece.
Then ¢ = 0 and Wy (z2k+1) N Ws(z3%) is made of isolated flow-lines. We
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may assume, perturbing the locations of the v-jumps near zgj1, that none
of them is zero on these flow-lines at the beginning. The flow on the I'ys’s
will preserve this property. Thus no £v-jump is zero on our single charac-
teristic piece, which is of strict index at least 2. The flow-line is isolated,
we are facing a single configuration and we can grow a companion to the
appropriate #*, closest to the first node. If there are two such *’s,one to the
right, one to the left, we choose the one to the left.

In order to complete our proof, we have to remove the assumption that
the characteristic pieces are isolated one from the other. Assuming now
that we have sequences of characteristic pieces, we use Proposition 33 be-
low which involves a special construction of a decreasing deformation on
consecutive £-pieces as an additional * travels along a common edge. Af-
ter completing this construction, we resume the proof of Theorem 1 in
our present framework and finish it, see Section 2.5.8, after the proof of
Proposition 33 below.

2.5.7 The S'-classifying map

Consider C; = Cp - {periodic orbits of {}. Assume that the curves  which
we consider are H! (this follows, continuously, from a simple regularization
procedure).

We then have a map

Cj = —H'(S",R) — {o}

z—b

where b is the v-component of .
Let

1
C5" = {z € Cjsuch that b # /0 b}.

We compose o with the orthogonal projection g on E*®E~ where ETGE™
is the L?-orthogonal of the constants in H!(S!,R). ¢ o o maps C5* into
ET @ E~ —{0}. S! acts effectively on E* @ E~ — {0}. Therefore g o o is
the classifying map for the S'-action on C%5". The use of this observation
is deferred to a forthcoming work. We now study the Faddell-Rabinowitz
index yrr of some subsets of Cg.

We have:

Lemma 17 Let A = {x s.tb has at most 2r zeros and at least two genuine
zeros}.
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Then yrr(A) < r — 1; the classifying map for A is provided by
pr(—b~ fol bt + bt fol b=) where p, is the L%-orthogonal projector on
Spand{cos 2mit, sin 2mit,i = 1,...,r}.

Proof. Letb=b" fol b=—b~ fol b*. bhas also at most 2r zeros and fol b=

0. Assume that p, (Z)) = 0. Then, b= > apsin2wkx + by cos 2wk
1>2r+1

Rescaling, we may assume that fol b2 = 1. We then solve

%:m (/01u2>u//01u2 u(0,t) = b(t).

Observe that the number of zeros of u does not increase with s, that fol u? =
fol b2 and that

1 1 1 1.2\2
Lo uQ:f/ u2+(f017u)§0.
20s J 0 [y u?

Thus u(s,-) converges strongly in L? to a rest-point (fol u2/f1 42 1s a Lya-
Jo
punov function) which is a solution of ¢ = Ap.

Observe that
e [
— u=c(s
75 (s) ;

Since fol b=0, fol u = 0 and thus this solution verifies fol p=0.
Thus,

£

@ = Acos2rkt + Bsin2rkt  with k > 2r +1

0 has more than 2r zeros, a contradiction. g

Lemma 18 Let B. = {z 5.t 2 = al+bv with fol bt fol b~ =0;a >c¢}. Let

By = B: N (Uz periodic Wu(z)> . Then By cannot dominate any periodic
orbit
orbit of & of non zero index and By cannot dominate any critical point at

infinity of J of non zero H} -index. Furthermore, ypr(Bi1) = 0.

Proof. The first claim follows from the fact that the curves of By, have
b>0orb<0. This extends to By. For the second claim, we argue as
follows:

The curves z of B have either b > 0,6 # 0orb < 0,b # 0or b = 0. Near
each z, the curves of B. can be equivariantly (S!-equivariantly) pushed,
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with a unchanged, into a neighborhood as small as we may wish of z and its
first unstable direction. Thus, B retracts by deformation, S'-equivariantly,
into an S'-invariant set, which is stratified and which is of dimension 1
transversally to the S'-action.

There are no fixed point for the S'-action on By, in fact the S'-action
on Bj is free since the curves are immersed.

Thus, yrr(B1) can be directly computed on By/g1. Since this set is
stratified of top dimension 1, it cannot carry any Chern class of positive
even degree and ypr(B1) = 0. O

These are the initial steps towards computing on homology in a more
general framework.

2.5.8 Small and high oscillation, consecutive characteristic
pieces

We study in this section curves T of Cj or Cf = {z € H'(S", M) such that
z = a& + bv,a > 0} supporting “oscillations” i.e. sequences of consecutive
+v-jumps which are either small and close — we then “widen” them i.e.
bring the two consecutive +v-jump further apart — or are large and close
(high oscillations).

For high oscillations, we prove that these — which are due to the non-
Fredholm character of the variational problem — either can be enlarged
while J is decreasing somewhere above x*°, or they can all be thinned
down and brought back to be small oscillations.

In the next section, we will use this technical result in order to include
high oscillations in our compactness result.

We also study in this section critical points at infinity containing se-
quences of consecutive characteristic £-pieces.

We start with:

Proposition 32 There exists co > 0 small such that for every ¢ > 0
and 0 < 0 < ¢, considering all curves x of C’g bearing two consecutive
+v-jumps of size less than cy separated by a &-piece supporting a v-rotation
less than m—c¢, a J-decreasing deformation (generated by a vector-field) can
be defined in their neighborhood. This deformation sepatates further these
+ov-jumps, without cancelling them or reversing their orientation, until the
v-rotation on the &-piece between them is less than ™ — 0.

Proposition 33 Let To, or T have two consecutive characteristic pieces
c1, co with strict Hi-index zero. Let ¢ be the full unstable manifold associ-
ated to c¢1 and éo be the full unstable manifold associated to co. Any cycle
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o X Uo X in Jz,C = Joo(Too) 0 Joo(T), bounds with no increase in the
mazimal number of zeros of b.

Observation 5. Proposition 33 extends to T, having more than two
consecutive characteristic pieces, see the end of the proof of Proposition 33.
The construction of Proposition 33 allows to cover the case of sequences
of consecutive characteristic pieces left open in Section 2.5.6. The case of
characteristic pieces of H}-index zero is discussed in Appendix 1.

Proof. [Proof of Propsition 32]
We have to take care of curves bearing “small and rapid oscillations”.
Let us draw such an oscillation with its incoming &-piece and let us
introduce a v-vertical through A, A close to A, on the incoming £-piece:

\ C:EI ‘DD

' v ’—\l/ / -
P -
/g;? AN

The curve A— A, —C, — D, is a curve whose tangent vector £ = a§ + bv
splits on & and +w; it goes from the v-vertical through A to the v-vertical
through B,

Since these two verticals are close, since C,D, is a piece of &-orbit (a
“geodesic”) from the v-vertical through A, to the v-vertical through D,,
there is also a &-orbit joining these two verticals and its length is less than
the addition of the £-length of AA, with that of C,D,:
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Thus, replacing A — A, — C, — D, — B, with A— A’ — D’ — B, shortens
the &-length of the curve, keeps the sign distribution for A close to A, and
increases the size of C,D, into A’D’. The fact that the &-piece A’D’ is
larger than C,D, can be seen as follows: we consider the case where A is
very close to A,. A, A is then a small £&-piece which we think of as a tangent
vector Z at A,. v-transporting it during the time —e from A, to C,, we get
a vector Z. going from C, to the v-orbit through A. We write at first order
that

—

CoA" = Z. + dv.
On the other hand, the variation of the {-length is at first order equal
to

[ —/

a(DoD ) — a(CoA ) = —a(Z:), which is positive.

This enlargement can be completed without cancelling the base +v-jumps
of the oscillation.

The v-jump which is on the side of the oscillation which we extend does
not cancel; this is easy to see.

Thus if we alternate, extending always on the side which corresponds
to the smaller v-jump, both v-jumps would cancel together.

This cannot happen because if we then superpose the initial and the
final pictures, we get a small rectangle as follows:
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mitial ozcillation

cancelled ogcillation

Such rectangles do no exist if the £-piece are small, less than character-
istic of H}-index zero.

Indeed, we choose Darboux coordinates at z, (which depend on z, in a
differentiable way) so that v-v(z,) = 0. v then reads up to a multiplicative
factor as 8% —z 2+ (az+bx) L +0(2? + 22+ 2y+yz+9(y)) 2. Completing
the Darboux change of coordinates:

z+ h(y)
z — h'(y)
Yy

o

2
/

Y

this vector-field becomes:

0] 0
gy~ ¥ gy (a7 b+ g(y) —ah(y) + () — h"(y)
+ 0(:6/2 4 Z/Q 4 z’y’ 4 y/zl)

L) +y' W) + O () +h2 ) o

We set
h'(y') — b (y') + ah(y’) + 0(y'h(y'))

+0(y'h (y') + 0(h?(y") + K2 (y"))
1 (0) = h(0) = 0.

gy’

We derive a function h in this way, which depends differentially on x¢ =
(0,0,0) in our coordinates.
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Then v, up to a multiplicative factor reads:

0

o 0
’ / / 2 2 10 VAN
3 o+ (@2 bal 0@ +27) + 0(2y) + 0(y'2) 5 -

Starting from o = (0,0,0), a small rectangle of sides ¢, ¢, 1, €1:

X

yields coordinates at A equal to (e, d,0) on one side, (e1(140(1)), 01,6161+
0(e181)) on the other side; this is a contradiction.

These extensions of the oscillations on W, (Z), near &, are completed
in a separate step, without moving otherwise the curves, so that the above
argument about rectangles can be applied. A strip in the decreasing flow-
lines is defined and in this strip (near Z), the oscillations are enlarged.

If the edge of an oscillation becomes close to a large, basic +v-jump
we obviously cannot extend as we please on the side of the large +v-jump;
but we can use it as if a small +v-jump were occuring in it. It becomes a
side for a larger oscillation which ends at the outer £wv-jump of the inital
oscillation.

With more oscillations, some coalescing, the above argument extends.

Taking care of high oscillations

The arguments displayed above as well as the arguments which we will
present for the proof of Proposition 22 assume that the oscillations i.e. the
intermediate v-jumps are “small”, of a size less than a fixed constant 6.
If a “large” oscillation develops, we need either to tame it or to use it
and move all curves away.
Let us consider such a large and thin oscillation.
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kR0

yO)_
¥{(0)

or

r(0)

On such curves which support an oscillation of a height larger than 6,
we can define a decreasing pseudo-gradient z; as follows:

We pick up a small £-piece of size € at the edge of the £-piece preceeding
the almost characteristic piece where this high oscillation takes place and
we transport it to y(0):

¥ © ¥'(0)
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On the other hand, we pick up ¢ at 3’'(0) and we pull it down to
y(0). We obtain two small displacements at y(0),ez; and dzo. If the
[€, v]-component of €27 is not zero, we can use it to compensate the [€, v]-
component of dzo. This will adjust, for a given 9, the value of €. Adjusting
the v and ¢ displacement at y(0), we define a tangent vector z. If J' - z is
non zero, we have a decreasing direction using z or —z.

It might happen though that £z; has no [¢,v]-component for special
positions of (0); or that for special values of s (the height of the oscillation),
J' - z is zero even though €z; has a [, v]-component.

The first problem is easy to take care of: instead of transporting £, we
can transport ev from z* to y(0), yielding an £z} at (0). It cannot happen
that both of ez; and ez] have no [£, v]-component.

If s is special and the z-directions defined above both satisfy J' -z =0
or if one of them cannot be defined while the other one satisfies J' - z = 0,
we build yet another direction by pulling back £ from y(0) to y'(0) and
we use the small top &-piece, transport dv from §'(0) to y(0). We can then
glue the [£, v]-components of the two-displacements after adjusting 4 to .
This new 2’ satisfies

J 2 #£0.

If 0y is not too large and if |s| < 26, the first z will always work and
the decreasing direction will always remove a portion of the small &-piece
[v'(0),7'(0)] and decrease its height, thereby decreasing and thinning out
the oscillation.

The process might however be different for higher oscillations and al-
though there is always a decreasing direction, we might end up with very
thin back and forth v-runs without any £-piece between them.

We also have to glue our deformation, which we built for “small” oscil-
lations (of size 6y at most) with these new deformations (not yet completely
specified). For this latter purpose, we slightly modify z and 2’ to incorpo-
rate in them a small “widening” of the base of the oscillation so that it
becomes, after the use of z or 2’ even for a small time, into:
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This “base” which we create for our high oscillation can be quite tiny. It
is easy to incorporate it into z, 2z’ and even into the flow defined for “small”
oscillations. z,z’ continue to act, with marginally modified definitions, on
these high oscillations even with this additional base.

We will need z here for special values of y(0), which we describe below.
2" will be used for the proof of Proposition 22.

After use of these flows, our curves will either move away from Z as one
“high” oscillation widens because it borrows some &-displacement “from
below”. Or the oscillation will become of size less than 26 and will be
destroyed, the curve losing its high oscillation. If this oscillation maintains,
but becomes very thin when compared to its base, we can cancel it while
decreasing J,, after expanding the base or one side of it i.e.:

smaller smaller

Because the oscillation is so thin when compared to its base, we can
build a pseudo-gradient which will cancel the oscillation and only slightly
expand its base (on one side, if needed): it will only depend on how thin
the oscillation is when compared to its base.

When several oscillations pile up, we might find some difficulty keeping
large bases. This difficulty can be overcome if, for each large +v-jump, we
create on each of the two adjacent £-pieces (the incoming and the outgoing
one) a bump, small in size, becoming smaller as the £-piece becomes smaller
and larger if it becomes larger (as well as taller, all remaining small):
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As several high and thin, oscillations pile up (this number is a priori
bounded), the first and the last one have “sizable” small bumps, on the left
for the first, on the right for the last, and we can use them to cancel all the
thin oscillations in between.

We now show how to use z;1 or z (the first decreasing direction which
we have built) in order to get rid of high oscillations along a characteris-
tic piece with H}-index non zero. It is easy to convex-combine the flow
which is defined for small oscillations with the flow on high oscillations;
we need to take care of these only when they develop in the vicinity of a
subcharacteristic piece.

High oscillation at x,

/

v has tumed k7

between x,x,,X,

X

since then the v-jumps of such an oscillation can be used to define the
decreasing normal associated to this characteristic piece when one of them
is far from 1, o, x3 etc.

We revisit now the definition of z:

We transport £ from zy to 1 along v, then from x; to z2 along £. We
derive at zo a vector 8(§) = a1€ + b1[€, v] + crv.
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We pull back ¢ from a height s along v above x3. We derive a vector at
z2: Do_o(§) = A&+ Bi[¢, v] 4+ Crv. Do_(€) — #40() has no component
along [£,v].

Using the £-piece abuting at x2 and the v-jump starting at zo2, we can
adjust these other components.

If the high oscillation at x is not high enough, we can increase it (if
the deformation which we are going to define is decreasing) and if it is too
high, we can introduce a tiny, flat &-piece at the right level.

We compute the variation of J along this direction. We find

B
p(s) =1— A1+ —
b1

 Bua(Dé_(©)

(@ =1) =1 = ar,(Do-.(6) - =2

(0,1 — 1)

If this expression is negative at any s, we can introduce a decreasing defor-
mation which expands the tiny high &-piece and moves these curves away
from the critical one. This deformation convex-combines with the other
ones which take place when the base of the high oscillation or the oscilla-
tion is far from xo, z3 etc.

If it is positive for every s, we can thin down any high oscillation and
tame it down to be a small one. The argument preceeds.

If p(sp) = 0 above z3, 3, ..., which are extremities of a subcharacter-
istic piece, ¢'(sg) is non zero generically and the argument proceeds. O

Proof. [Proof of Propsition 33] Assume that the first characteristic piece
c1, lies between two positive edge v-pieces. Assume that its full unstable
manifold is used in order to define the dominated cycle. Since its unstable
manifolds bounds, there must be another characteristic piece involved, with
its full unstable manifold, in the definition of this cycle.

A dominating flow-line must contain, as it spans the full unstable mani-
fold of ¢1, a negative small v-jump in addition to all the v-jumps of the base
curve; otherwise the full unstable manifold of ¢; cannot be covered. The
same argument holds for co, with a positive or negative v-jump depending
on the signs of the edge v-jumps of ¢z, and in fact holds for every c¢; as its
full unstable manifold is used.

If these additional v-jumps do not travel, they would allow to move
down, past T; they can be used either with the decreasing normals associ-
ated to each characteristic piece, or in a direct construction of a decreasing
deformation.

Thus, they must travel from a characteristic piece ¢; to another char-
acteristic piece, for example co. Assume that ¢; and co follow each other,
so that both of them have positive v-edges in particular.

This happens in the following process.
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Stage 1 ¢

Stage 2

Stage 2

Z,
L~

As in stage 2 the small oscillations start their journey from ¢; to cg, we
expand them with tiny sharp oscillations while decreasing the functional so
that they all look in stage 2 as:
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Transporting & from x; to x2 and using the tiny &-piece [x2,x3], we can
build a decreasing direction zo (reversing this direction if needed).

This ability to decrease might fade away very fast as either the £-piece
[x2, z3] disappears or the sharp oscillation x; — 2 — 23 — 24 changes sharply
its height.

It is easy to stabilize and even to increase the length of the &-piece
[x2, x3]. Indeed, there is a tangent direction Z on the base curve

formed by transporting £ from ¥, to 71, pulling down £ from 73 to 7
and matching, after scaling and adding v and &-components at 1 the two
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vectors thus derived at T;. Since the base curve is critical,
J-Z=0

Z or —z will increase the length of cs.

We can use Z on (*) so that the &-length of [x2,z3] increases. Since
J' - Z = o(1) while our other direction 2o has J' - 20 < —? < 0, the
combination still decreases J and increases |22, z3].

The v-jumps around [z2,x3] are considerably perturbed in this way.
We need to make sure that as, for example, the oscillation corresponding
to [z2, 3] (upwards) increases somewhat, we can tame it and bring it down.

h

,//)7

G

If at any height h above ¢; we can decrease J by expanding [Z3, 23] after
transporting +¢ from [Zq, Z3] down to ¢; or to any other part of the base
curve, we can infer that we could have scaled (expanded) our oscillations
or have introduced, if they went above h a tiny flat £-piece at the level h,
and from there on use this decreasing direction which expands the £-piece
at the level h.

This deformation, unlike 25, does not hinder itself since it expands
[Z2, %3] and does not involve great perturbations of the v-size of the os-
cillation.

If on the contrary no such h exists, we are able to thin down any such
oscillation while decreasing J. Hence, would our oscillation greatly perturb
after the use of 29, Z, we would be able to tame it, reintroduce an [z, z3]-
piece of a similar size or larger at the level of ¢y and proceed with this
downwards deformation.
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Let us quantify the above argument:

/

Let us assume that [Z2, %3] has length 7. We break it into two equal
parts

i

We do not touch the right half-part except to extend it using z or —Z.
We use the left half-part for zo, thereby creating an extra +wv-piece which
might increase greatly.
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=

Lz oyi2

c1

Let us estimate the size p of the v-jump created versus the size A of
the right half-piece.
After time ¢t if we use =Mz, A is at least

gl
—+ Mt.
2+

During the same time, the left half-piece length has become 3 — O(ct), due

to the use of 23, ¢ a priori-bounded and the size p of the v-piece created is

(> g C<
{)

We thus need
Thus, t < Cv. After the time C~, the right half-piece has length

Q
&

INIA
S wR

%+MC’7.

It MC > %, which we may assume since M can be chosen large, we have
rebuilt a top &-piece of size . The direction of the new +v-jump which
we will create as we iterate the construction described above is the same
then the one found in the first step because zo in each stage is built after
transporting ¢ along nearly the same large +v-jump, with maybe small (in

total) &-pieces inserted in between and back and forth runs along v.
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The decreasing deformation described above is thus self sustained and
can be used to glue the decreasing deformation along ¢; with the decreasing
deformation along ¢;.

Another issue has to be addressed though in the above process: coming
back to stage 1 of this process, we observe the need along ¢; to have two
v-jumps, one positive, the other one negative in order to complete the travel
process in stage 2 and after. While the negative v-jump among these two
is naturally provided by Span of ¢;, the positive one may be thought as
a companion of the positive left edge of ¢; and might have to be created.
This can be achieved using the “small room” for decrease provided by the
existence of the negative v-jump , exhausting half of it if needed in order
to create the positive one close to the left edge as it is created, moving to
the negative one as it becomes larger. The whole process of creation of this
v-jump can be embedded in a decreasing flow-line along which on one hand
Hypothesis (B) is locally satisfied, on the other hand the flow-line creates
the initial conditions of stage 1 and stage 2, i.e a small positive v-jump
close to a small negative v-jump, see the figures above.

The first statement of Proposition 33 follows for two characteristic
pieces. Observe that the above deformation requires only the existence
of an intermediate positive v-jump followed by a negative v-jump, thus the
existence on this pair of characteristic pieces of three distinct families, one
of each extreme edge and one for the intermediate negative v-jump. This
observation will be generalized (with a slight variation) below for more
characteristic pieces.

We now establish that the topological statement of Proposition 33 ex-
tends for more than two characteristic pieces of strict H}-index zero:

Given two consecutive characteristic pieces and their associated full
(half) unstable manifolds & and é, we just proved that

8(51 X 52) = 80'
where o carries 2 zeros at most for b. We also have established that ¢, ® és
and o are homologous relative to their common boundary, without increase
in the number of zeros of b relative to ¢; ® ¢é3. Assume that we have k + 1
consecutive characteristic ¢-pieces. Let ¢ be their full (half) - unstable

manifold. We write:

061 ®  QCry1) =00®E X @1 +C1 2R 0(C3® -+ @ Crp1)
=00 ®C ®Ct1) + (1 QC—0)RI(C3R - @ Cy1)

— (0@ DG +URIE B ® ).
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Observe that
ORC QC1 +UuRI(C3® -+ D Cry1)

carries two less zero than ¢; ® « -+ ® Cpy1.

The conclusion follows for more than two characteristic consecutive &-
pieces. We could even multiply by other homology classes (due to the index
at infinity or other characteristic &-pieces of non zero index) the argument
would go through for all classes containing 9(¢; ® - -+ ® é+1) as a factor.
The argument goes also through for characteristic pieces of non zero H}
strict index without substantial modifications. The idea is the following:
each ¢;,j = 1,2 may be represented using i} + 1 £ v-jumps which have
sizes varying independently and an additional large v-jump in order to
represent the left edge. 4 of them are located at interior nodes, they
provide a representation of the strict H}-unstable manifold, the additional
+v-jump is used to represent the full unstable manifold of the characteristic
piece. We can insert this additional £v-jump in the last nodal zone for c;
and in the first nodal zone for c;. Assuming that the common edge is
positive, this additional v-jump is negative. Again, we may view 9(c1 ® c2)
as the boundary of another chain where this additional negative v-jump
will travel along the common edge. As in the case of the zero H}-index,
this travel requires the use of a positive v-jump which would progressively,
as this additional v-jump moves to the next characteristic piece, build up
the common edge. If the tvjump at the last interior node of the first
characteristic piece is positive, we can build a companion of it to play
this role. Otherwise, we have to introduce it after the 4 internal 's.
Because the critical point at infinity is not false, z'% is even (the two edges
are positively oriented) and the introduction of this positive v-jump does
not increase the number of sign changes between the left edge and the right
edge beyond i} + 2 which is the maximal number of sign changes allowed by
c1. The additional negative v-jump can travel now and once it has reached
the second characteristic piece, then it can be used to generate co. 9(c1®c2)
is generated in this way as the boundary of a chain supporting two zeros
less than ¢; ® cs. O

Proof of the results of Section 2.5.6 and Theorem 1 completed We con-
sider now a maximal sequence of consecutive characteristic pieces which
we assume to be derived after the constructions of Section 2.5.6. Then, all
interior nodes of all characteristic pieces but one node possibly, on a single
characteristic piece, are controlled by a . This feature of the configura-
tions which we study is stable. This means that as this feature is about to
change, the Normal (IT)-flow can be used on one of the x’s which are not
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x’s of an edge, in fact is an interior *, in the transition zone. On these con-
figurations, each edge must have a x associated to it. Otherwise, the edge
would be a companion of a neighboring interior * and we could engineer
a decrease through a use of a decreasing normal to the immediate right of
the x for a right edge, to the immediate left of the x for the left edge. This
normal would be an additional companion for this . This holds under the
assumption that the H}-strict index of these ¢-pieces is non zero. This ar-
gument is adjusted for characteristic pieces of H}-index zero in Appendix
1.

Furthermore, we can state that on these configurations, all ’s are either
in the vicinity of the interior nodes or in the vicinity of the edges.

Let us assume in a first step that there is no hole on the sequence of
characteristic pieces. The count of Section 2.5.6 is tight and implies then
that on each characteristic piece but one, there are @) + 1#’s, besides the
x’s of the edges. On the remaining characteristic piece, there are i%*’s and
a * for each edge. We refer to this characteristic piece in the sequel as the
“(I)&-piece”. Let us assume that (I) is in between characteristic pieces. The
additional * on each other characteristic piece is in the vicinity of an edge.
Thus, on the characteristic piece with only ) ’s, there is an edge which
does not have an additional * in its vicinity, neither on this nor on the next
characteristic piece. No additional * will ever come close to this edge, unless
we can use the Normal (IT) flow on it prior to its motion close to this edge.
Let us consider the other edge of the same characteristic piece. This other
edge has an additional * in its neighborhood, on the next characteristic
&-piece. There are then two possibilities: either this other edge also does
not have an additional * in its vicinity. Then, no additional * will come to
its vicinity unless we can use the Normal (II) flow on an interior node to
decrease. The (I)é-piece jails a repetition which is stable. We can introduce
on the next characteristic piece to the right a fixed decreasing Normal N,
it will be extendable into an admissible alternating sequence because of the
stable repetition. These configurations can be decreasing. Or this other
edge does have an additional * in its vicinity, not on the (I)-piece, but
this could change after a travel of this * along this edge. We then choose
to introduce a decreasing Normal N~ in the nodal zone of the (I)é-piece
neighboring this edge. This requires some justification:

The additional * which we are considering remains in the vicinity of this
edge, otherwise we could use the Normal (IT) flow on it and decrease the
configuration. It can however travel along the edge, from the (I) &-piece to
the next characteristic piece. When it is in the (I) &-piece, the use of N~
is justified, we have used this argument several times before. When the
x travels along the edge, it has the orientation of the edge because there
are only then two neighboring *’s. There is then a repetition and this N~
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can be made part of an admissible alternating sequence. However when
this * has traveled to the next characteristic piece, it is disconnected from
the use of N~. This * could change sign and the repetition with the * of
the edge would disappear and N~ would not be justified anymore. So we
need then to make N~ travel to the next characteristic piece to become
next to this additional * and to the other x of the edge, along the process
described in the proof of Proposition 33. This requires the introduction of a
+ov-jump with the orientation of the edge along which the travel takes place
on the other side of N~ than the edge. This +v-jump can be introduced
as a simple counting argument on the (I)é-piece after the introduction of
N~ shows: the various *’s, including those of the edges, build with N~ a
sequence which admits an alternating representative. One can then check
that the introduction of such a £wv-jump in the second nodal zone closest
to the edge never increases the total number of families after reordering,
relabeling etc. Furthermore, it decreases J. Using the widening process,
we can then assume that the node closest to the edge is occupied by this
+wv-jump. The next +wv-jump in the direction of the edge either has the
orientation of N~ and can be confounded with it(this includes the case
when it is zero) . A v-jump can now be introduced prior to N~ (the edge
being after) with the orientation of the edge.

Or this next +v-jump has already the orientation of the edge. There is
no need to introduce an additional +v-jump.

The process of Proposition 33 can now begin. It will decrease J and
bring N~ to the next characteristic piece as the repetition between the * of
the edge and the additional * still holds. Once on the other side, our large
+v-jumps can be assumed to be small, but the new edge. The two *’s are
now on the other side, follow each other and have the same orientation, we
confound them, bring them into the new N~ after the travel which they
cross to reappear on the other side close to the edge. This crossing can be
accomplished as J is decreasing using the “negative” decreasing Normal.
We now relabel * and * the two *’s which follow each other and have the
orientation of the edge. The new N~ is next to it. The decreasing process
goes on, continuity has been achieved.

A similar argument, with some modifications, can be made in the case of
a single hole at a single node. There is a repetition in the left edge between
exactly two *’s, of course this can evolve; but each other characteristic
piece has an additional %, as above only that it can travel along the edge it
neighbors. Let us assume that the £-piece next to the characteristic piece
with a hole(after it)is also characteristic. An additional * neighbors it.
There are exactly ij)*’s strictly between the representative most to the left
of the left edge and the right edge when the additional * is either traveling
along the edge or on the next characteristic piece to the right. We are in
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the same situation than above. We can make an N~ decreasing Normal
travel and follow the additional .

The N~ decreasing Normal is part of the Hole flow corresponding to
the representative most to the right of the left edge because of the single
hole. Thus, there is no need to make N~ travel as this representative is
“large”. We can declare it then to be left edge and use its Hole flow. N~
can be used then, without travel. As the other representative develops, a
repetition occurs as long as the additional x is either traveling or on the next
characteristic piece as discussed above and the travel becomes possible. In
all, the location of N~ can be adjusted in a continuous way.

If the next &-piece to the right is not characteristic, then the right edge
of (I) is isolated and can be used to define a Hole flow. This construction
works as long as another * does not reach this edge obviously through its
non degenerate end, a case which is discussed below.

The conclusion follows in such cases.

The argument works for a (I)¢-piece which is at the end of a sequence
if the extreme edge of the sequence does not “receive” other *’s from its
non degenerate end. In case of “stable” repetition, we should choose to
introduce N~ on the nearest characteristic &-piece, to the right or to the
left, depending on the configuration. It also works for an isolated &-piece,
under the condition that both edges do not receive additional *’s. For a
“stable” repetition and an isolated &-piece, we insert N~ on a characteristic
piece which is interior to a sequence &-piece and does not neighbor (I) (which
is here an extreme or isolated characteristic piece). We are assuming that
there are sequences with more than three characteristic pieces.

Such a (I)¢-piece may receive other x’s from its non degenerate end(s).
Either they come from a non degenerate &-piece which is then, at an inter-
mediate time, pierced with a hole; J decreases below the critical level at
that intermediate time, the cycle splits. Or they come from other charac-
teristic sequences which are neighbors to (I), from their edge characteristic
pieces through the removal of the additional *. After this removal, either
we have a “stable” repetition on another characteristic £-piece or the con-
struction of Proposition 33 can be carried out on this new characteristic
&-piece which we label (I)’. There might two possible choices for (I)’, but
(I) was unique and we declare (I)’ to be the first one to the right of (I).

Observe that in the case of the “stable” repetition, the traveling * will
not reach the interior of (I)if a second repetition does not develop in an edge.
This allows to switch between the decreasing flow(use of one decreasing
Normal N~ for each of them, or of a Hole flow outside of the support of
the two repetitions) due to (I) and the decreasing flow due to (I)’: each
one can be thought as due to alternating sequences with disjoint supports(
observe that N~ was always introduced either in the same sequence or
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interior to a sequence, see the construction above, which we slightly modify
for (I)’ so that the supports of the constructions for (I) and (I)’ are disjoint);
none of them includes a Normal in the repetitions which we just pointed
out. We can extend one of them, not crossing the support of the other one
until it reaches one of the repetition. Extending it inside the repetition
if needed, we can make its orientation and the orientation of one of the
+wv-jumps of the repetition coincide. It behaves then as a Hole flow. We
then overextend the other partial alternating sequence jumping over the
other repetition. We derive an admissible alternating sequence. However
since the other alternating sequence behaves as a Hole flow, we can remove
the corresponding part of the first sequence and insert the second one in it.
The switch is possible.

On the other hand, the construction of Proposition 33 finds its justi-
fication locally and therefore can be used in (I)’ in conjunction with the
deformation induced on (I). Indeed, typically when there is an additional *
on a characteristic £-piece, either this x and the related edge do not have
the same orientation and the use of N~ is allowed as well as the switch; or
they have the same orientation, then the £-piece (I)’ jails exactly two rep-
etitions. On the side of (I), either we have a stable repetition and we then
introduced somewhere else, not on (I)’, an N~. We are also introducing
an N~ on (I)’. Two repetitions are spared sometimes over the transition
between (I) and (I)’, we can switch. Or we are using a Hole flow on (I),
it can be inserted in an alternating sequence defined by the N~ on (I)’
and jumping over one of the repetitions of (I)’, again the switch is possible.
The transition, in case of a hole, from this Hole flow to the construction of
Proposition 33 on (I) is a reduction to the use of N~ on (I), no justification
for the switch is required. If we are using directly this construction on (I)
(typically when there is no hole on (I)), either the additional * has the
orientation opposite to the edge on (I) or the next piece(after the travel
is completed), there is nothing to prove. Or there are two repetitions, in
addition to the two repetitions related to (I)’. Two of them will be used
by the two N ~’s and two are left, they warrant the compatibility and they
make the switch possible. Our proof is complete. O

We study in this section the behavior of the Morse index at infinity i
of T, along iterates.

2.5.9 TIterates of critical points at infinity

Lemma 19 Let xo, or T be a hyperbolic critical point at infinity with
at least one non characteristic &-piece, with HE-index i and with index at
infinity iso. Let ¥ be the k' iterate of xoo (or T).
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The Hi-index of 2%, is kip and its index at infinity is kino.
Corollary 7 Assume that xo or T be a hyperbolic critical point at infinity
with H}-index zero. Assume that the mazimal number of zeros of b on

W (28,) is 2k or 2k — 2 and that the index of x8_ is 2k — 1. Then, p = 1.

Proof. [Proof of Corollary 7] Using Lemma 3, we have:

Pico = 2k — 1, py(2s) = 2k or 2k — 2.
Thus, (o) and i are not equal and this forces p to be 1. O
Proof. [Proof of Lemma 19] z (or Z) has a nondegenerate ¢-piece and
has therefore a Poincaré-return map preserving area. In order to see this

claim clearly, we consider the case when ., has exactly one characteristic
and one noncharacteristic &-piece:

A hypersurface > is built at z¢ as follows:

> has the following property: let v be the map which assigns to yo €
V(zo) a neighborhood of zg in M, a point y3 near x3 as follows. From yo,
we follow a v-orbit till y; so that, pulling back £ from y; to yg, we get:

a(De—,(8)) = 1.

¢s is the one-parameter group of v. We then go from y; to ys along a
characteristic &-piece and then from ys to ys along a v-orbit so that ys is
to yo what yq is to y;.
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~ being defined , we pull back £ from yg to y; and from y3 to y». We
derive two vectors z1 and zs.
z1 splits into:

z1=(1+ A1)+ Bil€,v] + Crv
zo splits into
Z2 = (1 + Avl)f + El[f,v] + 51’1}.

Along the characteristic £-piece from y; to yo2, v is mapped onto fv and

[€,v] maps onto §[¢,v] + vv.
So that z; and GBE} 2o have, after {-transport from y; to yo, the same
1

[€, v]-component.

" is then defined to be {yo such that A, B16 = By A }.

If o € o, we then define a Poincaré-return map C' as follows: we follow
¢ backwards starting from o until we hit )", then proceed with ~ until y3
and from y3 to o following £. It is easy to verify that

C'a=a+df,
C*dal, = dals

from which our claim is derived.

It therefore makes sense to speak about hyperbolic or elliptic critical
point (at infinity). We are assuming here that z is hyperbolic. Then,
DCj, has two eigenvalues, A and 1, both real and different from 1 (and
—1, generically).

After multiplication by C, the tangent space has a natural complexifica-
tion and the quadratic form d?Ju (2o ) becomes a Hermitian form of index
2i00. Considering now the iterate x2  of order p of z., we introduce the

pt-roots of 1:

1,(4}1, cee,Wp—1-
The tangent space to zZ_ splits in a natural way into a direct summand:
@ij:lTi

2%, is parametrized over [0,p]. If z € T;, then 2|} ;11 = wiz|}j_15), with
j=1...,p.
It is easy to see that, for i # j,7; and T; are d*.J. (2%, )-orthogonal.
The equation of T; can be written using C, the initial variation in o, z(0)
and then various increments in £ and v (when compared to C') on the various
branches transported to o.

dCs,(2(0)) + X = w;2(0).
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Then, z(1) = w;2(0).
If z; and 25 € T;, then

21(0) - (22(0) 4+ 21(0) - a(21(0)) — 21 (1) - a(z1(1)) — 22(1) - a(22(1)) = 0

since w;w; = 1.

This computation extends to vectors in T'(u) where p € C, |u| = 1 defined
by the equation: dCjz,(z(0)) + X = uz(0).

d?Js is defined on T; and this definition extends to T'(11) as we will see
later.

We consider a path p(t) on the unit circle, from 1 to w;. T'(1) evolves
then from T,__, the tangent space to 7o, where d?Ju (Zoo) has index 2i,
to T;. If we can prove that the quadratic form does not degenerate, we
are done. Assume, arguing by contradiction, that the quadratic form d?J,,
degenerates at T'(ug), with a simple degeneracy. Perturbing a little bit C
(as in Proposition 15 of [Bahri-1 2003], for example) and using a genericity
argument, we can move p, continuously, filling a tiny open interval, where
a root of unity w, with w? = 1, can be found.

Thus, we may assume that po = w. Then, d?J., degnerates on T'(w) if
and only if d? Jo (z2,), on T,q_, degenerates with the direction of degeneracy
satisfying:

2| (41,5 = wal[j,j-1]

x4, is a closed curve, with Poincaré-return map C9-d? Jo (24, ) degenerates if
and only if C? degenerates and this is impossible because the eigenvalues of
C are real and different from 1 in absolute value. Thus, no such degeneracy
may occur and d?J. (7o )|7, has index 2i.. Lemma 3 follows.

The extension of d?J, to T'(u) is quite simple: there is a formula for
d*J - z - Z involving only the values of a tangent vector z at the edge
points z;(j = 0,1,2,3 in the example shown above). This formula extends
naturally on T'(p). When p = w, with w? = 1, we find (up to multiplication
by q) d®Js(24) - 2 - Z on the tangent space to zZ . O

‘We now have:

Lemma 20 Let xo, (or %) be of H}-index zero and have a non-degenerate
&-piece. Assume Too (or T) is elliptic. Then, all iterates of T (or T) of
order p > 2 can be discarded from our homology for k > 4.

Proof. 1If x or Z is elliptic, we can complete deformations of o near z o,
so that zZ_ degenerates and z7, does not for 1 < r < p. Then the index
of 2P, changes (zP, maintains since x., maintains) and zP_ is replaced



358 Recent Progress in Conformal Geometry

by a very close Yy, which is not an iterate but has as many & and +wv-
cos By —sin 6
sinfy cos by )
and CP degenerates after the introduction (as in Propostion 15 of [Bahri-1
2003]) of a perturbation of « into A which changes C' into R_g,,,C or into
Ror o, /pC. We would like 8 to remain a contact from so that we require
that 6, <7, where 7 is the v-rotation on this non-degenerate &-piece. In
the second case, we would like ¢y to remain zero, so that we require that

pieces as zZ_. Indeed, then C is conjugate to a rotation <

2 — Oy /p < m— 1.

Clearly, since 0 < fp < 27, one of 6., or 2;:30 is less than 2 so that this
yields p > 2.

If 2P hinders our deformation downwards, then assuming tht z. has
H}-index zero, we have:

{p”y(:coo) =2k or 2k — 2 *)

index (22)) =2k —1

This equation might be satisfied for more than one index of iteration p; but
since y(zs) is at least 2 (k > 2), if this occurs for more than one index
of iteration, then these indexes will be consecutive indexes p and p — 1.
Working as above, with R,go/%l or Rgﬂ,go/pfl, C? and CP~! degenerate
(p will be > 3 if k > 4) and 2, 285! do not have the Morse index 2k — 1
anymore. O

Lemma 21  Assume that xo (or Z) is a critical point (at infinity) having
a non degenerate &-piece with H}-index ).

If using the procedure of Proposition 15 of [Bahri-1 2003/, we can in-
crease i) to i)+ 1, then zo (or T), prior to any perturbation, has an index
at infinity icc > 1 and the index at infinity of its iterates 2% is at least p.

Proof. If i) can be increased to i + 1, then in, > 1 since the total in-
dex is unchanged. Thus, when the H}-index on the non-degenerate -piece
is i}, xs has a negative direction at infinity, which is derived after bifur-
cation from the ¥ associated to the non-degenerate {-piece as it becomes
degenerate at the transition between i} and ™.

Very near to this degeneracy position, when the H}-index on this branch
is i), we may view the new negative direction at infinity as obtained from v-
tranport from one edge to the next one of this &-piece, the [, v]-component
being compensated by v-transport of £ from the next &-piece back to the

&-piece which we are considering:
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This negative direction at infinity © has compact support in [0,1].
Lemma 5 follows. O

2.5.10 The Fredholm aspect

We know that our variational problem is not Fredholm [Bahri 1998], [Bahri-
1 2003]. This translates into the fact that the “oscillations” i.e. a sequence
of two consecutive v-jumps of opposite orientation can be large :

tiny & -piece

e
y
-V
—
/‘—A_%_

Indeed, as explained in [Bahri 1998], [Bahri-1 2003], some variations
which are not L°°-small can decrease J.
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We have described above how such oscillations can be enlarged in order
to decrease J; or, if this is not possible, they can be thinned down and
brought to be small oscillations to which our compactness arguments apply.

When they cannot be uniformly thinned down, we find ourselves with
two distinct methods in order to decrease J: when the oscillations are
small and x°° is a true critical point at infinity, we would like to use our
compactness argument and state that the degree/intersection number is
zero. When they are large and cannot be thinned down, we want to proceed
as in Section 2.5.8, enlarge them in order to decrease them. Both arguments
have to be combined in a single one. It is also important that the part of
the compact set K which we are deforming and which will move down, past
2>, be built only with the original *’s and companions of them or new well
defined *’s and their companions, defining 2k definite families. This allows
to repeat the argument at lower energy levels as we encounter x*°’s.

Under deformation, we can think of K as made of two pieces: a piece
where the oscillations are small and to which the first argument applies
and a second one where they are large and J-decreases by “opening” the
oscillations (see Section 2.5.8, above) and increasing the size of the ¢-pieces
which they jail. We have to glue them and the glueing should be such that,
in the parts of K which decrease past °°, 2k families and associated *’s
can be recognized.

Let us discuss what happens as an oscillation, thin and large builds up
om a characteristic piece of z°°.

If one of the legs of this oscillation is far from a node, we can increase
or decrease it freely, choosing whatever decreases J. This is an extension of
the normal (IT) flow, compatible with our wishes since no additional v-jump
is introduced through this procedure.
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If, anywhere along the characteristic piece, there is an interval along
which all large oscillations can be thinned down while decreasing (a region
where the Fredholm hypothesis is satisfied, this can be quantified geomet-
rically see [Bahri 1998], [Bahri-1 2003]), we can redistribute the rotation
along this &-piece and assume that all the nodes are in this region. Thus,
all large oscillations near the nodes can be brought down to be small.

Our compactness arguments proceed.

We consider now the case when every thin oscillation of the right size
(with the orientation of the oscillations which we have) can be enlarged
along a decreasing deformation of J in the vicinity of a given node.

Thus, if an oscillation is of the right size or more, we can enlarge it:

Lo

node
node

and decrease J.

enlarging iz taking

place at the right height

node



362 Recent Progress in Conformal Geometry

If the oscillation is small but sizable, we can build up on top of it an
(very thin) oscillation of the right size or more while decreasing J (we only
need a tiny amount which we would borrow from the legs of the oscillation)
and enlarge this thin oscillation at the first right height.

However, when the oscillation is quite small, it is the other precedure
which we should use, Normal (IT) or hole flow etc.

Observe that an oscillation involves two different families since the ori-
entation of the v-jumps of the legs are opposite. There is therefore a hole
flow defined between them. As long as such an oscillation is small (the +
v-jumps of the legs are of size < ¢y, see Propostion 32), we may assume
that it is “wide” (Proposition 32) i.e. containing a v-rotation > ¢; > 0
(this v-rotation can be assumed to be < 7 since a large thin oscillation is
building up). Thus, we may decrease J either using the hole flow or the
normal II-flow, hole flow on the interval of the oscillation, normal II-flow
on one of its legs. As the oscillation builds up, this becomes increasingly
impossible if the oscillation surrounds the node because it becomes thin at
the same time.

o g

Oscillation as is After the use of
the hole flow

As it thins and builds up:

b e

the usze of the hole

flow becomes harder
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Thus, as the oscillation is still “wide” and small and is building up, we
introduce, at the same point where we introduce the +v-jump correspond-
ing to the hole flow, a thin oscillation, which we build up.

e

as it were thin oscillation + hole flow

and progressively cancel the use of the hole flow. We find

All these oscillations in the vicinity, wherever the hole flow has been
used, can be brought back to one single wide oscillation or family of wide
oscillations, before, after or surrounding the node:
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or

Coming back and looking at our construction, we see that K (after
deformation) has been split into two parts P; and P». P; N P is made of
small oscillations and we may assume, because our first deformation (the
one used in the compactness part) is defined on it, that P; N Py is below
. Py NP5 is also derived only with the introduction of companions
in between oscillations. P» is also derived only with the introduction of
companies and can all be moved down, below the level of x°°. The degree
argument can then be applied to (Py, Py N Py). This allows to overcome the
Fredholm difficulty.

2.5.11 Transversality and the compactness argument

Another technical difficulty comes with the non-Fredholm behavior: the
lack of transversality. This implies that we cannot assume anymore that if
a critical point (at infinity) dominates another one (i.e. there is a flow-line
from the first to the second one), then the second one has a lower index.
We have shown in [Bahri-1 2003) how this difficulty can be overcome,
but we have to check here that the associated deformation downwards not
only does not increase the number of zeros but also leaves us with the
possibility of tracking down the original families in the case of a flow-line
from zox to 27, m > 2k (the case m < 2k—2 is simple). We want to bypass
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x50 only with the addition of companions, as in the case of the building up
of large, then oscillations.

Let us first find precisely where the difficulty lies.

Assume first that all oscillations are small and that all the £-pieces of
are non degenerate.

There is then a basic way to patametrize C;' = {z|t = a + bv,a >

oo

L,

0} indicated in [Bahri-1 2003]. Roughly speaking, this parametrization is

related to the H} @ TT9, orthogonal decomposition near 5% (x50 € T'ay).

H{} is the H}-space, see [Bahri-1 2003], related to the verticals of 2°°, TT a4
is the tangent space to I'ys near 3. This decomposition is orthogonal and
generates a tubular neighborhood of I'ys near xo° which is nearly all of Cg
near x;°. A part is missing which is related to the “normals” along the
verticals of x0°, namely a general curve of Cg near x> may be viewed as

Too+0+h+T

o is some sliding in I'og, A is some variation in Hol

\

e +a+h

7 yields small £-pieces along the verticals of 07:
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nortnals along the werticals

of xp +0

If 27° is a true critical point at infinity, the introduction of the normals
as above along the verticals of 7 only increases J. Therefore, cancelling
progressively these normals, we decrease J and we are brought back to
curves parametrized by H} + Das.

If 22° is a false critical point at infinity, we can decrease J by introducing
a small normal, i.e. by introducing a small £-piece along one of these
verticals. This corresponds to the creation of a companion, If 25° is a true
critical point at infinity, then, under the assumption that the oscillations are
small, the curves of W, (725 ) may be viewed in the H} +T'2¢ parametrization
i.e. after a deformation which tracks down the v-jumps (the “cancellation”
of the flat small ¢-pieces along the verticals), we find curves which look like:

—

The small lateral breaks are here to indicate the tiny residues of the flat
and small &-pieces which we might have had along the v-verticals.

We can forget about these small é-pieces and think in H} + I'as, our
curves being special though because they have additional small +-jumps be-
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tween the large v-verticals. The total dimension of the space where W, (z2y)
is represented is 4k while the dimension of W, (zax) is 2k.

Since we can perturb v near xg, without perturbing W (x$°) near x22,
tranversality should follow easily.

However, £2° has 2s jumps. Assuming for simplicity that W, (zax) is
still made with 2k + v-jumps in the region where we want transversality —
i.e. assuming that we have not introduced companions — we have:

2s < 4k.

The unstable manifold of zs; could intersect the stable manifold at
infinity of 222, W2°(22°) which is contained in T'gs because Iy, is contained
in F4k.

This happens if 2k — s + v-jumps are of size zero, so that we are left
with s £ v-jumps. Thus W, (zar) NTys is a stratified space of top dimension
s because the size of the +v-jumps on W, (z2x) can be taken, at a generic
point, to represent each dimension.

W (22r) N Ty intersects W° (o) if (a neccesary condition)

S > is + 1.

Besides the s basic v-jumps in W, (z2x) near 3°, we have 2k —s additional
+ov-jumps which are “small”, in between these basic +v-jumps. We are
assuming that the index of x5° is ig + 900 = m > 2k so that

i.e.
G0 > 2k —ing > 2k — 5+ 1. ()

Observe — and this is the crucial point — that these 2k — s + v-jumps
can be tracked down on W, (zox) i.e. their positions can be followed. (¥*)
states that, as we track them down, we are always missing one H}-negative
position of x5°.

Let us analyze how these H}-negative positions of z5° arise. For this,
given a &-piece of z2° we need to introduce starting from each edge the
solution of

i+ a’nT =0
n(edge) = 0,7 (edge) = 1.
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The above conditions define two functions 1 and @so:

@lh=0 @il)=0

which coincide only if the &-piece is characteristic.
The two graphs taken together indicate the zones along the &-pieces
where the introduction of a small +v-jump corresponds to a negative di-

rection for JZ (259)

@

I

L1l [
! i i

In area I, a small +v-jump does not provide a negative direction for
J!(259) since the Hi-index is totally achieved by the two oscillations of @2
to the right. The same claim holds true for area V and ¢;. Each time a
zero of 1 or o is crossed, there is a switch: the v-jump generates, after the
crossing, a negative direction if we were coming from a positive direction
or vice-versa. We thus see that, in regions II and IV, atwv-jump provides
us with a negative direction while the opposite is true in areas I, III and V.

If the &-piece is characteristic, ¢ and @9 are confounded. Regions I, 111,
V reduce to single points while II and IV span the entire region in between
nodes.

This repeats with more nodes.
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Coming back to the 2k — s + v-jumps whose positions can be tracked
down, we assert that, in every occurrence, there will be a -piece where
the number of +v-jumps among these 2k — s which live on this &-piece is
strictly less than the trict H{-index of this &-piece.

The positions of these +v-jumps can be tracked down. We can then -
it is a technical lemma — slide them so that each of them is in a “negative
area”, two of them not being in the same negative area (we know how to
separate +v-jumps when they are small while decreasing J).

There is then, in every occurence, one negative area where no +v-jump
lives. If this negative area is the first one after the left edge, we can intro-
duce in it a v-jump which has the orientation of this left edge.

This will decrease J and this decrease is completed through the intro-
duction of a companion (to the edge).

If this (there could be several of them) negative area is not the first one,
then we can deform our +v-jump progressively, with the introduction of
companions, and make it to be the first negative area.

Indeed, we can fill every empty negative area with a fv-jump having
the same orientation and the same weight than the next existing +v-jump
to the right of this empty negative area. As we create these twv-jumps
(which might be zero if the next — tracked — fwv-jump existing to the
right is zero), we can cancel its next companion to the right. Working step
by step, we free the first negative area and proceed as above, introducing a
+ov-jump in it with the orientation of the right edge. J decreases then and
transversality follows.

The definition of companions is slightly extended in this way to include
“twin” +wv-jumps because the +v-jumps which we are replacing may be
Zero.

The argument as described above assumes that W, (z25) is constantly
achieved through I'4x, which is of course wrong because companions and
twins can be introduced along the way. This builds families of +v-jumps.
Revisiting our argument above, we may reduce a whole family to a single
+v-jump in a negative area and proceed as above. This requires only the
addition of a few technical details allowing to slide the +v-jumps of a family
in negative areas and reduce them to a single one. Observe that along
these slidings, the +v-jumps can change orientation. However, families will
change orientation together as can be engineered easily.

The transversality argument in this simplified framework thus holds,
when z;° does not have characteristic pieces.

If 227 has some characteristic pieces, but the oscillations are still as-
sumed to be small, the above argument extends. Indeed, the curve sup-
porting x>0, £°°, supports in fact a cluster of critical points of various

indices z°° = Z5°,Z7°, ..., 2 etc. corresponding to the various “puzzles”

rm
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which we can build using the full (half)-unstable manifolds associated to
the characteristic pieces of £°°. T itself has an index equal to ig + Geo. If
io + 100 < 2k — 1, then some Z;’s have index 2k — 1 (see [Bahri-1 2003], the
index increases by 1 at most at each step) and the arguments developed for
compactness above work. The covering degree of these Z;’s by xoj is zero.

If ig + i0o > 2k, then Z°° has already an index too large for zo; and
we would like to establish that Wy (zgr) and Ws(Z°°) do not intersect.
Z*° does not use any full (half)-unstable manifold of any characteristic
piece included in it. Its index is made of i, the index of T in I’y
and ig, the strict H}-index. The arguments used for % when it did not
include any characteristic piece then apply, after being suitably adapted
(they require some modifications and extensions though which we do not
state here for the sake of conciseness).! The case of families which might
control several nodes or fill several negative areas at some point over the
configuration requires a different approach: the case of H}-index equal to
1 has been solved in 2.5.5.2d. There is nothing to prove for the index 0. In
the remaining cases, there is more “room” to move inside whenever there
is a hole.We have to use iii) of Proposition 30 and Proposition 31 and we
must verify that we can use them and engineer a decrease and we must be
able along this decrease to track the families as they evolve. To this aim,
we view Proposition 31 differently: instead of switching the orientation of
F5, see Propositions 30 and 31, when its left edge is very near the node
Tm—o and its right edge is in the middle of the next nodal zone, we use our
deformation differently and create a hole at x,,_.This can be done easily
through the same deformation which we used in the proof of Proposition 31,
only that instead of switching the orientation of F5, we stop it once a hole
has been created at x,,_2, before any orientation switch. Some members
of F5 are then canceled, others survive.

1n the framework of families which can be reduced to a single v-jump, the argument
goes as follows: a free node allows to build, given a family, a twin family through a
non-increasing deformation. In this way, a “twin” — switching is completed family by
family, freeing progressively the left extreme node with the use of an inside free node.
This process is hindered as a family exits the characteristic piece through the left edge.
This can happen if the family is “large” with the same orientation than the left edge.
When it is small, we may assume that it is well inside the characteristic piece, past the
first node — using the switching described above — As it gets larger, we can make it
travel — we are manipulating the original configurations — from inside the characteristic
piece through the left extreme node so that it can exit through the left edge. When it
is still inside the characteristic piece, after the first node — which is then free — we
create a companion to the left edge near the node (past it) so that J decreases. As the
family travels and approaches this node, we switch this companion and create it after
the family. Only details are now left aside. [J
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We then have either a hole at z,,_2 or a hole at z,,_3. We can build
our deformation using the Hole flow or using companions to the right edge.
The Hole flow is of local nature and we can check directly that, throughout
its use, we can track our families after a local reordering and redistribution:
we need only to compare an alternating sequence of families with our actual
sequence together with the normals of the Hole flow which we use. There is
then a natural redistribution of the families. The continuity of the transition
as a family involved in a repetition changes orientation can be built in
through a “splitting” of this family as it becomes small into two small +v-
jumps of small size and opposite orientation which travel back, on each
side of the family, to the other “basic” families which are not changing
sign. The two families of the edges define “boundary families”, with a
stable orientation.

The case of non degenerate &-pieces and families works essentially in
the same way: there is a Hole flow also on these pieces and there is also a
kind of Normal (IT) flow which corresponds to the cancelation of +v-jumps
which are in the negative areas, see the diagrams above. This Normal
(IT) flow does not go all the way to the reversal of sign. Using these two
features, we reduce the problem of transversality(already solved in 2.5.5.2d
if 4; =1, if ; = 0, there could be a single family missing)to configurations
where a family such as F5-in the degenerate case-occupies the two last nodal
positions, with an orientation opposite to the right edge while the family of
the right edge is advancing inside the &-piece. Fy then recedes; part of it, let
us say after use of the widening process that it is reduced to two +v-jumps,
its right £v-jump is in the middle of the “cancelation” zone between the
two nodal zones. Its left +v-jump is in the middle of a nodal zone. We are
exactly in the same configuration than in the degenerate case, a decreasing
Normal N~ can be introduced in the last nodal zone, but as the family
of the right edge advances, we need to “switch”, we need a Normal (IT)
flow. We have it partially since we can cancel the right +v-jump of F3, but
we need this cancelation to decrease J enough so that we can cancel over
the same process the left +v-jump of F» and decrease J. Then, we can
introduce in the hole created a +v-jump with an orientation opposite with
the orientation of the family, coherent with the assignment of the Hole flow
in this hole. Transversality would follow.

A relatively easy computation shows that this reduces to a manipulation
of the Green’s function of the operator 7j + 7 under Dirichlet boundary
conditions on the non degenerate piece. The Green’s function reads as the
solution 7 of

ﬁ+777-:_6w
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under Dirichlet boundary conditions on the appropriate time interval. This
is tantamount to manipulate the transport equation between the right edge
and the left edge of F» when the right is in the “cancelation” position and
the left edge is in the second last nodal zone (counting from the right), it
is totally equivalent to the construction of Appendix 2, which is carried
out in great detail, together with its application to degenerate &-pieces
(part of the application is carried out before hand in 2.5.5.2¢, 2.5.5.2d).
The extension to the present framework requires exactly the same result
than Appendix 2, with some modifications from the point of view of the
application, computations of the second derivative on +wv-jumps located
at various times on the £-piece have to be carried; one finds out that this
quadratic form is controlled by the Green’s functions taken at couple of
points among these times. Using the results of Appendix 2, one can check
on this quadratic form that the Green’s function can be manipulated so
that the deformation associated to the Normal (IT) flow is J-decreasing.
The details are left to the reader

The above arguments all assume that all oscillations are small. However,
some oscillations can be large and, as explained in [Bahri 1998], [Bahri-1
2003], they might yield decreasing deformation after widening.

We now have two deformations: one, due to transversality, applies when
the oscillations are small and moves the curves downwards, past zo°. The
other one, due to the non Fredholm character, applies when the oscillations
are large and thin and J decreases after “opening and widening” them. We
need to glue them together.

The following basic phenomenon shows that this is possible: let us con-
sider some point on z*° where a thin, large oscillation can be built, then
widened so as to decrease J. Once this construction can be carried out
for £°°, it can be carried for all nearby curves, the situation being similar
(the opening of these oscillations and then widening obey precise equations
related to the geometry of o on the v-orbits through the points of z°° see
[Bahri-1 2003], hence extends naturally nearby).

Thus, such a thin large oscillation can be built on all the flow-lines out
of the curves of W, (zg) which are in the vicinity of Z°° and which are
represented with small oscillations. Once, it is built, it can be opened and
widened and this decreases J all along the curves of such flow-lines. We
thus have the following diagram:
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T T 4 thin osciltation
Initial flow-line due to
transwversality — E

addition of extrernely Y
thin oscillation

flow-line  due to  the
opening of  the  thin
oscillation

_/

opening up of oscillation

This diagram shows that the two deformations can be patched. We can
also reverse it, take a curve near z°° of W, (z2y) bearing an extremly thin,
large oscillation which we could use to decrease J. We can supress this
oscillation from z, patching then z into Z. This might increase J but only
by a tiny amount related to how thin the oscillation is. Such Z’s bear still
the +v-jumps at the locations of those of z. they form a 2k-dimensional
manifold to which we can apply the transversality arguments described
above. This argument involves sliding of small £v-jumps, introduction of
companions etc. which might seem difficult in this new framework since we
have to reintroduce in the end a thin oscillation and patch with the other
deformation on thin, large oscillations. However, we may assume that all
the negative areas are very close, after redistributing, using the techniques
of [Bahri-1 2003], Propositions 27 and 28, Lemma 11, the rotation of v
along the &-piece so that, in all these negative areas and in between, all
thin and large oscillations can be opened and widened while decreasing .J.

The deformation on the z’s and the widening of the oscillations then
patch just as when we were studying the non-Fredholm behavior, in the
previous section. O

Addendum 1

Our statement about the unstable manifold W, (Z),Z a periodic orbit
of &, includes decreasing deformation i.e. our statement is variational -
with control on the maximal number of zeros of b as in [Bahri-1 2003]; this
number decreases from W, (g) or W, (5°°) to Wy, (Z) or W, (Z>°) if § or §>°
dominates & or z*°.

Indeed, such a variational theory exists if we use near Z the diffusion
flow having 7 = b (see [Bahri-1 2003]). The upperlevel sets J.,.(c = J(Z))
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deform then on D™ (Z) U J._. where D~ (Z) is a small unstable disk in E~.
E~ is the negative eigenspace of the linearized operator —(ij + a?nT).

We have defined functions n(cy, —, cax) for Wy, (Z) (when the Morse index
of Z is 2k; there is a similar formula for 2k + 1) such that J () is negative
along these directions. Such functions 1(cy, —, co) split on E~ & E™ into
n~(c1,—,cor) and nt(c1, —, car). Tt is easy to see that n~(c1, —, cag) is non
zero. We can define, using the diffusion flow (n = b) a decreasing flow-line
from n(c1, —, cor) to 7 (c1,—,cor) € E~. 77 (c1,—,c2x) is non zero: the
proof of this fact is equivalent to the statement that n~(c1, —, cox) is non
zero. The map from D~ (Z) to a neighborhood of Z in W, (Z) is one to one
and onto. The number of zeros of b on such flow lines is at most 2k.

We thus can define “cylinders” running from disks in our unstable man-
ifold to disks in £~ and the maximal numbers of zeros of b along these
“cylinders” (after removal of Z) is 2k.

There is on the other hand a natural “dilation” on our unstable manifold
and J decreases along this dilation. Combining this “dilation” and the flow-
lines defined above, we can create reverse cylinders, starting from disks in
E~ and ending in (non-standard) disks around Z in W, (Z). This family of
flow-lines when combined with this dilation allows to define a decreasing
deformation of D~ (Z)U.J,_. on D(Z)UJ._., where D(Z) is a “disk” in our
unstable manifold. Because we use flow-lines along which b has at most
2k zeros and because the “dilation” is only a progressive transversal shift
in the flow-lines, the maximal numbers of zero of b does not go beyond
2k (including multiplicity). This extends to a small C*°-neighborhood of
these flow-lines. The fibrations of W, (7) or W, (5*°) (above W, (Z)) can
be assumed to be defined using the C*°-topology (or C™ for m very large)
since we basically use the diffusion flow (+ dilation).

The claim follows.

The deformation result of “Compactness” is variational. It goes beyond
properties of flow-lines connecting periodic orbits. O

Addendum 2

Considering the first * before the first node on a characteristic piece,
we claim that there is a small constant ¢ > 0 such that if the associated
+v-jump does not have the orientation of the left edge (there is a similar
statement for the right edge) or is of size less than ¢, then we may move
this * to the middle of the first nodal zone while decreasing J. Thereafter,
we can use the normal II-flow on it. No use of the hole flow is needed on
such configurations.

The size of the associated +wv-jump might change then. But this de-
formation can be extended to a global decreasing deformation where the
orientation of the £v-jump associated to this % does not change at least if
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it was initially of size ¢ or more. In addition, the £v-jumps among these

which have the orientation of the left edge and which are of size > 2¢ are
left untouched and those of size between % and 2c¢ might be translated and
changed but they remain of size 7 to the least.

Finally, picking ¢; small, positive but very large with respect to ¢ (the
choice of ¢ follows the choice of ¢;), all £v-jumps associated to this * or
not, of size > ¢; having the orientation of the left edge are only very little
perturbed through this process if the +v-jumps associated to this * have
the orientation of the left edge (or are tiny, less than 2c¢ in size with the
reverse orientation).

This last piece of our claims allows us to stabilize through this process -
the aim of which is to push “in the middle” such a * which has an orientation
opposite to the left edge or has the same orientation, but is small - the
various possible representatives of the left edge for the hole flow.

Indeed, in order to engineer a decrease, if the left edge is positively
oriented for example, it suffices to decrease an existing positive v-jump or
to increase in size a negative v-jump, see below for the proof of this fact in
general.

As we engineer this decrease, we may translate the position of *, the
position of this +v-jump. If this v-jump is zero, we may translate it with-
out changing its size. Similarly, we can move a tiny v-jump inside the
characteristic piece, inside the first nodal zone while decreasing its size and
decreasing the functional. We proceed as follows to achieve this goal: if
this tiny v-jump is the first one after the left edge, it is straightforward to
move it away from this edge while decreasing the functional. If it is not the
first one, we can “widen”, as in Proposition 30, the oscillations where it is
involved, being careful though to move this v-jump always more inside the
characteristic piece. This procedure contrasts in some ways with the one of
Proposition 30 because we do not complete the widening of the oscillation
necessarily on this side of this oscillation where the +v-jump is smallest.
Since we are basically - we will see that we cannot always do that - widening
always on the side of our v-jump, we might cancel in this process +v-jumps
which are intermediate between this v-jump and the left edge. The process
can be continued though with the next fv-jump in the direction of the
left edge and it can be made into a continuous process if, when a +v-jump
becomes tiny, we move progressively the position of the left vertical of the
oscillation towards the next +v-jump in the direction of the left edge. This
last move might affect the orientation of the +v-jump associated to our *.
However, we observe that initially we were deforming a compact subset K
of Wy (zm) in J71(coo +€), > 0 a fixed number, co, = J(2). The +o-
jumps of K are separated by a &-distance §(¢) > 0 to the least. Thus, as we
widen the oscillations, the +v-jumps associated to our x of size (absolute
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size) ¢ or more will remain of an absolute size lowerbounded by d;(¢) > 0.

As we move the left side of the oscillation (whose right side is our *) to
make our process continuous, this left side is tiny as we please. We may
impose that it is less than &;(g)?. Then, the orientation of our fv-jumps
(those associated to this *, also the other v-jumps of size > d;1(g)) is not
affected; they remain of size d1(¢)/2 to the least.

In the end, the £v-jump which we are pushing inside will have to go to
the transition zone and beyond; this process cannot stop since the left edge
is “large”. We can then adjust this process to the size of this +v-jump before
deformation. As the size of this v-jump increases (once it is positive), we
move it less and less inside the first nodal zone. We can scale the changes
so that once these v-jumps are positive of size more than 2¢, they are
untouched and if they are of size % or more, they are of size § to the least
in the end. All other v-jumps, positively oriented, of size c¢; very large with
respect to ¢ will remain - it is easy to see - of size > ¢; — Cc = ¢1(1 + 0(1))
through this process provided the +v-jumps associated to the % are either
positively oriented or are of negative size ¢ to the most, i.e. representatives

of the left edge are stabilized in this process if a hole flow needs to be used.

Let us prove now, a fact that we already know if there is only one +wv-
jump after the left edge which we decrease (algebraically) in size, that if we
decrease (algebraically) a £v-jump on an almost characteristic -piece (the
+v-jump being in the first nodal zone, “away” from the node) J decreases.

The addition at the +wv-jump is pov, po < 0, which we transport back
to the left edge following the history of the curve. We are going to show
that the transported vector z at the left edge reads:

z=0(10)§ — no(1 + o(1))[§, v] + (ko + o(10))v

where 179 = —poAt, At being the ¢-length between the left edge and the
+v-jump which we are considering. It is then easy, using z, to construct
a decreasing normal N~ as in 4.2. Let us prove the above formula; the
transport equations read

f+ant —bnpe =0
N =pa — Ab t €10, to]
A+pm = bn
0 is the time of our +v-jump; to is the (negative) time of the left edge. b is

equal to a sum of Dirac masses > o, ¢;6, with Y |¢;| = o(1),to = —At.
Integrating we find:

t s t s
77+/ b(/ bn*ﬂn):*uoat*a/ / (anT — bnpie).
0 0 0 0
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A simple argument shows then that

n = —poat(l+ o(1))

Addendum 3

Curves nearby #°° can be split between nearly v-verticals (see [Bahri-1
2003] for the definition of v-verticals) and nearly &-pieces. The nearly v-
verticals can be modelized ([Bahri 1988], [Bahri 1998], [Bahri-1 2003]) by
large pieces of + v-orbits alternated with small &-pieces.

Because ™ is assumed not to be false (see [Bahri-1 2003]; false critical
points at infinity can be bypassed through the introduction of companions,
see 2.5.1 above for the definition of companion), the small &-pieces can be
absorbed through a J-decreasing deformation into the nearly &-pieces.

Thus, any deformation class can be represented near £°° by curves made
of large + wv-verticals joined by nearly &-pieces. The analysis of [Bahri-1
2003, pp. 113-141] tells us then that any chain of (J._ +¢,J. —¢) in
V(§IOIO) — V(§F°) is a neighborhood of 77 in CZ{ = {x;2 = af + bv,a >
0}, coo = J(2°°) - can be represented as a product of the unstable manifold
infinity of °° (of dimension i, ) with the Ha-unstable manifold of the non
degenerate &-pieces of 2°° and with the Hi-unstable manifold (strict or full;
the full one is half of the usual unstable manifold because it corresponds to
a degenerate critical point) of the characteristic pieces (each piece in this
product is taken a number of times). In our situation - i.e. in 2.5.4.5; the
statement has to be adapted for 6.- the maximal number of zeros of b on
W (259 _1) is 2k and m — 1 = 2k — 1. The number of characteristic ¢-pieces
needed to define the cycle(s) of #2°_; is then imposed; this is the number
of characteristic &-pieces whose full unstable H}-manifolds are used in the
definition of the cycles of 5%, see [Bahri-1 2003, p. 126].

Furthermore this is a consequence of the above representation, denoting
Cg’% = {x,& = af + bv,a > 0,b has at most 2k zeros }, the group

W = Hat(Jorpe NCFFAVER ) T NCH I NVET L), Z)

is a free group. Let @1, —, ¢, be a basis of this group. W, (x2r) generates
near z3°_; an element ¢ of W which therefore reads

P = Znigai,m € 7.

m—1»

Since Wy, (x,) N V(832 ) can be moved in C;’% below z2°_,, each n; is
Zero. O
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Appendix 1

We now take care of the ¢-pieces of zero Hi-index.Those which are non
degenerate do not interfere with our argument, therefore we will not discuss
them. For the degenerate ones, the key point relies again into the fact that
we are able to track the x’s of the families as they travel.

Our cycles are all taken modulo J.___., we are going to prove that we
can rewrite any given cycle into a sum of cycles such that for any given cycle
taken from this sum, the number of *'s associated to a given degenerate
&-piece of Hi-index 0 is constant equal either to 0 or to 2 all over the
cycle. In the former case, the full (half) unstable manifold of the associated
&-piece is not part of the definition of the cycle while in the latter case, it is
part of this definition, ¢ (see Section 2.5.6) is increased by 1, but n also in
the argument of Section 2.5.6 can be increased by 1 since we do have two
*'s associated to this &-piece which thus behaves as if it were of non zero
H}-index.

Assume that for a given configuration in our cycle, three x's are living
on a given degenerate £-piece of index zero, two for each edge and one in
between. Let us track these three *’s as the configuration changes in our cy-
cle. We obviously can follow them as their respective locations change over
the basic curve T which is close to the critical point at infinity z~.. As they
travel outside of the characteristic piece of index zero and go inside its edges,
their orientations might change but we can still relate two of them to this
characteristic piece in our global count and the counting argument of Sec-
tion 2.5.6 can proceed at least as far as this characteristic piece is involved.
As a x travels away, it can enter non-characteristic pieces, engineering then
a reordering of the +v-jumps generating their H}-unstable manifolds, a x,
maybe modified, can be still tracked and attributed to our initial charac-
teristic &-piece of index zero, so there is no meaningful modification in this
case. If we use the results of [Bahri-2 2003], modify the rotation of v on
non-degenerate £-pieces until either a ¢-piece becomes characteristic, or it
becomes of H}-index zero, so that ig of Section 2.5.6 becomes zero, then we
can even assume that this * , after decreasing deformation, has the same
orientation all over these transitions.

The count could change only as such a * enters another characteristic
piece. If it is a single v-jump as it enters, then the Normal(II)-flow can
be applied upon it and a related splitting of the cycle occurs. If it enters
as a family, a problem might arise if it is a family of an edge, typically of
the right edge. We have discussed configurations such as these in 2.5.5.2b,
2.5.5.2¢, 2.5.5.2d, in Propositions 30 and 31 although these configurations
were more specific in 2.5.5.2. Forgetting about the use of the hole flow in
the last nodal zone which we introduced in 2.5.5.2 (in our present configu-
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ration, flows are provided by Normal(IT)-flows or the use of an appropriate
alternating sequence), we can, once the family of our * has penetrated a
little bit inside the last nodal zone and there is a hole in the vicinity of
Tm—1, engineer a decrease through the introduction of a companion to the
right edge, also repeating the construction of 2.5.5.2c, 2.5.5.2d and using
if needed (for a transition with the use of the alternating sequence) the
Normal (IT)-flow on the family preceding the family of our incoming *, or
if this family (with an orientation opposite to the orientation of the right
edge) starts overextending, use the previous node x;,,—3. At this x,,_s,
the use of the Hole flow of the left edge (which we assume to provide an
orientation opposite to the one of the right edge just before the incoming *)
and the introduction of a companion of this family are compatible because
the companion to this family near z,,_3 comes after the tv-jump due to
the Hole flow, nearest to the family itself. We thus can use the Normal
due to this Hole flow(recall that Hole flows can be inserted in alternating
sequences)in combination with the Normal (II)-flow and thereafter, once
we are not using the Normal (IT)-flow anymore, introduce the companion
to the family, cancel the use of the Normal associated to the Hole flow
and keep the use of this companion as the family overextends, past x,,_3.
In all, our cycle splits into two pieces at such a transition and there is a
natural way to extend the flow on each piece of the cycle because of this
compatibility at x,,_s.

We are thus left with maximal sequences of characteristic pieces of H{-
index zero. We count the number of *’s associated to them, which are all
the *’s between the * associated to the right edge of the first characteristic
piece preceding the sequence (included) and the x associated to the left
edge of the first characteristic piece following the sequence (not included).
If there are repetitions in these edges, we include the *’s involved in these
repetitions in the count except for the last * for the left edge of the first
characteristic piece following the sequence . Again, we can split the cycle in
sub-cycles along which this number does not change for each given sequence.
It can be even equal to 2s or odd equal to 2s + 1. In both cases, the
sequence contributes at most s to the number ¢ of Section 2.5.6, but the
sequence contributes also at least 2s to the number of *'s. The argument of
Section 2.5.6 can therefore proceed for each of these sub-cycles. Would the
number of characteristic pieces of index zero which contribute to a given
cycle through their full(half)-unstable manifold change over the span of the
cycle (very close to the top level ¢ )without a corresponding change for
the number of *’s , we could not derive the same conclusion. Observe that
near this top level we can assume after Section 2.5.6 that all characteristic
pieces of non zero Hj are “filled” up, but maybe for one of them which
bears a single simple hole, together with a repetition in its left edge.
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We can conclude now along the lines of the arguments used in Sec-
tion 2.5.6. Either ¢, see Section 2.5.6, tends to infinity with k; we use
Hypothesis (A) , argue as in Section 2.5.6 (with variants) and conclude.
Or / is bounded , then n, the number of characteristic pieces of non zero
H}-index> 1, is bounded (using the arguments of Section 2.5.6). If the
H}-index of anyone of these pieces tends infinity or if the number or the
H}-index of the non degenerate £-pieces tends to infinity, we can argue again
as in section 6. Otherwise, the total H}-index is bounded ,¢ is bounded
and so is 4;. Then k is also bounded since ig 4+ +20=2k O
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Appendix 2

Let us consider a piece of § orbit of length 7. We modify £ into §~ , @
into & = (1 4 o(1))« near the piece of £-orbit as follows.
ais xdy +dz, € = %. We replace o by
24 g2
€1

(1 —|—2Vw(x Jwa(2)Cray) ta

The piece of v-orbit is provided by z = 0,y = 0, z belongs to [0,7], v
small. € is a small parameter, w}(¢)t and w/(t)t? are small; wy is 1 near
zero and is zero for ¢t > M,wy = w1 (t). we is 1 on a small z-interval inside
the &-piece, close to its starting point and is zero outside an interval twice
as large. The first and second derivatives of ws are bounded in function
of the size of these intervals. This size is large when compared to €;. v is
an appropriate constant, the value of which is provided below. We use the
formulae for §~ available in [Bahri-1 2003, p. 83] and we find that

0 0
& =¢ = 2uunwaCrz— + 2vwwaCry— + o(|z| + |y|)
Ox Jy
o(|z| + |y|) is small in the C*-sense if €; is chosen small enough once w;
and wsy are chosen. ~
Differentiating, we find for the £-transport matrix:

bx = —2wwiwsC16z + o(|6z| + |0y|)

0y = 2vw1weC1 8y + o(|ox| + |dy|)

with w; = 1 on the piece of§~ or &-orbit.
We thus see that the transport matrix of £ has been modified into the
transport matrix of £ which is:
-(03)
0z

C can be chosen as we please after an appropriate choice of C7 and v
in function of wy and C.

With this new é , 3 = da(v,.) is not necessarily a contact form anymore.
It is easy however to modify v into hv so that § = da(v,.) is a contact
form with the same orientation than «. Indeed, the transport map of §~ is
essentially a contraction or dilation along 6% and a dilation or contraction
along 8%.

We first, before any modification of « into &, unwind v along the piece
of &-orbit where we introduce the modification, redistributing the rotation
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of v so that v builds with & on the piece of &-orbit a foliation. We take v
to be . The transport map of§ maps —m onto ”ya , v positive. We thus
can relntroduce some missing rotation and turn 3 into ﬁ a contact form.

In the case when C' > 1, i.e the modification has introduced a dilation
along 6% ="7¢" (thisis v at the beginning of the {-piece), we can take 0 = v
i.e keep v unchanged. Indeed, we compute:

da(v, [€,v]) = da(v, [2 — 21/w1w201:1768 + 2vw waCry— 0 v]) +o(1)

0z oy’

v reads as

0 0 0
U*%*Zb( )(a—y*t’ﬂ&)

if we set z = 0 at the beginning of the &-piece where v equals a%. b(z,y) is
a positive smooth function of y and z. The above formula is obtained using
the equation da(wv, [€, ]) = —1; the Darboux coordinates are built so that
v = 6% on a section to - at the starting point of the £-piece. We find:

: 9 0. 0 o 9
[€7U] = 0(1) + [& — 2vwiwo Cy (!T%), % — zb(x’y)(a_y _ w&)]
0 0 B
=o(1) - b(w,y)a—y + 2vwiwe Cp X (8_50 + b(%y)a_y)
and
doz(a—:C - b(x,y)za—y, —b(:c,y)a—y + 2uw1w201(£ + b(x’y)za_y))

—b(z,y) + 2vwiwezCy (1 + D).

Since C} is negative when C' > 1, 3 = da(v,.) is indeed a contact form
as claimed.

Modifications of the above type, the first one with % and the second
one with C, are introduced on the first nodal zone, in the vicinity of the
left edge, and on the second last nodal zone (z,—2,Zm—1), in the vicinity
of x,,_2., see Sections 2.5.4 and 2.5.5 for the related uses and notations. v
is mapped onto v from x,,_ to the left edge. We can use a first couple of
modifications of this type and modify  into 1. It is easy to see that we do
not create new critical points at infinity over this process. Thus we assume
in what follows that § = 1. Then, 8% can be viewed as a &-transported
vector from the left edge until x,,_o that coincides with v at the left edge
and at x,,_o2. The z,y, z-Darboux coordinates extend also from the left
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edge until z,,_1. The two modifications are thus written in the same set
of coordinates. For x? + 32 small with respect to €, using the formulae of
[Bahri-1 2003, p. 83], we find that # for §~ is equal to 1 and that the maps
of §~ on each interval are linear given by matrices such as A, see above. The
error in this approximation is precisely O(|z|> + |y|®). It is simple then to
arrange the values of the constants such as C7,rv and the functions such
as we on each interval modification so that the total é — &-transport map
from the middle of the nodal zone (x,,—2,Zm—1) , or points close to this
middle point on curves close to the critical point at infinity, to the left edge
of these curves is the identity map in the (z,y)-coordinates, i.e is simply
z-translation, of the same amount than the &-translation on the original
curve, up to an error of size O(|z|*> + |y|?). This holds of course under the
assumption that there are no fv-jump on the way.

Assuming now that there are +v-jumps on the way, but that they are
all located in the vicinity of nodes and of total size ¥¢;, assuming also
for simplicity that we have completed a family of previous modifications
so that all the related coefficients 6; from all nodes to the left of x,_a,
Tm_o included, are equal to 1, these +v-jumps are then translations in
the z-direction of ¢; at the nodes which we can define on each &-piece
corresponding to the characteristic piece, up to o(c;). We are assuming that
there are no +v-jumps in the areas where the modifications are completed.
The matrices of type A “commute” with such translations, i.e the total
transport map is then the &-transport map composed with a translation
along v at the left edge of size CX6;, up to o(X|6;]).

We can also, instead of replacing the &-piece of curve, with the v-jumps
inserted in it, by a —¢&-piece of curve, with all +v-jumps gathered at the
left edge (up to o(oc;)), insert back +v-jumps at the similar locations on
the piece of € — &-curve. A +v-jump of size ¢ should then be replaced by a
Fov-jump of size % We can also complete the process in the reverse way,
starting with a §~— &-piece of curve.

In all, a curve z, close to x is replaced by a curve x.  might not be
closed, up to o(3¢;), but we can close it, using the left edge for example
where we have the freedom of using variations along v, variations along &
and also variations along the transport of £ from the bottom to the top of
the left edge.

There are two functionals involved, J and J, corresponding respectively
to a and £ on one hand and & and §~ on the other hand. As we change from
T to Z , our estimates above indicate that:

J(x) = J(@) + o(Ze;)

The ¢} s involved are the sizes of the £v-jumps to the left of the middle
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of the nodal zone (2,2, %m—1), they are all supposed to be close to the
location of the “nodal” points in our estimate above. O

2.6 Transmutations

In this section we study in more details transmutations of critical points at
infinity and the related changes of the indexes at infinity.

Transmutations of a critical point at infinity £*° have been introduced
in [Bahri-1 2003] following two distinct procedures. They correspond to
the following basic fact: given a critical point at infinity x°°, of index
10 + 900 = m (ip is the H&—index, ico is the index at infinity), the maximal
number of zeros of b on the unstable manifold of > is 39 + v see [Bahri-1
2003]. ig 4+ v and iy + io are different. Therefore, one can hope to change
10 + 7y through a modification of a into Ao near Y while 49 + i~ remains
unchanged i.e. x3° remains isolated in its species.

This has been carried out in [Bahri-1 2003] either by introducing a suit-
able “Hamiltonian” A in the neighborhood of a non-degenerate &-piece of
xyo or by redistributing the v-rotation along the non-degenerate £-pieces
without changing the Poincaré-return map of z2°, C. The phenomenon is
subtle because as explained in [Bahri-1 2003], as this transmutation occurs,
x5 remains isolated in its species but an additional critical point at infinity
y*° (in fact a couple or more) is created which has an additional charac-
teristic &-piece with respect to x$° (corresponding to the non degenerate
&-piece where the transmutation is occuring).

We will be particularly interested in this section to x53’s i.e. critical
points at infinity of index 2k having an index i, = k as these are, see [Bahri-
1 2003], the critical points at infinity which interfere with the homology
defined in [Bahri-1 2003].

Assuming hypothesis (A), either x5° has no characteristic piece. If the
number of its {-pieces is large, we can redistribute the v-rotation on one
of them. We change is to something different as we will see. When
m = 2k,x3; does not interfere with our homology anymore. We have
created through this process other critical points at infinity y°°’s, but they
all have at least one characteristic £-piece and we may apply to them our
compactness results (after full generalization, we are providing here our
program of work).

If 272 has a characteristic piece, then the compactness results can be
directly applied to it.

Our compactness results, as they stand, require that one of the charac-
teristic pieces of xoY or ¥ be of strict index different from 1. We believe
that they hold in fact in full generality ([Bahri-2 2003]).
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Our focus in this section is to understand in details the changes of
indexes as a transmutation takes place. We will assume, for the sake of the
precision in the details, that m = 2k, i, = k; however the results which we
establish hold in full generality, for all generic transmutations.

We consider such a transmutation which necessarily involves the collapse
(see [Bahri-1 2003]) of 255 with y>° another critical point at infinity having
the same number of { and +v-pieces than z5j,.

We start with:

Proposition 34  As x5y and y™ collapse, we may assume that da.(v) # 0
on the &-piece where the change of H}-index takes place. d(€), the differ-
ential along & of the collinearity coefficient 6 of dp,.(v) on v, can also be
perturbed as we please at the time of the collapse at xy , while 6(zy ) = 0 is
kept unchanged.

Observation 6. As we pile up rotation on a &-piece, bringing it from other
free €-pieces see [Bahri-1 2003] pp 96-102, the full Poincaré-return map does
not change. Let @ be the length of the -piece. d¢;(v) and —v are closer and
closer in direction as we pile up rotation (keeping it less than 7). Recalling
now the other way of transmuting 255, i.e. of changing the H{-index of this
&-piece from 0 to 1, we may complete this transmutation once the rotation
is almost 7 through a change of the Hamiltonian see [Bahri-1 2003] pp. 81-
102. Since C has not changed in the first step, since d¢z(v) and —v are then
very close, we may assume by genericity that the forbidden direction(s), see
[Bahri-1 2003] pp 85-90, do not lie between d¢; (v) and —v. Thus, we may
assume that, at the time of the collapse, « is unchanged outside of a small
neighborhood of the &-piece which changes Hi-index. We assume in the
sequel that the transmutation takes place in this way.

Corollary 8 Fither ioo > k + 1 or the direction ¥, on the characteristic
piece of y> corresponding to the &-piece of x35, which changes H}-index is
in the negative eigenspace of J(;,o(yoo) after the collapse while the index of
Jo(yso) on the J__ (yso)-orthogonal of Ty, does not change.

Observation 7. As the collapse, J(;,O (Yoo ) - Uk - U, = 0 as we will see. Thus,
Uy, is orthogonal to itself. However, we will prove that v has a codimension
one orthogonal (for J.(ys)) which can be followed continuously through
the collapse.

Proof. [Proof Corollary 8 and of Proposition 34] As we add rotation, the
index of y*° will change from i, — 1 to i through the collapse, at least
if y*° remains isolated in its type. This will follow from the behavior of
J (yoo) transversally to 0.

If we are able to define continuously an orthogonal G to v, through the
collapse, transversally to @, and if J~ (Yoo )| does not degenerate, then
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Yoo Will be isolated in its species. Indeed, since da.(v) # 0, ¥} which is the
only direction of degeneracy, is transverse to the characteristic manifold
and Yoo + €U; has not the corresponding &-piece as characteristic.

We therefore have now to understand the behavior of the tangent space
at Yoo and of J" (yoo) on this tangent space.

We draw the degenerate &-piece of y°° which is collapsing with the free
piece of x3%.

We define, aside of vy, three additional tangent vectors having support
on this &-piece
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Xy characteristic prece

upper side of u]

characteristic prece

N

characteristic piece

Lower side of 1y

We continue building up tangent vectors using each &-piece and its
neighboring &-pieces. If it is characteristic, it has a vector such as uz, uy,
and a v. If it is free, the upperside of a vector such as u: and the lower
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side of a vector such as u; can be removed and we derive two vectors
uwt,u~. This builds a base of Tye(I'2s)(yoo € I'2s). Clearly, 0y interacts
with wy, u:, u . The other vectors do not have support on the character-
istic piece of Y. Orthogonality for J(;/o(yoo) follows. Let us draw curves of

T2 nearby yoo:

upper & -piece

lower & -piece

61 and 65 L are the v-transport maps corresponding to the edge v-jumps
of the curve. We write:

d91(§) = (1 + A1)§ + Bl [f, U] + u1v
dpa(v) = —0v + c(z7)(a — ac(z™)[¢, 0]

with ¢(z™) bounded away from zero.
by (€) = (1 + A2)E + Bal€, 0] + pov dba, (v(zg)) = —Ov(ag).

Accordingly, f)k,wk,u;:,u,; find natural extensions to nearby curves. In
order to extend ¥y, we take v at ", transport it via £ into —0v+c(z7)(a —

ac(x7))[&,v] at 27 and we compensate the component on [£,v] of dyp,(v)
by d92_1 (%;c(f))g) We thus have at a nearby curve z(¥y is also
the notation for the extension of 0y):

Tio(a) - o = Zefa)(a - ac(e”)).

Observation 8. At the collapse, A2 = A; = 0 on y*> because 3% which
is then confounded with y* has this £-piece free.
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On y*°, a = a.. Therefore, any tangent vector ¢ € Ty, _I'ss

Talm) i ip = el )0 — 0a.)(¢)

and the formula holds through the collapse.
We thus may define the J_ (yo0) - orthogonal of @, to be:

G =ker(da — da.).

Observe that
(6a — dac) () = —dac(v) # 0.

It is therefore easy to project wk,ug,u; orthogonally on G; we use the
formula:

(Oa(p) — dac(p))v
vt dac(v) -

We denote these vectors wy, ﬂz, Uy, . they are independent and we add to
them vy, we find the same span for this family of vectors.

"

Jo(Yso) takes then the simple form through the collapse:

¢k, is equal to —g—zc(xa)dac(v).

Since vy, is orthogonal to itself at the collapse, we might as well compute
B using wg, ug, u,, and the other vectors having no support on the §-piece
where the tranmutation takes place.

B reads:

" " _

Joo(Yoo) Wk - wie T (Yoo) - Wi+ T (Yoo) - Wi -
J(;,O(yoo) S Wy ug I (Yoo) - u}l‘ u}l‘ J(;,O Yoo) ug ~u, C
C B

We may compute B at the collapse, when y,, = 235,. Outside of the &-
piece where the transmutation takes place, o, and x5 and their partial
Poincaré-return maps (those not involving this ¢-piece) coincide.
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The second step of the transmutation can be assumed to take place away
from the edges of the {-piece of x55,. Thus, if we think of all the tangent

vectors, outside of wy, as defined for z37 at the collapse and also slightly

before and after the collapse, we derive that By, C' and also J(;,O (z39) uf uki

and J._ (253) - u - u,, are constant through the collapse. At the collapse,
they identify with the corresponding part of J(;/o(yoo). We are going to
compute J.. (yso) - Wk - ¢ and show that we can stabilize J.._ (Yoo) - Wk - Wi
and J(;,O(yoo) Wk uf near the collapse. The entire matrix B will therefore
change very little through the collapse. Because we can perturb a little bit
6 at the collapse, we will see that we may assume that det B # 0 at the
collapse and nearby, which is our claim.

We compute now J._ (Yoo ) - Wi - ¢

We need to know the value of dg,_([€,v])(x™). We have:

dpa(v) = —0v + c(z™)(a — ac(z7))[E, ]
which we differentiate along £ to get:

da([€, v]) = =dO(E)v +7[€, v] + (a — ac) A.

Thus,

dpa. (€, v]) = =dO(E)v + 7[€, v].

Since

do(dda(v), dda([€, v]) = —da(v, [, v]),

v is equal to —% and

460 ([6:0]) = ~516,0] - dB(E)o:

We use the following figure.



Contact Form Geometry 391

upper & -piece

lower & -piece

to support our construction.
In order to build wy, we transport £ using df; from the lower &-piece.
At == we derive:

(14 A1)¢+ Bilé,v] + po.

We use d¢, to transport this vector to z7. We derive at x+ a vector equal
to:

(14 A1)¢ — By (é[{,v] + d@(f)v) — p1bv.

We pull back 733—2105 from the upper ¢-branch using df;, 1. We derive at 2t
the vector:

By

By
*3—29(1 + A2)€ — B—29[§av] -

poB1
Bs0

V.

The [£, v]- components of the above two vectors match. Using v-transport,
we can adjust the v-component of d92_1 (f 5;19 ) to be —p160. Using &-

transport, we can adjust the £&-component of dg,0df; (§) to be 733—219 (1+A5).
We then have (wy, is the tangent vector which we have built):

AsB
Joo (@) - wi = Ay — B2291'
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2k

2>, we have:

Since A; = A3 =0 when yoo, =

T (oe) w0k - 0 = dAr (g ) — %dAxsa(xm»

If we take ¢ to be u,f, @(x?) is independent of the transmutation process

and so is therefore J(;/o(:zzgz) - wy - uif because dA; and dA, are given on
259, Since J. (yoo) - wy, - Ui equals J. (25%) - wy - uf at the collapse, we see
that the only term in B which depends on the transmutation (i.e. cannot
be computed on z59 also nearby the transmutation) is J._ (yeo) - Wk - Wi,
which is equal to:
B
dA; (wi(2q)) — =—=dAz(wi(2q))

B0
wy,(zg ) is independent of the transmutation process. But wy(zg) is equal,
according to our computations above, to:

B B _ _
—gle-s — 60l — 0 (Bidb(©) + 1.6)

which depends on the transmutation process via the two quantities 6 and
df(€). dA; and dAs are independent of the transmutation process. Com-
puting det B, we find that it reads:

B _
det B = Aodf(€) + 70 + Cof + Dy,

where Ay, By, Cy, Do are independent of the transmutation process near
the collapse i.e. can be computed on x5}, at the collapse and nearby. They
are equal to the corresponding quantities for y., at the collapse. Using the
results of Part 6 below, which provide us with a large set of free parameters,
at least 2(s — 1) if 233 and yo. are in I'ys, we may assume that Ao, By, Co
and D are non zero.

Let us prove that we can change s6(¢) while # stays unchanged. 6
depends on the &-transport and of the values U(:c(jf). If these values are
unchanged, # is unchanged if da(v, [¢,v]) remains equal to —1. To track
the parameters which we can modify, we follow the framework introduced
in Part 6 (below). We pick up Darboux coordinates near z§ where o reads
ydz + dx and we transport them along—¢ to x; at the time of the collapse.
£ is therefore 6%'

We can use at zar special Darboux coordinates where v reads:

0 0 0
v=A (& ~Ygot (a1$+b1y+pz)a—y)
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p2 being of order 2 or more in (z,y, z) v near z; then reads:

v=p 9 ﬂ—I—(cwc—i—b z+ )g

Again, ¢y is of order 2 or more in (z,y, 2).
It is easy to see that

dac(v)(z5) = —

ai

aq is certainly non zero because

-1 =da(v,[£,v])
0 0 0 Op2\ O
2 o o dp2\ 0
=\ dy/\dz(az ya (a1x+b2y+p2)ay,<a1+ 8x)8y)

Op2
_ _\2 e
= )\<1+a)

Also
0q2
1= —y42 ZH4=
8 ( i aw)

We may clearly assume, after a C'-small perturbation of v, with no change
in U(:I:O ) that ¢ # 0. Thus, we may assume as claimed in the statement of
Proposition 34 that da.(v )( xy ) is non zero at the collapse.

We need to compute 6(x, 0,0) at first order, with 6(0,0,0,) = 8(zy ) = 0.
At (62,0,0),v is collinear to:

0
J— 2 _
5 + (adz + cabzx )6y

We transport it along -2 2 near z§ = (0,0,0). It is collinear to v(dx’,0,0) if
a10x’ + 2022 = adx + o6z,
Thus,

5z = L5z(1 + O(5z))
a1

and

A(02,0,0) A+ 22(0,0,0)6z + O(62?)

0(52,0,0) =
(o ) 1(02',0,0) o+ 6”(0 0,0)% 5x+0(5x2))
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Thus,
0(52,0,0) = 6(1 + (%%(0) - %a_g( )) §z +O(6z”)
It follows that
DOW _ LA, ;%@).
Since A = m and p = \/ +6q2 )
%@)(0) _ 2%1%(0,0,0) n 2—2%(0,0,0)-

Changlng 522 (0,0, O) or 6 2(0,0,0) is a C'-small perturbation of v which
does not affect v(zd). Proposmon 34 and Corollary 8 follow. O

Let us now consider z35, made of a cycle which uses k (half)-full unstable
of characteristic pieces in its definition.

Using the results of Part 6, we may assume since i, = k and since x5}
has at least k + 1 characteristic pieces (¢ = k), that 01,...,05—1 are in the
negative eigenspace of J(;,O (x55). At the collapse, 91, ...,0x—1 are therefore
in the negative eigenspace of J(;/o (yo) and after the collapse, ¥y is also in
this negative eigenspace for y°°, see Proposition 35, below. We then have:

Corollary 9  Assume that hypothesis (A) holds on y>°. Then is > k+1.

Proof. 1If hypothesis (A) holds on y*°, we can carry rotation on an addi-
tional free piece (of y>°, this time) and change the H}-index by 1. We create
then another critical point at infinity 2°°, of index i, - 2*° has 01, ..., Uy in
its negative eigenspace (because it collapses with y~,) and also, by Propo-
sition 35 below, after the collapse, an additional 041. The result follows.

O

We now establish that, as we pile up rotation, the index at infinity of
Yoo increases. We prove this result under the assumption that the H{-
index of the ¢ piece of z37 to which v-rotation is added is initially zero.
This assumption can be easily removed.

Proposition 35 If the H}-index on a mon degenerate &-piece of Ty
changes from zero to 1, then x37 collapses with another critical point at
infinity y> having the corresponding piece as a degenerate &-piece of index
zero. The index at infinity of 37 changes from i to ieo — 1 and the index
at infinity of y>° changes from ioo — 1 10 .
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Proof. The phenomenon has been described and discussed in [Bahri-1
2003] pp 129—130 and pp 133—136.

Our proof here sets the description of [Bahri-1 2003] on a rigorous stand-
ing. The isolation of 37 has been proved in [Bahri-1 2003, Proposition 16].
The existence of at least one y> follows. We need however to show that
the index at infinity of x37 changes from i, to i — 1, that yo is unique
(collapsing with z37) and that its index at infinity changes from i, — 1 to

oo

We are going to define a space Was 1, a manifold of dimension 2s+1 to
which £°° belongs because I'y; near £*° is embedded in Wh,4; in a natural
way.

In Was41,2%° which is the critical point at infinity with an additional
degenerate {-piece collapsing with x,, will be degenerate.

Too has index i, before the collapse. Through the collapse, all other
critical points at infinity created in the process are degenerate in C'z and
will be so in Wh,1. Since an Hé-index equal to 1 has been created on z°°,
one of the negative directions of x> is tranverse to I'ss. Thus, the index of
> in I'ys is 100 — 1 after the collapse.

The space Was41 is defined as follows: z°° belongs to I'ys, hence has
st v-verticals. Two consecutive v-verticals are special here because it is on
the &-piece lying between them that the deformation of a will be completed.
As it stands i.e. before this process is started, the £-piece between these
two verticals is non degenerate, of Hi-index zero. Let us denote Oy, O
these two verticals and let us consider all neighboring v-verticals O1, Oq. If
these are close enough to Oy, Os, there is a unique ¢-piece joining them in
the neighborhood of the ¢-piece of °°. Let us denote y(t, 01, 03) = y(¥)
this &-piece. Assume that y(t) is parametrized by [0,1], pick up a time ¢,
for example ty = % Consider the orbit z5, s € (—¢, ), ¢ uniform and small,
of the vector-field w through y(t). For each s, we can consider the v-orbit
through z,, which we denote O3.

We then have 2s 4 1 verticals which are the 2s former v-verticals close
to the v-orbits of *°, to which O3 has been added.

O3 is not as free to move as are O and Oj since it is constrained to
move along the prescribed orbit of w.

We then join all these v-verticals by &-pieces close to those of .

If we remove O3, we get a neighborhood of z in I'y5. If we now replace,
for s given, the &-piece between O and Os with a £-piece between O and
O3, we derive a manifold of dimension 2s. If s varies now, we find a manifold
of dimension 2s + 1.

Indeed, the &-piece between O; and Os is unique. Thus, the dimension
of the space of curves made of £ and v-pieces between the assigned verticals
even after the {-piece between O; and Os is removed is 2s. O1, 05 being

xT
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given, z° is unique because the £-piece between O; and Os is unique, thus
the family O3 is given and we have an additional dimension.

The space thus defined is a manifold of dimension 2s + 1.

Along our process, £ and « change into &, a,, 7 € [0,1]. The construc-
tion of 2% OF does not change: it is performed for &, g, wy. However
Wag1 is in fact W3, i.e. is built using &;. Since the {.-piece of 2°° has,
all along the process, an index at most equal to 1, with a rotation of v
only slightly larger than 7 at most, there are always two unique &, -pieces
joining O, and O3 on one hand and O3 and Oy on the other hand. Thus,
Wi i 18 a manifold near *°, of dimension 2s + 1, all along the process.
We remove in the sequel the index 7 for convenience.

All the critical points of Jo in Was1 are in fact in I'ag. Indeed, suppose
that we have a small v-jump along O3° on a critical point 2> of J, near

>

il
OB

[ orbit of w
1 02

Let us consider variations s near sy and let us consider all curves y
which have the same graph than z*° outside of O; and Oy and are built
between O; and O3 by moving O3.
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orbit of

& -pieces of 7

/

& -pieces of v

0, 0; o 0,

x5 is derived from z§ by v-transport since both curves join the v-orbits

2 and O3 as s varies continuously near so.

Clearly,
Joo(Y) = Joo(2%°) :/ ozf/ a
x5 z3

using Stokes formula (as s varies, we span surfaces to which £ is tangent
and which are bounded by the £-pieces of y and z°°, v-pieces along O; and
Oz, and x5, 5. 3 is derived after {-transport from a piece of v-orbit along
O1). We may assume that « is not changed on the first portion of the
&-piece of z°° so that x§ has a non-zero component along w. The transport
equations along v then read:

A+Tn =n.

Since z3 is derived from x5 by v-transport and 7 is non zero along 3 (s — sg
is very small) initially, since the v-jump s genuine, Joo (y) — Joo (2°°) is non
zero and our claim follows.

We thus can follow the critical points of J,, near £ in Wh,41 in re-
striction to I'y5. We know that x°° survives the collapse and that any other
critical point y*° has a characteristic piece bewteen its O, Oy verticals.

We now prove that the index of z*° along the additional direction of
Wast1 transverse to I'os changes from 0 to 1 and that y* is degenerate in
Wast1.

Since Whsy1 is a manifold, it follows that = is the only critical point
of J, which induces a difference of topology in its level sets, the index of
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£ has to remain unchanged, equal to i. Since its normal index changes
from 0 to 1, its index along I'ys has to change from iy to i — 1.

We will later prove our claim about y*°. Let us prove for the moment
that the normal index of ¢{* changes from 0 to 1. We draw a normal
direction near z°°:

W

o
23

RS
RS

Let 7 be the first eigenfunction of the linearized operator under Dirich-
let boundary conditions. 7; satisfies:

{(ﬁl +a?*mT) = Mm
m(0) =m(1) =0

We will follow this equation along the deformation process, as A; crosses
the value zero (being positive and becoming negative).

A little bit before and a little bit after this crossing, the operator —(7j+
a’nt) is invertible. Therefore, it is easy to take the limit of (y — 2°°)(¢),
for t € [0,1]. We find, point by point, a vector z(t) tangent to M. Its w -
component 7 satisfies:

)

{—(h‘+ a’nr) = &,
n(0) =n(1) =0

where d;, is the Dirac mass at tg, the time of the v-jump. n; is the first
eigenfunction, with fol n? = 1. We then have:
11 (to)

=0y LU
Ui N m+
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with U bounded H! and orthogonal to ;. Thus,

1 2
/ n? —ad*n*r = 0(1) + m (to) .
0 AL

This implies that, at the crossing of \; = 0, the normal index switches from
zero to 1.

We now turn to y*°. First, we establish that I'ss, near x°°, is embedded,
all along the deformation, in a natural way in Whss11. This is obvious as
the deformation starts, but less obvious for later times of the deformation.

Given a curve y of I'ss near °°, we have two well defined associated
verticals O; and Oy. O; and Oy are close to the verticals O and Oy of
x*°. O7 and O, are then joined by a unique orbit of £, here £ = & the
Reeb vector-field before the deformation starts. This &-piece is close to the
&-orbit of x°° which lies between O; and O,. This defines a curve yy of
Iy, i.e. of the initial I'Y,, near 2°°. Thus, we have a well defined surface

(U )Og. This surface is spanned by v-orbits along a small path defined
se(e,e

by an orbit of w, 2%, going through yo(¢9). There is a basic strip around z*
where the tangent plane to this surface is close to Span (v, w):

surface

= sy

y is very close to yg in the C''-sense since € is very close to &y in the C%-sence
(the deformation is C°-bounded, C'-small in «). Since (&, v, w) span TM
and since £ is C%-close to &, the intersection between y and the surface is
transverse and is a unique point. Thus, y is defined unambiguously as an
element of Wag1.
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Next, we consider y*> in I's; having a characteristic £-piece between its
verticals O1, Os:

y is a curve of Whae1 in the same family.

y> is defined by O3°,y by O3. By uniqueness and minimality, the
distance between y and y. i.e. between the two pieces of y and the two
pieces of y*° (the ones between O; and O3, 03° and the ones between O3
or O3° and Os) is bounded by the distance d® between Of and O3°. It is
easy to see, arguing as before, that d°, (y — 2*°)(0) and (y — 2*°)(1) and
all of the same order. We thus can take the limit of % for ¢ € [0,1].
We find a vector z(t) tangent to M along y>°. Its component n along w
satisfies then:

{77 + ant = cby,
1n(0) =n(1) =0

Because the Hi-problem on y° is degenerate of index 1, i.e. there is a
positive solution 7 for:

{(7'7'1 +a*mT) =0
m(0) =m(1) =0

¢ must be zero so that 7 is collinear to 17 and the size § of the v-jump along
O3 is o(d?®). This implies, after expansion, that

Joo(y) - Joo(yoo) = O(éds) = O(dSQ) = O(|y - yoo|2)

which indicates the degeneracy along the normal.
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We now prove that § = O(d*”) = O(|y — yso|?), which implies that

Indeed, coming back to our drawing, we label:

JOO(?J)_JOO(?JOO):/ a—/ «Q
[B,C] [A,B]

since the surfaces 51,92 are spanned by &.

[A, C] has size 6, [A, B] has size O(d?®), has a component along w at first
order equal to ¢1d®, & # 0 and [B, C] is derived from [A, B] by v-transport
during a time O(9) so that

Joo(y) = Joo(yoo) = O(8d°) = O(d*?).
If we establish that § ~ cd?, c # 0, then
Joo(y) = Joo(Yoo) = o d®® + 0(d53)

and our statement about y°° and its unstable manifold follows.

In order to prove that § ~ cd®2, let us follow the &-trajectory from Ag
past A until it arrives near A; at a point Ay. The &-length [Ag, As] equals
the ¢-length [By, B]. Since the &-piece [By, B1] is characteristic and [Ag, Bo]
is a piece of v-orbit of length £° ~ ¢1d?, this {-trajectory reaches a point Ag
with d(As, O2) ~ cad®?, ey # 0, because [Ag, By is at first order tangent to
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v ([By, B1] is characteristic) and the situation is generic (no vanishing at
third order):

Thus, there is a minimal £-orbit from Of to O} from A to Az and [C, A4]
is a minimal &-orbit from Of to Oy with d(Oz, 0%) ~ c2d*?. The conclusion
follows for d® small enough, since the distance from A to C' is of the same
order than the distance between the two curves [Ag, A] and [C, A;]. This
distance is equivalent past any given positive time along [C, A1], to any of
the distances between the two v-verticals at two corresponding points, one
taken on [C, A;] and the other along [4, A2]. O

2.6.1 Study of the Poincaré-return maps

We prove in this section that the Poincaré-return map of a general critical
point at infinity preserve da. This generalizes the result of [Bahri-1 2003]
111b.9

Lemma 22 Assume that (a part of) the Poincaré-return map g : o1 —
02, where o1 and oy are sections to £, satisfies g*a = a + df .

We can then find a section oz to € as close as we please to o1 so that
the Poincaré-return map g: o3 — o9 satisfies §*a = a.

Proof. Let o be the center of o1 and o3 so that g(o) = 0. Let fi(z) =
f(@) = f(o) = dfo(x) + O(|2]?). 0
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Observe that
(g™ (a+df) =«
Let ¥4 be the one parameter group of £. Define

Y 01— 03

€r — "/)fl(m)(z)'

Then,
Y'a=a(dy, () + df1§) = a + df.
Thus,
(g HYoy*a=a ie(yog ')a=a.
Let

The conclusion follows.

The next Lemma generalizes [Bahri-1 2003, III B.9, pp 134-136]. As
we carry out rotation from (non characteristic) pieces of £ to other (non
characteristic) pieces, we can view this transport as a composition of maps.
Each map bypasses a sequence of consecutive characteristic pieces, from
one side of the family to the other side.

When the family is reduced to one characteristic piece, we have proved
in [Bahri-1 2003] that there are sections o and oo which can be defined
in a natural way such that the (partial) Poincaré-return map g : 01 — o9
satisfies g*a = a + df. Using the previous lemma, we may assume that
df = 0. We may then use Proposition 16 of [Bahri-1 2003] and transport
the v-rotation from one to the other side of the characteristic piece.

We extend III B. 9 of [Bahri-1 2003] as follows:

Consider a (full) sequence of characteristic {-piece of z°°.
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characteristic family, m
haracteristic pieces

free & -piece

fiee &-piece

We define o and o7 as follows:
Given a characteristic piece and the two edge v-orbits,

&g

condition (*) of [Bahri-1 2003] is satisfied between z~ and x™ if the vector
h defined by transport of £-appropriately scaled, with different scales ¢, &’
on each side - from = to ¥y, 2" to yT respectively and by matching the
two transported vectors along the £-piece satisfies:
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e —a(h")+(h7)—e=0 (*)

2" is defined by (*) as a function of ™.

op and o7 are then defined by the following property that they should
satisfy:

From z € ¢y, we move along v a time sy until we reach a point y~ such
that —v, is the one parameter group of v-a,(Dvy_s,(£(y))) = 1. We then
move along & from y~ to y* a characteristic length (of strict H{- index
zero) and from y we move along —v until we reach a point 2’ so that (¥)
holds between z and 2’. From z’, we move a characteristic £-length to z
and from 2z~ we move along —v a time s5 until we reach a point 2" so that
(*) holds between yT and 2"": and so on until we reach the last v-jump of
the family. Then, in addition to (*), we require that, with s,, denoting the
time along the last v-jump:

(D, (6) = 1.

This imposes a extra-condition and provides a restriction which defines oy
and o7q.

g:00—01

is defined accordingly and we claim that:

Lemma 23
g a=a+df.

Proof. Observe that (*) allow us to define a variation @ (a tangent vector)
along each characteristic -piece with edge v-pieces so that ™ is derived
from z~ through the use of (*):
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- th L .
i characteristic piece

We thus have m vectors o, ..., Un+1 along each trajectory from og to
01. Considering such a trajectory, it need not be part of a curve of I'yy,
let alone a critical curve. However, we can partially complete it with the
addition (the continuous addition) of a initial and of a final non degenerate

&-piece:

\~_.___,__—

|

¥ 91 final free & -piece

= |

Ty

initial free & -piece

A “tangent vector” @; and another “tangent vector” i,,, o can be de-
fined using the free £-pieces as follows:

We pull back £ from y~ to z~ and adjust using ¢’v at Z transported
along the initial ¢-piece (similarly for the final &-piece):



Contact Form Geometry 407

We now have m + 2 vectors 4y, ..., Umnt2. Using the vectors 01, ..., 0p,
we can modify them into uq, ..., u,,+2 which satisfy:

(5aif5ai)(uj):0 Vi=1,....m,Vj=1,...,m+2.

Condition (*) as well as the conditions on the initial and final v-jump
a(Dvy_4(€)) = 1 imply that the variation of the ¢-length of the trajectory
along uq, ..., Up42 is zero.

Observe that each edge y; the vectors u; and u;41 generate, tranversally
to v, Span(§, w). Given a tangent vector z; at y; , we can thus substract to
z; a combination of u; and w41 so that it becomes collinear to v.

Let us now consider a vector h tangent to oy and transport it through
(partial) Poincaré-return maps until o;7. We derive in this way a “tangent
vector” h along a trajectory.

At y;, we can substract to hy = iL(yf) a combination of ui,us so that
the difference is along v. Then h — a1u1; — aoue at the other edge yf is
collinear to Dih(v) = b1v + dal(v)E. If we subtract asus from h — ayu; —
aoug, we eliminate the £-component. agus is by construction collinear to
v at y~. Thus,

h — a1U]l — Uy — l3U3

leaves the first &-piece characteristic and is collinear to v at both edges. It
is therefore zero on this -piece.

At y,, h— U] — Qoug — agug might not be zero because h and the u;’s
are transported differently along the v-jump. However, because it is zero
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at yl , it is collinear to v at y, , thus collinear to di)(z) = fav + da?(v)¢ at
Subtractmg Qqy, h— QU] — Qs — Q33 — Qiqlly 1S zero on the second
§ -piece as well.
Iterating, we find that

m—+2
= E U
i=1

between o and o7. Observe that the u;’s are parallel to v at the edges of the
initial and final non degenerate £-pieces. Since the variation of the £-length
along each wu; is zero, we can write:

m—+2 m
a(ui(y?)) - aluiyy))

a(ble) - alh(an) = 3 o

J

iL(yj_) is the image of h(zg) through the (partial) Poincaré-return map dg;
so that

a | dg(h(xo)) — a(h(z0)) = > dal(dg;(h(zo)))
j=1

hence

g"a=a-+df on og. -

We now state a result (Lemma 8) which may be useful in the verification
of hypothesis (A):

Let z be a critical point at infinity with all its v-jumps having the same
orientation, for example positive and having all its ¢-pieces of H{-index
zero. Assume that z has index at infinity i, = k. Assume that z supports
a critical point at infinity 37 which corresponds to a non trivial cycle
of dimension 2k. Assume that this cycle has a non zero component on
0wy ® ... wry1 @ W), Wix is the unstable manifold of z and each wj is
the (half) — full unstable manifold of a degenerate £-piece of z (they are
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of H}-index zero). We label the w;’s in the order in which they follow each
other on z, as we describe the full circle of time.

There might be sequences of other degenerate £-piece spaced with free
&-pieces between w; and w;41. We still label them w;, w;y; for the sake
of simplicity. From Proposition 33, we know that each w; belongs to a
different sequence of degenerate &-pieces. We then claim:

Lemma 24  For each i, there are times t_; < t;,2(t;) and z(t;) belong-
ing to non degenerate &-pieces between w; and w;y1 such that z(t;) belong
to some characteristic surface E_j of a and z(t;) belongs to some other
characteristic surface ), of a i.e. z(t;) has a conjugate point after 2mj
revolutions of ker« along —v and z(t;) has a conjugate point after 2wl
revolutions of ker a along +v.

Proof. We consider one edge of a sequence of degenerate &-pieces, the
end one for example:

last degenerate & -piece of the sequence

We know that
o, (D, (§(=F)) =1

and that (by genericity) :c;{ and z, are not conjugate. Thus,

a(s) = ot (DWEG-GF )| #0.

s=sg
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It is easy to see that for s > sf,s < s¢ + ¢, we have:
0, (DY) > 1.

Indeed, would a(syf) be negative, there would be times between :zz'f" and z;
such that
- (D7vs(&(7=s(xy)))) > 1 and z would have a decreasing normal which

would not increase the number of zeros of b see [Bahri-1 2003] pp 109-112:

xO,E

mtroduction of a

decreasing normal

if a(s;)<0

3!
u :‘

Xy

Thus, we may assume that a(sy) > 0 and we can decrease z and z* if
we can use a negative v-jump:
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This can be viewed as part of

We use here the property of

a(x7) and the fact that

o (Dy, ($)=1 to

build a direction of decrease

/

point corresponding to x}

or part of

We wuse have a small

negative v -jump on the

degenerate £ -piece as a

\ direction of decrease.

point corresponding to x}

We use here a small negative v-jump on the degenerate &-piece as a

direction of decrease.

The two decreasing deformations can be made part of the same global
decreasing deformation, just as in the proof of Proposition 33.
When is this deformation hindered after z,? : We may define such a

deformation at z(t) as long as we can find s > 0 such that
) (D7s(€)) > 1.

If we cross a v-jump between conjugate points after x; :
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and the condition holds for 27T, it holds at 2~ because the form « is trans-
ported from xt to 27, hence we can continue on the upper &-branch.

Therefore, this decreasing deformation stops expanding after x; only
if, for some time ¢,, we have

) (Dys(§) =1

Pz, (Ds(9))) =0

s=3§

which implies that z(¢;) and y_5(;)) are conjugate.
We may apply the same reasoning to the starting edge of next sequence
thereby deriving z(#;) and 57 such that z(#;) and s+ (2(¢;)) are conjugate.
If such a z(t;) and such a z(f;) did not exist between a degenerate
sequence and the next one, we could consider both of them to give the
same w because, denoting w; the (half) full unstable manifold of the first
sequence and wy the one of the second sequence, we would be able to write:

w; —ws = 0Y

with no increase in the number of zeros for ¢ with respect to w;, wy (2
zeros). From that second sequence, we would then go to the third one and
so forth. But w; and w;y; are not homologous, this is our assumption,
otherwise d(w1 @+ @ qrr1 @ Wi=) = Jo, o carrying 2k zeros for b at most,
see the proof of Proposition 33.

Thus, z(¢;) must exist, on the same sequence of non-degenerate ¢-
pieces. Furthermore, z(¢;) must be before z(¢;) otherwise, if they overlap,
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we can build in the overlap upon a transition between the two decreasing
deformations using;:

— upwards  decreasing  deformation

cotresponding to =(7, ). =(7,) is after.

-

downwards  decreasing  deformation

corresponding to =(¢, ) 2(#,) s after.

As we combine the two oscillations, the functional is still decreasing and
the number of zeros is still only increased by 2(as allowed by the use of w;).
We can thin down and cancel one of these oscillations as we evolve to
one or to the other edge. O

Before ending Part V, we define a suitable basis at Too € I'as of Tx_ "o
for the reduction of d?J(Z ) and we also establish that 3 remains a contact
form through all our perturbations above (and below in Part VI).

2.6.2 Definition of a basis of Tz_T'2s for the reduction of
d?J(Zoo)

We define, for a general z, belonging to I'ys a basis of T;_I's, suitable for
the reading of d?J(Z~ ). This basis will be redefined in section VI when
we will be studying more specifically critical points at infinity having only
characteristic £-pieces.

We need first to define, given a {-piece, free or characteristic, what is the
associated vector v;. We draw this £-piece and the next one. We assume
in a first step that both are free &-pieces.
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We build 9; by transporting v from A to B, then compensating the
[¢, v]-component of the transported vector at B using the transport of ¢,
with the proper scale, back from C' to B, then adding or subtracting a little
of £ at B to the transport of v in order to adjust the £&-component. The
v-component can also be adjusted easily. This defines v;. This definition
coincides with the definition of v; for a characteristic piece see Section 2.7
below, since the transport of v from A to B is collinear to v under such a
circumstance.

If now a free piece is followed by a characteristic piece, then this char-
acteristic piece has an associated vector v;41, with

5ai+1(ﬁi+1) = O; 5@2“(61-“) 75 0.
We can add to v; a component along v;4+; so that the two vectors v; and

U;4+1 become orthogonal to each other. We achieve with the appropriate
choice of ~:

(5ai+1 — 5(1?_1)(’[)1' + "y’LN)iJrl) =0.

This defines ¥; under such a circumstance.
We now establish:

Lemma 25 In all cases, J.. (Z)-0;-0; = 0 fori # j.

Proof. We need to provide the proof in the case of two consecutive free
&-pieces with j =44 1.

If a &-piece is free, we can pick up £ on the next &-piece and transport
it back along v
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free & -piece

Then,

BD = (1 + Ay)€ + Bi[€, v] + bv.

At a critical curve, A; = 0.

This fact is not changed on the second &-piece after T, has been dis-
placed along ¥; since v; has no support near the second edge of the second
free &-piece:

/

first free & -picce

second free & -piece
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Thus, the natural extension of 0,11 along Zo, + €0; still satisfies J._
Vi1 = 0 and we must have:

Oo(.i'oo) - 04 "l~)i+1 =0.
O

We now extend to a free piece the definition of the vectors u; provided
above (in the proof of Proposition 34):

\ free parameter g,
| /

A
/ h ce 1)11 ameter 35

1)13\10115 _ -1)1ece
| ____
L

\/——/ fo\ -

free parameter Ja,

)
free < -piece f |"I

‘l l\ congecutive < -piece

W F

'\ _,_7.“1
\
II

free parameter i, "\

free parameter da,

We take v at A, we transport it along £ at B, then along v to C, then
along £ to D, then again along v to F and finally along ¢ to F' and we
expect that it glues up with pyv at F.

The free parameters are da1, ds1, das, dSa2, das since we are free to change
slightly the length of the £&- and of the v-pieces along our transports.

At F', we have two equations to satisfy since we need u; at F' to be equal
to pv.
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Furthermore, we want u; to be orthogonal to v;_1,v; and v;41. This re-
quirement introduces three additional conditions. We have five parameters
for five conditions. We will see later that the system is compatible.

We now have a basis for 7z _I's; made of v1,...,0s,u1,...,us where
J. (Zso) takes the form:

C1 O
0 cs 0
0 A

Inspecting A, we find that as in [Bahri-1 2003], also Section 2.7 below,
A is as follows:

2.6.3 Compatibility

We now prove that the C2-bounded perturbations of v which we have in-
troduced do not destroy the requirement on (3 to be a contact form. Since
the arguments establishing that i, > k + 1 (Corollary 9) are of local type
(local near z37), we will not worry about establishing global statements
about the perturbed «, v, 3 etc, we will worry only about local properties
near z57. Our v-jump is between ™~ and z :
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We denote vy the unperturbed v = % (rescaled). We introduce trans-

verse coordinates x and y and perturb vg into:

0 0 0
v=o +a($,yvz)% +b(:c,y,2)a—y

where both a and b are second order in z,y and are zero near x~, x .

For such a general perturbation of vy, the new v is not anymore in ker a.
It is in ker(a + df), with df (v) = —a(v) of order 2. Such an f can easily
be built on all of M? as we will see later, although we only need it locally,
near Top.

Replacing o with o/ = a + df, we find:

]

Hence, ' = da/(v, ) is again a contact form.
In order to build f, we use the equation:

da’(v, |: :da(’Uo,[é‘,Uo])—f—O(l) S —%.

df (v) = —a(v).

Let us assume first that the vg-orbit through =,z is not closed. Let us
assume that the jump 2~ to x4 is along +v.

We build a section o to vg and v at zg, a section & at £~ and another
section o’ on the negative v-orbit through z , far past z™:

X

Ql

We would like f to vanish after ¢’. For this, we consider the v-orbits
originating in o after they have passed z=. We perturb a into & = a+v,vy =
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o(x? + y?) (after 7). o’ is chosen very far from & and

Setting then & = a + ~ all over M and

fay == [ at)

f is zero after & (on the negative v-orbit) and is defined globally.

If the support of @ and b in (x, y) is chosen small enough, independently
from the length of the v-orbits from o to ¢, df will be small, as needed
(& + df)(v) = 0. Furthermore,

d(& + df ) (v, [€, v]) = da(v, [§, v]).
Since

dév = doc+ of|x] + [y)),

£=¢+o(lz + Iyl)
and

da(v, [€, v]) = da(v, [€,0]) +o(1)

0 is a contact form and we can proceed.

If the vo-orbit through x,,z~ is closed, we can also build a global f
(which we do not need though for our arguments) after introducing from
x~ to x; the same perturbation than between z, and x~, only that it will
now be taken with the negative sign.

In all, as claimed, v can be perturbed freely at second order and we can
set

’U( rescaled) = — + w(:v,y)w(z)
(h 4+ :Cy+]€ Yy )—+(h xé +/ :Ey+/€ Yy )—
O

We now conclude this book with a thorough study of d?J(Z) in the
case when all the &-pieces of T, are characteristic.
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2.7 On the Morse Index of a Functional Arising in Contact
Form Geometry

2.7.1 Introduction

Let (M3,a) be a three dimensional compact manifold without boundary.
Let « be the contact form on M. Let £ be the contact vector field of «,
and let v be a non-singular vector field in ker a such that

B = da(va )

is also a contact form with the same orientation than a.

The existence of such v and 3 is discussed in other papers [Bahri 1998]
and [Bahri-1 2003]. It is not needed for our results here but is used for the
sake of simplicity.

Let £k € N* be a non-zero integer and let I's; be the space of closed
curves on M made of k pieces of £-orbits alternated by k-pieces of +wv-
orbits. The orientation &; of the i** v-orbit is pre-assigned so that we
should rigorously work with Tog (g1, - -, k), but we work with T'yi for the
sake of simplicity.

I’y is, under a generic perturbation on v if needed [Bahri 1998], a 2k
dimensional manifold. It is natural to ask, a question which we will not
address here, whether I'sx, is a symplectic or complex manifold.

A curve of I'yy, T is typically drawn as follows:

£
=]
| T’ |
And there is a natural functional defined on I'y,

k
Joo (f) = Z a;,
i=1

where a; is the length of the i** &-piece.

R N
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The critical points of J, on I's; have been stated in [Bahri 1998], they
are of several types. The first type are the so-called “true critical points at
infinity” where the v-jumps occur between conjugate points, i.e. referring
to the drawing above and denoting ®, the one-parameter group of v, we
have

at each base point :c:r_l of a v-jump of algebraic length s;. We will not be
interested by these critical points here.

The second type are curves T such that all the {-piece of T are char-
acteristic, i.e. in the &-transport along a &-piece from z; to zf, v(z; ) is
mapped onto 6;v(x]), i.e.

Dia, (v(zy ) = Oiv(x;")

where 1), is the one-parameter group of £ and a; is the &-length of the it"
&-piece.

T has to satisfy other conditions to be a critical point of J., which are
discussed below.

There are other types of critical points which are intermediate between
the first type (the true ones) and the second type which we partially de-
scribed above. We will not, for sake of simplicity, consider them here.

It is interesting to study the second derivative of J, J2L(Z°°) at a
critical point at infinity of the second type, i.e. having all its &-pieces
characteristic.

Let us denote
Ck = {T of T'yx which have all their &-pieces characteristic}.
At a curve Z of Cy, let us consider its i*" — ¢ piece,

Here x; is the starting point of the ith ¢ -piece, zj is its ending point.
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We can define along this piece a tangent vector to I'ay, (not to Cj) which
we denote v;. It is generated by the transport of v along £ from x; to x;

i

‘T\T Ov

o X,

i

At a generic point of Cf, in particular at T°°, we have

ToTop = ToC & (-ﬂ LA @R@;) .

This decomposition might not be a direct sum along a k —1 dimensional
sub-manifold of Cj. At a critical point at infinity x°°, it will be generically
a direct sum.

JI () reads in the decomposition as follows:

0100
0..01]0
OOCk
0 A

here,
¢i = J (Too).0:.0;,
J (o). 05.0; = 0 for i # j.
Thus, the index i of JZ (Z°°) splits into
oo = ing + 1%

with i}, = number of negative cs and i2 =index A. il is what we call the
normal index.

Usually, at a non-degenerate critical point yog of a function f(z), a
negative direction can be adjusted to be any prescribed direction through
rotation.
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We prove in this paper that we can adjust these negative directions as
we please between il and 2 , switching them from one side to the other
and vice-versa, not through rotations in the parameter spaces but through
local deformation of o and v around T°°.

Namely, we prove,

Theorem 2 (Main Theorem) Given il  and i’ and another way of
writing il +i2, as i +j5%, it < k,j% <k, as long as i, > 2 and j2, > 1,
there is a C?—bounded and C'-small deformation of a and v keeping T™
isolated and non-degenerate such that, for the new o and v, JI () has
normal index jL, and j% as index along C.

Corollary 10 Assume il, < k and i%, > 2, let i be such that ¢; =
J!(Too).05.0; > 0, we can complete a C?—bounded and C'-small deforma-
tion of a and v which keeps T isolated and non-degenerate and changes
c; fromc; >0 toc; <O0.

Results of this kind are directly related to the homology defined in
[Bahri-1 2003] and which we studied more thoroughly in [Bahri-2 2003].
They give us some freedom in the definition of this homology as decreasing
flow-lines which go to To,’s as above can be assumed to leave later neighbor-
hoods of such T,’s using decreasing directions corresponding to the normal
(il)) or the tangential (i%)) as we please.

The I'si’s and J, arise in the variational problem at infinity associated
with the variational problem

J(z) = /0 1 o (£)dt

on loops z = z(t) of Cg = {z € H(S', M) s.t. B.(i) =0, :(-) = const >
0}.

Such curves have a tangent vector which reads £ = a& + bv. There
are decreasing flow trajectories for a suitable pseudo-gradient which do not
converge to the periodic orbits of £ and end up in the I'sx’s, more precisely
at the To’s. Hence, the usual d—operator of Morse theory when related to
the critical points only (periodic orbits of ) does not work and we have to
include the To.’s. The To.’s have two indices, an H&— index 79 and an index
at infinity iso, see [Bahri-1 2003]. 4, if we use an outstretched analogy with
piece-wise geodesics between prescribed points, is the index of the piece-
wise geodesics between the prescribed points once these prescribed points
are fixed. is is the index when the curves between the prescribed points
are geodesics and the preassigned points are free to move.
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Studying flow lines more closely out of or reaching periodic orbits, we
derive that we may assume for the To,’s which interfere with the homology
that io = 0, see [Bahri-2 2003].

This implies that the total index of such ZT..’s can be computed in
restriction to the slice of I'sx to which these To,’s belong.

Understanding their unstable manifold is useful and our theorem pro-
vides some preliminary information on this index. A more thorough study
of the Cy’s and of their injection in the I'y;’s should provide some insight
about this index. Other related questions may be asked such as, are the
Cy’s for example real sub-manifolds in I'y;? Are they lagrangian?

Another interesting question is to study the part of I'sx, where ig = 0,
see [Bahri-2 2003]. This part corresponds to curves such that their &- pieces,
if thought as geodesics (this can always be done locally), are minima in a
variational problem J(z) = fol a; (2)dt defined on curves whose ends are not
completely prescribed but constrained to move along prescribed v-orbits.

Such a part of I'y;, can be thought of as a covering of the configuration
space of pieces of surfaces transverse to v (52 in the case of Hopf fibration
83 — 82 and the standard contact structure). A natural question which
arises then is the question of understanding the relationship between il ,
i2, and the topology of the configuration spaces which are underlying the
set of curves having ig = 0.

We proceed now with the proof of the theorem as follows.

2.7.2 The Case of T'

Theorem 3 Let x*° be a false critical point at infinity in I's, with its
characteristic £-piece. Assume that the index at infinity of x> is 1. We
can then modify the vector field v in the vicinity of °° so that the vector field
v at x°° defines the negative direction of the second derivative at infinity.
After this modification, 8 remains a contact form and no new critical point
at infinity is created.

The proof starts with the choice of suitable coordinates in order to
describe I'y near £*°. Once these coordinates are found and the equations
for I's become explicit, the vector-field will be modified so that © becomes
the negative direction for JZ.

Too has a base point xg. The characteristic &-piece of x°° starts at xg
and ends at x1:
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iy

_/_’/

We will use Darboux coordinates at xy which we transport at x;. v will
have a special reduction in these coordinates near x;. Since ¢ is reduced
in these coordinates to be the constant vector a%(a = ydz + dx), its one-
parameter group ¢, is z-translation by s. We need to reduce v at each edge
to 57-

This will be completed as follows:

We have special Darboux coordinates at z; and we derive from these

Darboux coordinates near xg. In the Darboux coordinates at x1,v(z1) =

%, (%v) (x1) = yv(21).

Near 1, we choose an (almost) explicit change of coordinates, from the
special Darboux coordinates to other coordinates, which reduces v to %
(up to a multiplication factor). We propagate these coordinates along the
v-piece from z; to xg. This provides us with a set of coordinates near xg
where v is reduced to % (up to a multiplication factor). We thus derive
a change of coordinates near xg in order to come back to the Darboux
coordinates.

Two changes of coordinates are therefore needed, one near xg, the other
one near x1; both relate coordinates where v = % (up to a multiplication
factor) to Darboux coordinates.

We give in what follows the explicit form of all these coordinates.

2.7.3 Darboux Coordinates
We start with the Darboux coordinates.

Lemma 26 There exist near r1 Darboux coordinates where o reads ydz—+

dz and v(Z1) is collinear to % while %(El) is also collinear to %.

Proof. Choose first arbitrary Darboux coordinates near Z;, where «
reads ydz 4+ dx. Then v reads:

0] 0 0]
U—AO <&y%) +Boa—y.
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Let
o =x—02%/,
Y =y+0z
2=z

This provides new Darboux coordinates where

0 0
0,0,0) = Ag— + Bo—
U( ) ) 062’ + an
0 0 0
=Ag| =— +0— By—
0 0
= Ag— Aol + By)—.
oaz,+( 00 + o)ay,
Ag can be assumed not to be zero since we can use if needed the new set
of Darboux coordinates:

~ Y
= r— —
2
~/7
y =Y
z/:z+y

where 6% = 8%, + £ at (0,0,0).

Choosing 0 = —%, v reads as:

_ 9 9 2., .2 9
0= (= g+ e byt g(a) + O 442 + a5+ y2)

ay is not zero since da(v, %) # 0 at Z;.

We need to get rid of g(z)a%. We set:

¥ =x+ h(z)
y' =y—h'(z)
2 =z

Then,

ydz +dx = (y — W'(2))d2" + dx + B/ (2)d2' = y'd2’ + da'.
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In these new coordinates,

a a ///a v a
et U COP R COP
o 0
or'  Ox
o 0
dy oy’

7"

So that,
0 0 0
5 Vg T(@r+biy+g(2) + 0@ +y’ + w2+ v2) 5,
0 , 0
=57 (9 -+ a1z’ + b1y + g(z") — arh(2') + b1h'(2) — W' (2)
+0 (:17/2 +y/2 +ay + +ylzl + |z’h(z/)| + |z/h/(z/)| + h2(z/) + h/2(z/)) ai
Y

We choose h so that
bih' —h" =g(z) with h=0(z%),h = O0(2?).

The claim follows.

Next, we reduce v to % (up to collinearly) at each edge Zo,Z;. Near
T and Z1,v is now collinear to 5= — ya% + (d:v + by + &2 + qa(z, y, z)) 6%,

where ¢o stands for a function Wthh is O(2? +y? + 22) at the origin. g is
its second order term.

Let 11 be a local dlﬁeomorphlsm such that Dyt = Id, which maps the
above vector-field onto 7. Writing:

o
+(24+ P34 PI4T) =

0
+(y+Pi+P24+S)— 357

0
Yi(z,y,2) = (95+P2 +P3 +R)5— Dy’

Oz’

where P§ and Pi are of degree 2 and 3 respectively and where R, S and T
are remainders of order four or more, we seek that

8 (9 _ ~ _ 0
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This yields:

68—1221:y 68 +ax+by+cz=0 68—1?3:0
6{;23 = 5({;1 (dw—i—i)y—i—éz)aa—zzl
aapj = 8522 (dw—i—i)y—i—éz)aa—zg — q2(z,y, 2)
68—]? :yaa—]_;23 —(a:c—i—by—i—cz)a({fj

R, S, T satisfy other equations. We thus have:

Pr0p051t10n 36  If 1y satisfies the above system then
Dz/;l(az ya + (ax + by+cz+q2(:17 Y,z )) ) az/ + O3, where O3 is of
order 8 at (0,0,0).

A particular solution to the above system is (set g3 = foz Go(z,y, 7)dT) :

Py =yz P —(ax+by+%z) Py =0
pr_ _ar? byt @

572 2 3

P??:fdy;Q +(aa:+by)bi+cb%fq3(:r Y, %)
P} =0

Let now ¢(z,y,2) = Aa% + B —i— C — be a diffeomorphism achieving

0 0 0 9 '
Dy (8,2) = i B@ + (aA+bB + CC+p2)a—y (collinear to U)

withA:qug,B:qué C’fz+6 A B ,C of order 2 and higher. In
our framework, the image -2 will be the Darboux coordinates for «

oz 6y’ 6z
near To. We then have:
0A 0B oC
B, =aA+bB o
0z "0z ¢ OB+ cCHpa, Oz
Thus, C' = z 4 h(z,y), with h of order 2 and higher and
0A
92 _ B
0z
OB

S = aA+bB +c(z +h(z,y) + pa(e,y. 2) + Os.
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Hence,

() @)
_e<2_bl>z<A>(:cy0)+< 0 )
B)\"Y ch(

©,y)z + [5 palw,y, 7)dr
0-1
) @) )

(0_1>z 2+ A(z,y,0)
=\ B

_ 2

+ . o . )+O
(czh+ Jo p2(z,y, 7)dr + %= + %= + cb *
0-1 —a —b 22 T
(e (@ 3) =+ (e 20) 3) )
A(z,y,0
(124 (03)%) Gimo)
a b B(z,y,0)

ezt

: 6 oo
(czh —+ fOZ p2($, v, T)dT + % + Cbﬁzs

‘We thus have:

Lemma 27

2

~ 3\ 9

bo2) = (= v w0~ (oo +0) 5 — 2Bl ,0 ?) g
y+(aa:+by)z+CZ2+B(:17 y,0) + (ab:c+ 0
+(aA(z,y,0) + bB(z, y,()))z+czh+f0 po(x,y, T d7'+cbz oy

+ (2 + ho(z, y))2

0z + 04

We now compute the differential of ¢ with respect to a variation
(0x, by, 0).
Differentiating, we find:
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Lemma 28

0 0
Dy (5368—:6 + 6y8_y)
0x — dyz — (adzx + b ) 5 (:I:,y, 0)dz —|— (:I: y,0)0y\ 9
B zaB(:zr y,0)0x — 228 ( )5y+y(%5x+ 88];253/) 19)

oB OB
+ <5y + (adz + boy)z + %(:ﬂ, y,0)0x + 8_y($’ y,0)dy
2
z

+ (abdz + (b* — a)5y)7

DA dA

OB OB
+b <%(x, y,0)0x + a—y(:zz, v, O)5yz>

Ohy Ohy Opa Opa
+c (8 ox + 9y 5y) /0 (8:175 9y 5y) (x,y,7)dT

- <8h2 Ohs

0
8—5 x+ a—5y> (ax + by + cz)>> ay +vv+ h.o.

Proof. Differentiating in restriction to 6z = 0 and observing that:

Ohs Oha s 8h2 0
Oz 8 0z

_ (ke O ) ~

<8w5 By 5)<52 (v+Biw.v.2)
a ~

+(aA+bB+cC+p2)a—y) + (y + B(x,y,2))

_ %&E Ohs
Ox oy

0
ox
(%M %) 9
dy ) Ox
-~ 0
6y) (ax +by + cz+aA+bB+cC +p2)8_y + h.o.
O

We derive the claim.

¥ will be used to reduce v near Zy. Near T1, we use ¢ given by (P), to
reduce v. Then, ¥1|,=0 and D1 |,—0,52=0 are identity maps.

2.7.4 The v-transport maps

We now study the map along the v-side of x*°
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""U
»
&
/
{z=0}

This map can be seen as a composition of two maps: a v-transport map
into a section to v near Z; defined by {z = 0}, starting from a neighborhood
of Ty, composed with a transport along v during a small time §, starting
from this section.

s can be thought of in two ways: it is the gap needed to close up the
curve along the z-variable. § can also be thought of as the complement
displacement which warrants a condition satisfied at a false critical point
at infinity of the second kind — that det(dlz—Id) = 0. dl;z is the differential
of the transport map associated to a curve T of I's. s, when thought of in
these two ways, is different. But both ways of thinking of this displacement
coincide at a false critical point at infinity of the second kind.

We first write the second part of the map, that is the v-transport during
a small time §, starting from z = 0, near the Z;-edge. Our map will denoted
T';. v, in these coordinates, is equal, up to a multiplication factor, to

0

- + (@12 +b +‘)a
0z yax oLy P2

a_y.
We then have:

Lemma 29 The transport equation during the time § reads:

)
- 5
x = xo — YoSo — (a1o + b1y0)7 + h.o.
- 32
Y =yo + (@120 + b1yo)8 + (b1(a1zo + biyo) — alyO)?

S5+zo
+ / ﬁQ(SCOv Yo, T)dT + h.o.

Z0

Z=2z9+S.

Differentiating, we have (starting from zo = 0):
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Lemma 30

dx = dxg — dyoS — (a16x0 + b15yo) + h.o.
32

6y:6y0(1+b1§+(b —al) 2)

+6m0(a15+a1b1— / 0p2 + h.o.

0z =0z = 0.

Proof. The transport equations read:

T =—y
Yy=a1x+ by + D2
z=1
from which the two lemmas follow. O

Next, we write the v-map into {z = 0}. In {z = 0}, near the end-point
Z1, we pick up commuting vector-fields % and 6%" with % =£(2,y,0).
We pull them back along v and we obtain in this way three commuting
vector-fields 6%’ ai and v collinear to i.

Yy 0z

We can arrange S0 that 6% (0), 8% (0) and ~ are the Darboux coordinates
at To and that a - a -, v(Z1) are the Darboux coordinates at ;. We can
also arrange so that ( 520 Dy ) is derived from (%, a%') using a constant

matrix. This involves a reparametrization of v (for the transport equations
only) so that {z = 0} at Z; is mapped into {z = 0} at Zo. Then, the
transport along v from (z,y) to (2/,y’) and cutting into the v-section {z =
0} reads through a constant matrix D which satisfies det(D — Id) = 0 and
thus reads:

Therefore, the map on the v-side reads as:

(104 (535,)) () =G it )

Composing, we find:
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Lemma 31

NEER: Aj(z+ \y)
b (y + Bua+ Ay))
z+ Ay(z + \y) — (y+ Bilz + M)z + O(IX?)

y+ Bi(z+ M) + (ar(x + Ay (x 4+ \y)) + b1 (y + Bi(z + M\y)))Z
+O(|X]?)

z

Differentiating, we introduce new variables:

52(0) = 62:(0) + A, (62(0) + Ady(0))

§9(0) = 8y(0) + B1(5(0) + Ady(0))

and we have:

Lemma 32

~2 ~92
5 = 03(0) (1 — a1 ) = 5§(0) (2 + b1 ) + heo
72 32
65 = 09(0)(1 + b1 2 + (b7 — a1) %) + a102(0)(2 + b1 7)
F(0ps .. opa ..
+/O ( o 5z(0) + 9y 5y(0)) dr + h.o.

Ultimately, Z is a function of (z,y, z), but no differentiation with respect
to Z is involved in the computation of det(dlz — Id).

Using the above lemmas, with ¢ as in Lemma 27 and ¢s being the
one-parameter group of £, a. the characteristic length (a. = a.(x,y, 2)), we
derive:
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Lemma 33
Pa. 0 Y(T,y, 2)

3
= (x—yz—(ax—i—by)

SR
6 °) ox
2~ 5 22 ~ =
+ (y + (az + by)z + -+ B(z,y,0) + (abx + (b° — a)y); + (aA+bB)z

# cbz® . 0 cz? < 0 3
+Czh2+/0 p2+T)a—y+(z+h2+T—FB(UU,Q»O))&‘FO(DQ )

0 0
D¢y, o D1/1(5:c% + 5y8_y)

) +A(‘T Y, )—ZB(.I’,Q,O)—

PR _
A(ﬂﬂ,y,o)&lj + o4

= (0x — 20y — (adx + béy)? pe oy (x,y,0)dy
OB OB Ohs Ohs 0
_z%(:c,y,o)ém—za—y(:c,y, )6y+(ya—5x+y 9 6y)+h0)8:1:

OB OB
+ (8y + (adz + béy)z + %(:17, y,0)0x + a—y(:z:, y,0)0y

2
+ (abdz + (b* — a)5y)%

0A 0A OB OB
+ ( (%&c + — a9y (z,y,0)0y + b <%(z,y,0)5:c + a—y(z,y,O)(Sy)) z

8h2 8h2 5]?2 6]?2
+C(8x5+8 6) /0 (ax6 +ay5y (z,y,7)dT

oh oh 0
( 8;1:26 z + 8—25y) (ax—i—by—i—cz))a—y + Y20 + h.o.
Observe that z, on the v-side of the curve, should be equal to the third

component of ¢, o (x,y,z) so that the curve closes along the z-axis. We
denote in what follows ag the quantity a.(0,0,0).

2.7.5 The equations of the characteristic manifold near
x®°; the equations of a critical point

2.7.5.1 The characteristic manifold for the unperturbed problem

The characteristic manifold near z°° is the one-dimensional sub-manifold
of 'y of curves made of one &-piece and one v-piece, the &-piece being of
characteristic length. We have:
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Proposition 37 Let (z,y,z) be the base point of a curve of the char-

acteristic manifold near x>. ((z,y,z) track a point similar to x¢). Then
(z,y, z) satisfies

Al(w+)‘y)_ (y+Bl ($+)‘y))2 = Av(xa Y, O)+ac($7 Y, Z)_dO_yZ+O(|X|3)

Bi(z +Xy) + (a1(z + Ar(z + Ay)) + b1 (y + Bi(z + Ay))Z = (ax +by)z +
%+ B(z,y,0) + O(IXP)

The first system of equations is equivalent to:

1 - _
z = aax + boy + dacl )Al(x + \y) + O(|X|?)(az, by independent of Ay)
ac(v

Bi(z + Xy) = (x + \y) (02 + py) + y* Ba(=A, 1,0) + ((a — ay)z + (b — by)y

+ 5 asw + bay)) (azw + bay) + O(X[*)

By is the (initial) term of order 2 in B(x,y,0).
Proof. We write that

Ay M\ e
o ovte ) = 100+ (5350
z

This yields using Lemmas 32 and 33:

v+ Ay(z+ Ny) — (y + Bi(x + \y))2
::v—yz—i-g(x,y,())—i—ac _a0+0(|X|3)

y+ Bi(e +2y) + (ar (@ + Ae + M) + iy + Bile + Ay))z
2 ~
=y + (az + by)z + — + B(z,3,0) + O(X )
2

Z:ZJrthr%+§(:17,y,0)+0(|X|3).
The first equation can be rewritten in the form:
da da da ~
da. =z—=(0 (0 “(0)=A My) + O(|X ).
e0l) = G2 (0) + 5 GE0) + 2520) = Ao+ 29) + O(IXP)

Since we assume that 66“;

0) = a’(v)(0) is non zero, this yields:
( e y

Z:a2x+b2y+a/ ﬁl(:v+)\y)+0(|X|2).

_
¢(v)(0)
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The second equation then yields:

Bi(z + My) = (z + M) (0 + py) + v>Ba (=), 1,0) + (agz + boy) ((a — a1)x
+ (b= by + 5 (azw + bay)) + 0(|af*)

as stated. O

2.7.6 Critical points, vanishing of the determinant

Let ~s be the one-parameter group of v, be a curve of I'y near *°, with
base point g and v-length s¢.

Z is a critical point of the functional a = length along & near x*° if the
length of the &-piece of £°° is characteristic and if det(Dg,, o D) — Dv;,) =
0.

Dy, is taken here from the coordinates which reduce v near zy to the
Darboux coordinates near x;. Since a. is characteristic,

D¢, o D <%) = 6.

Also,
0 . .
Dy, e fv  with 61 # 05 generically.
z
Thus, denoting
mo : Span 23v — Span 32
20 0P Oz’ Oy’ P Oz’ Ay

the projection onto the space generated by the two first vectors of the
Darboux reduction near x1, parallel to v, we must have:

o ox Sz
T30 Do, o DY | dy | = D, | 0y | = ( )
0 0 oy

for some non zero (§z, §y).
We then have:

Lemma 34 The coordinates (x,y,z) of the base point Ty of the critical
curve T satisfy:

A | b2 — M —bz+ A\ 6—B(x,y,0)+az—a12
dy ox
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_ (94 ~ A 2y _

Proof. Using Lemma 32, the condition on the vanishing of the determi-
nant reads:

o(1x /%)
Zl—g—f—élz z—g—§+AA1—Aélz—z
bi1B1z+ B1 — g —az+a1Z+a1A1Z  bi(1+AB1)Z+ B — % —bz+ a1 A1 2
This yields: A;(bi(1 + AB1)Z — 2B — bz + a1 A1 5) — AB, ( + Blz) -
)\Al(blBlzf——az+alz+a1Alz) Bl(zf——)\Blz—z)+O(|X|)
D

Lemma 35 follows.

2.7.7 Introducing the perturbation

To start with, we observe that the formulae for the characteristic manifold,
for «5 and for the false critical points at infinity involve py, but only at a
higher order. a. involves py at second order but we have:

Lemma 35 Using a cut-off function w near xg, we may suppress pa from
v. This does not create new critical points at infinity.

Lemma 35 will follow from the same arguments (easier form) than the
ones used in order to prove that the sign of a.(v) = da.(v) can be changed
without creating new critical points at infinity.

Assuming that po is zero, v is, in the Darboux coordinates near x,
equal up to a collinearity coefficient to 5, — ya% + (x + by + cz)a%. We
want to replace ¢ with ¢, (z,y, z),7 € [0, 1], a modification which will take
place on a small neighborhood of zy with ¢y = ¢ and ¢1(0, 0,0) - ¢ negative.

¢, will be of the form:

c+ Tw(z,y,2)(é(z) —¢)

¢é(z) is equal to ¢ for |z| > zp, where zp is small. w(x,y,2) is a cut-off
function which is constructed in a non-standard way. In fact, the modified
v is defined in a first stage as a non-autonomous modification of v which we
prove later to be autonomous. For this, we consider the plane {z = 0} at
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xzo. The plane is a section to v. The flow of the modified v can be written
up to re-parametrization (|z| < zq):

z=1
Y =ar+by+c.(v,y,2)z
T = —y.

We want to define ¢, (z,y, z) and for this purpose, we start with the section
{z = 0}. On this section, ¢,(z,y,0) is defined to be

cr(z,y,0) = ¢+ Tw(z,y)(¢(0) — ¢)

w(x,y) is a cut-off function equal to 1 on a small disk of radius 7 and equal
to zero outside of the disk of radius 27. ¢ will be defined later. At each
(xoa yoa 0)1

We define a differential equation:
&= -y 2(0) = 2%,y(0) = ¢°
§ = aw+ by + (e + rw(@®,y°) &(s) — 0)s |

This defines (z(s),y(s)) which we view in three dimensions:

(x(5), y(s), s)

which satisfies:

T= -y
g = ax+by+ (c+w(x® y°) 7(é(s) —c)s

2(0) = 2°,y(0) = ¢°,2(0) = 0 (*)
z=1

and we have:

Lemma 36 For each s, (*) defines a diffemorphism from {z = 0} to
{z =s}. Thus, (*) defines a vector-field v in ker .

We differentiate (*) and we find:

or = — oy
Sy =adx + bdy + Téws(é(s) — )

dw is taken with respect to variations (529, 6y°) in the initial conditions.
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() =2 () +o(5) (n):
() = [Goo) + [0 (2) (o))
=t (v () (5p) = (a0 (M525)) (o)

Next, we have:

Denoting A the matrix (O ), we have,

Thus,

Lemma 37 &(z) can be chosen so that:

(i) ¢(0) = —c and for the time 1 of the homotopy, al(v)(xo) has changed
stgn

(i1) The time zg-map of v, starting from {z =0} to {z = 20}, does not
change along the homotopy.

(iii) x>° has the same transport map in a section to v such as {z = 0}
at xq.

(iv) det (dly, — Id|(s=0}) = 0 and x> remains a false critical point at
infinity of the same nature along the homotopy.

Proof. We use (*) the time zp-map:

G) (20) = %7 y 62) +(c fg" e sds) <(1))

2,y0)7 [5" e s (e(s) — e)ds| |

We thus want to have:

/OZU e *45(é(s) — ¢)ds01 = (8). (%)

We also ask that é(s) = c¢ after % so that our new vector-field glues up
smoothly with the original v. We prove later that (**) can be satisfied,
with ¢(0) = —¢, &(s) = c for |s| > 222, Lemma 37 follows.

We then have:
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Lemma 38 Under (**), the one-parameter group s of the new vector-
field © reads for |s| > 0.

Fs(@,y,2) = 7s(x,,2) + O (inf(2%, (s + 20)?)) -
Proof. ¢ and 7, differ only if z or s + z is in [—z, 2z0]. Assume that
z € [—20,20]. Then |z + s| > zp and we write:
Vs (2,9, 2) = Yops(V—2(2,9,2)) = vs(2, 9, 2) + O(|F-2(2, 9, 2) — v—2 (2,9, 2)|)
= ’YS("Ea Y, Z) + O(|:Y*Z(:Ea Y, O) - ’Y*Z(xv Y, O)D

Using (*), we derive that |_.(z,9,0) — v_.(2,9,0)] = O(z2?), thus
Fs(z,y,2) = vs(z,y, 2) + O(2?) as claimed. If z + s € [—z0, 20], we find
O((z + 5)?), again as claimed. Lastly, we claim that: O

Lemma 39 Let P = {dz = 0} at zp, which we transport by & = (% to
x1. Let my : R® — P(x,vy, 2) be the projection along v.
Then, the solution §(x,y, z) of the equation

det ((m2 0 dpa, © dp — 2 © dvs)|p(z,y.2)) =0
is perturbated by o(z) when v is modified into © and s into Vs.

Observation 1. The above condition is equivalent for a closed curve having
a characteristic £-piece to the vanishing of the determinant.

Observation 2. s does not represent the time of transport along v or o,
rather the section z = § where the flow-lines of v or v are made to abut.
Hence, since P identifies after 6% transport with the tangent space to those
sections, we do not need my in front of dys once we restrict to variations
(0x,0y,0). ma, in front of do,, o dip or dos, o diy is taken at vz(x,y, z) or
¥s(z,y, 2). These two points are O(z?) apart (we need only to go back to
the section {z = 0}). Hence 2 is changed by O(2?).

Proof. Since 5 is perturbed into 45 which is O(z2) away from it, dv; is

close to d¥s only at O(z), so that we would expect § to perturbed 0(z), not
o(z). This gain from O(z) to o(z) is due to the fact that the differentials

are considered with respect to (6%7 6%)’ that is with respect to variations
62,09 in the (2°, 4%, 0)-plane. We have shown, in the proof of Lemma 38,
that the perturbation in the dv-differential was then O (M), which
is o(z) if zg is chosen to be o(n) (observe that then g% = a+0(%) = a+o(1)
and § remains a contact form). On the other hand, d¢,, o di changes only

at second order as v is perturbed because 1) in the above statement is related
to the original v(Diy = Adx + By + 5hg% = Aa% + Ba% + dhov + Oy =
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Aa% + Ba% + 0hat + O2) and d¢,, is not sensitive to the modification in
a.. Lemma 2.14 follows. O

2.7.8 The characteristic manifold for the perturbed
problem; the determinant equations

As we perturb v to change the sign of da.(v)(xp), we modify the one-
parameter group of v. We have estimated this perturbation previously. We
found that, for s > 2z

Fs(T,y,2) = s (m, Y, 2) + D7z+s(ﬁ_z(w, Y,2) — ’Y—z(% Y, 2) + 0(24)'

On the other hand,

ﬁ—s(xvya Z) - ’7_5(1',y,21)

X 4 O\ (X 0
=|v|=2 0 Y| -rw@(z—s5)—c)(z—3) |1
0 000 0 0

Since D, = Id, the map on the v-side is changed into (observe that
D~,4+s = Id in coordinates where v = %): Set X = (x,y,2)

r. (Id+ (éi ;gi) ) { (“y“") i /(;Z(a(s) — ¢)sds (?) } +O(XP)

_ z+ Ai(z+Ay) — (y + Bi(z + M)z + O(IX[?) ]
y+ Bi(z+ M) + (a1(z + Ai(z + Ai(z 4 My)) + bi(z + My)Z2 + O(IX|?) )

On the other side, that is the side of £, we have:



442 Recent Progress in Conformal Geometry

¢ac © 7/1(557% Z)

=(x—yz+( +b)z—2+21( 0) — zB(z,y,0) — £+ )g
=z Yz ar Y 2 z, Y, Z z,Y, 06 Qe 317
2 2 -
+ (y + (ax + by)z + c% + B(z,,0) + (abx + (b* — a)y)% + (aA+bB)z
+ czh +/z ++cbz—3)£+(z+h —I—ci-i-é(x 0))3+0(|X|3)
2 o p2 6’ dy 2 ) 'Yy 92 .

This formula does not involve 7wé because v is the map such that ¢!
reduces the original v, before perturbation. It is however modified with
respect to the unperturbed v because a. is modified.

A companion of the above formula is the formula for d¢,, o dy which
is unperturbed when v is modified. We have seen how vz and 5(z,y, 2)
were modified with our perturbation (only with o(x,y, z)). This argument
extends to a modification of v which gets rid of py and p, at each of xqg, z; :
déq, o dip is modified only at second order; vz is modified at the o(|X|?)
order if the support of the modification is small, so that the differential is
modified only at the o(|X|)-order. So is §(x,y,z). Therefore, Lemma 39
holds with 0(|X|?) replaced by o(]|X]|).

We thus have:

Proposition 38 1) The equations of the characteristic manifold read:
ac(z,y,z) — ac =Ai(z + Ay) + O(|X|?)
Bi(z + Ay) =O(IX )
Z =2+ O(|X?).
2) The function a.(x,y,z) has the expansion:

Ue = Qe +

(0= )@ +29)+ (b= b) = Ma—a)y+eez

ai

(1X1%).
3) The determinant equation reads:
Al <(a’ - a’l) - (b - b))Z + )‘g_f(xvya 0) - g_i(xvya 0))

(94 OA
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Proof. The proof of 3) follows readily from Lemma 34 and our remarks
above. The proof of 2) follows from the definition of a.. Observe that

6%, % and £ = 8% are £-transported. For v to come back collinear to itself

in the &-transport, we need:
ar(z + s — Gc)bry + P2 + s — e, y, 2) = ax + by + ¢z + Pa(, Y, 2).
This happens for s = a.(z,y, z) and yields 2) immediately. a

The proof of 1) is straightforward using the expansions provided above.
We proceed now with the the proof of the theorem.
Combining 1) and 2), we derive that:

(b—b1) — Na—a1))y+ ¢,z = O(y* + 22).

Let As(z,y,0), Ba(z,y,0) the first terms (of order 2) of A(z,y,0),
B(x,y,0). After using the fact that x + Ay = O(|X|?), the determinant
equation yields:

Al ((b - bl) - )\(a — al)) z4+2 (/_hég(—)\, 1, 0) — Blfig(—)\, 1, 0)) Yy

= o(lyl +[2))-
We thus have at a critical point:

(b=b1) = MNMa—a1))y+ecrz
= o(ly[ +12)
Ay ((b—b1) = Xa —a1)) 2 + 2(A1 Ba(— A, 1,0) — BiAs (=), 1,0)y
= o(ly[ +[z).
This yields y = z = 0 if the determinant is far from zero. Since ¢, = ¢
when we want to rid of ps, P2, we see that such a homotopy will not create

new critical points at infinity. This proves Lemma 28.
The determinant of the above “linear” system is:

A= Al ((b - bl) - )\(a — al))2 — 267— (Algg(—)\, 1, 0) — Blzig(—)\, 1, 0)) .

We now claim that:

oo

Lemma 40 z* is of index 1 at infinity if and only if

24¢ (Al’éz(fx, 1,0) — ByAy(—A,1, 0)) < A2 ((b—by) — Aa1 — a))?.
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Assuming this lemma, we see that we can modify the sign of ¢, i.e. introduce
¢ and keep A away from zero. ¢, must satisfy (**) above, i.e.

/Oz e 4s(&(s) — c)ds ((1)) = (8) for zo > 0 and 29 < 0 (%)

with A = (0 _1>.
a b

¢, assuming that c is positive, behaves as in the drawing on next page.
Clearly, for & small enough, A will be away from zero on
[—20, =], [1, 20]- On [—70,70], the statement follows from Lemma 39
above. We need now to show that we can choose 7p,71,20 so that (**)
holds. We expand (**) at first order i.e. replace e™*4 by 1 — sA. We

derive:
/oz(& —9s (_ia - sb) (?) ds = O(z4)

/ZO (& —¢)s’ds = O(z)
0

that is

/ZU(E —¢)s(1 —sb) =0(zp).
0

C

—

c+0(£)§

—Zn —h 7Y

Take 9 = O(e~/#0). Impose ¢ as above, on the graph, on [—7o,Yo].
The above conditions then reread:



Contact Form Geometry 445

/ZO (¢ — c)s?ds = O(zg) (also on [—zp, —1])

1

/zo(é —¢)s(1 — sb)ds = O(z}).

1

Choose 1 = %zo. This rereads:

/1 ;(5 — )a2dz = O(z)

/ (¢ — c)zdr = O(27)
1/2

¢ — c are re-scaled. The above conditions are easy to fulfill with small
perturbations of zero. The argument clearly extends to the full e=*4.

Proof. [Proof of Lemma 40]
First, let us observe that, since v = ~ (% — ya% + (ax + by + Qz)a%,)

where @, b, ¢ are constants (we are looking here at the unperturbed problem
after suppressing pa, p2), we derive from the normalization da(v, [§,v]) =
—1 that v = +-L

a

v

Assuming v = % near xo (the other case is similar), then since the
rotation of v along the &-piece of x> is 1, v = —\/% near 1. Observe that

[€.v)(z0) = Vagy; and [€,0](x1) = —/ai 5.

Using the notations of [Bahri-1 2003], let #; be the transport map from
x1 to x( along v.

Then,

oyt (&) — € = [1154_312 = A1 - B—all[&v](wl)-

dy va

According to [Bahri-1 2003], the vector-field ¥ generates then an eigenvalue
for JZ, (2°°) equal to 4t x £. (dac(v)(:po) = o x a—) 7

Since a is positive (da(v,[§,v]) < 0), this has the sign of g—i X c.

We use the equation of the characteristic manifold to find the other
eigenvalue. By Proposition 38, along the characteristic manifold:
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(IC*C_LO

- A [~ 2
=—A(z,y,0) + B_l (B(x,y, 0) + c% +((b=0b1) — AMa—a1)) yz)
1
3 Al 53 i 2
1

A 2
2 (b=t = Ma—a1)yz ) + O(XP).

B, 2
On the other hand, a direct expansion shows that:

. —a aac$+ Jda, L Jda,.

c 0T o Jy LA

(= O(]X|?) by the expansion above).
Thus, since = + Ay = O(| X |?),

e = (G0 42520 ) v+ 0P

2+ O(IX]*) = O(|XP)

By Proposition 38,

Oa, a—ay  Oa. b—0by  Oac c

8:17(0): a1 8y:a—1’ 9z  ay
so that
2= % (by — b— a1 — a)) + O(y?).

and

a. — Qg

— (FHBl-A L0 = (-2 1.0) = 735 (=) = M —0))*) 5

+0(y°).
Since the other eigenvalue is I—’% X = with a positive, z* is of index 1 if

Alc <A1§2(A7 15 0) - 12[2(7>\5 17 O)Bl - % ((bl - b) - A(0‘1 - (1))2) <0.
ie.

24,¢ (Al’éz(fx, 1,0) — B As(—\1, 0)) < A2((by — b) — Aa1 — a))?. .
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2.7.9 Reduction to the Case k =1

We show in this section how to reduce the general case to the case of I'y
with minor changes after a result of Y.Xu about the deformation, using
the deformation of the Hamiltonians, of the second derivative J/ (T ) or
Too Of Do, Too is a critical point of Jo and has k (all) of its & pieces
characteristic.

We need to think of the criticality conditions in a non-standard way since
for I'y, they are expressed (see above) in the vanishing of a determinant and
the fact that the &-piece is characteristic.

Since here the variations are many more, we cannot expect to have such
a simple situation. We will then need the following definition:

Definition 6 A &-piece of an orbit of £ is characteristic if it transports
the v-vector onto itself, i.e. Di,(v(z™)) = Ov(xz™), here 1), is the one-
parameter group of &, and a is the length of this £-piece.

We then denote a. = a¥(z~) the characteristic length, i.e. the length
along £ of a piece of £-orbit starting at = which is characteristic with a
rotation k7 for v.

Definition 7 We define the characteristic manifold Cy(T~) to be the
manifold of the curves of I'g;, having all their £-pieces characteristic.

It is easy to see that Ck(T) is a manifold after a generic assumption
of v [Bahri-2 2003]. Cj (Too) has codimension k in Iy, and a complement
subspace to the tangent space at a curve T near T, is generated by the
vectors 01, - - -, Uy which are defined by transport of v along £, along each
&- piece, from one edge of the £ piece to the other one ( from z; to zj for
).

This holds for each curve T of Cy(To) such that the differential
dai(v(x;)) #0, for i = 1,-- - k.al is the characteristic length of the point
Xy,

Considering a curve T of 'y, we may relate to this curve k &£-lengths,
al,- - a*, and k characteristic lengths al(x7),- - -, a¥ (x ). Accordingly,
Sal,- - -, 6a* are the differentials of the a”s on TxI'ax and dal,- - -, da” are
the differentials of the characteristic lengths ai’ s on 1519

At T, we have,

Proposition 39  There exists a constant ¢; # 0 such that J. (Too).U5.2 =
ci(6a® — 8al)(z) for any zeTy_Tap where 6a'(z) is the variation along z of
the it" &-piece of Tuo.

See [Bahri-1 2003], [Bahri-2 2003].
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For all zeTz_ C, in order to keep every &-pieces characteristic, we must
have (da’ — dal)(z) = 0. Therefore we have,

Corollary 11 Tz Ci(Too) and Span{vy, -+, U} are J/ (T ) -orthogonal.

Given a quadratic form ¢ on a space E and G C E a subspace of E, we
denote G° the orthogonal for ¢ of G.
As in the case of I's, we can find a suitable Darboux coordinates near

0
the first £-piece, such that in the small neighborhood of x], v reads 5
z

ya2 + (ax+ by + cz+ P(x,y, z))g, and in the small neighborhood of z7,
€ Y

0 0 0
v reads % Yon + (a1 + by + Q(x,y,z))a—y We assume that

1) J3(Teo) 75 i (o) 18 nOD-degenerate,

2) J (T) has two negative directions in
L=G°Nn{da*—6a =---=da* —da" = 621 =0},
where G is the subspace
Span{zeTz_Cik(Too), z = 0 on the firstépiece}.
It is easy to see that GG is of codimension three, and L is a three dimen-
sional subspace of Tz_I'a.

Let Ly = LN {da' — dal = 0}, it is a two dimensional subspace of
Ty Cr(Too). Now, dJ2 (Too) has the following form,

C ail as as
ai
ag D 0
as
0 C
here
c= d2Joo(xoo 771615
a; = ¢ = d* Joo (Too) U1 .1, for 1<¢<3,

We now prove the following result,
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Lemma 41  There is a deformation of L, such that either ¢ changes sign
or D changes index.

Proof. [Proof of Lemma 41] We are going to use the following lemma in
the proof. 0

Lemma 42 In a suitable fized connection in Tsp, and after having
extended vy to a meighborhood of Too, for T near T, while modifying
a,a1,b,b1 and c of v near 7 and :cir along ar,a1+,br, b1+ and c;, we have

d*J7(T).01.h = d*J° (T).01.h + o(|h]),
d*J7(T).h.k = d*J2 (T).h.k + o(|h] + |k|)
and d*J7(T).01.01 = ¢, + o(1)
for all hyk € Tx_ Ck(Too) such that dz1(h) = dz (k) = 0.

The proof the Lemma 42 is deferred to the appendix.

Assume ¢ = d?J.(T).v1.07 is positive. We know how to change ¢ ( see
the proof of I'y). This does not change C. Using Lemmad42, a1, a2, as and D
change very little in a neighborhood. The determinant of L is a linear form
in ¢. Either we can decrease ¢ and make it cross zero while det L remains
non zero, we are done or we cannot do that. But then we can increase c to
a very large value without ever crossing the value 0 for det L.

If we change index of C while the total matrix does not degenerate, then
the upper matrix changes index. Clearly if |c| is large enough with respect
to a1,az, as, this implies that D changes index.

We will establish the following theorem in Section 2.7.10, which states,

Theorem 4 Under the assumption i > 2, there is a deformation of «
and v such that

1) d*J7(T) does not degenerate.

2) Index of C changes by 2.

A corollary of this theorem is that either we can modify ¢ =
d?J(Z).01.01 from positive to negative or we can adjust o and v near
T such that there are two negative directions in

L=G°n{da*—-6a%=---=6a" - da* =521 =0}
since we can create two more positive directions in span{us, ..., ug—1}.

Thus we established Lemma 41.
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Using the notation in the proof of Section 2.7.2 (the case of I's), we
claim that,

Lemma 43 a and b of v at xf and ay,biof v at x] can be adjusted so
that there is a negative direction u for J (Too) in the JI (Tso)-orthogonal

of L1 in L.

Proof. [Proof of Lemma 43]
A tangent vector on the first { piece has at ] components dz1, dy1, 021
and we denote 0z} the variation da + 2} along this vector. O

We are asserting that we have two negative directions in
L=G°N{6z =da® —da? = --- = da" — 6a” = 0}.

We want to create a negative direction in L N {4z = da! — Jal = 0}.
We work in the sequel in L.
On {0z = 0}, da' — dal reduces to

b—b

a1

aial)éxlf(bibl

!/
oxy —dxy — (
a1 ai

Joy1 = dx) — a%ézl —( )oy1.

dz', 6x1, 0y1 are independent linear forms since dx1, dy1, da’ are linearly

a a b—
independent , we have to restrict the value of —. Thus —, L are free
a1 a1 al
a
to choose in a half plane (see [Bahri-2 2003]), because —— needs to remain
a

negative if § has to remain a contact form.

According to Lemma 42, d*J.(T).h.k does not change as we change
a,ai, b, b1 if 521(h) = 621(k) =0.

Since ¢; is so large, d?J does not change sign and T, remains isolated.
Actually, the proof of Lemma 42 implies that we do not create any new
critical point at infinity.

Let now

A= dJ% (Too) |(521=0} in L.

Let P be a generic plane which is negative for A"l We may assume
that (0,1,0) (for (dz1,0y1,dz))) is not in AP. AP has then the equation
adx1 + cdyr + box} = 0 with ¢ # 0.
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Let u in AP be such that éz1(u) < 0,6z} (u) > 0. Choose u with
oz (u) = 1, we set a,aq, b, by so that

dxq(u) = 7@%
oya(u) = — ’ ;1b1
dzi(u) =1
then
A lweP

If z is in {621 = da' —dal = 0}, then 'z A(A~tu) =! zu = dz/ — ai&xl —

1
(b_bl) (Syl =0.
a1

Thus A~'u is d2J.(T)- orthogonal to {6z, = da' — dal = 0} in L.
Furthermore,
A AA"\y =t uA=u < 0, thus A~ Lu satisfies our purpose.

After this lemma, T5_ Ci(Too) reads

JI(Too) V10
( ) 1~ 1)1).

L U= L _ _Yoo\oo/rmLt
CoOLigRi=G6o e R =5 5 Ew

_ J!' (Too). 010
Since L; and v are J! (To)-orthogonal and u — le is
. I (Too)- 0101
independent of v7(dz!(u) = 0) and satisfies da’ — da’. = 0 for every i >
1, we can pick up a co-dimensional one sub-manifold Cx_1 of Cy(Txo)
which is tangent to G @ L at To,. We then have Ru; & (ﬁ = EBR@-) =

J(I)/O(TOO)OTEOC Ck.

We foliate C(Too) by manifolds C;_, with 02_1 = Ck_1, here C}_,
are the co-dimensional 1 sub-manifolds of C} which are tangent to G & L,
at some base points z5,. x5, s € (—e¢,¢) is a curve tangent to u, with

2% = Too. We prove below that the C§_,’s are basically unchanged along
the homotopy which we complete.
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spaniyv,..v; |

——— TT—
_/-‘

— ¢
| — k-1

//"‘-.
— \
S Coou
— ____"'_'-h-_\____

We then have,

Lemma 44 T near Too @S a critical point of Jo if and only if
i) T is in some C;_,,
i) T is critical of Jo |c;
iii) det(dlz — Id) = 0, where dlz is the differential of the usual

transport map of T.

Proof of Lemma 44: Once i) is established, ii) and iii) are clearly nec-
essary . Together with the requirement that T, has k characteristic pieces,
this builds 2k independent conditions (generically to v) and criticality
follows.

Condition i) is equivalent to the statement that T is critical ( near Too).
Then all its & pieces are characteristic. This follows from the fact that near
C) each v-jump offers, by v-transport along it, a decreasing variation for
Joo, only that the fact that a &-piece is characteristic does not allow to
transform this variation into a tangent vector.

// [£>v]
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If ¢ is non-characteristic, the variation can be closed and is Juo-
decreasing.

Hence, if T is in the neighborhood of Cj and has a non-characteristic
&-piece, it is not critical for Jo. 1) follows, as well as ii) and iii) and the
lemma.

We now establish that the proof of theorem 2 follows from the proof of
Ts.

We will think of Span{v7,u} as the extension of T _I's and complete
our modification of v7 so that,

(i) Span{vy,u}=Span{ 01, u}is basically unperturbed.
(ii) L1,G and the C}' ;s is basically unperturbed.
(iii) The orthogonality relations of Span{vi,u} and Ly and the matrix
J! (Txo) |1, are unperturbed.
(iv) J2(Too) |span{s;,uy does not degenerate.
(v) Along the deformation, J/ (T ).01.01 changes sign.

We think of the whole Poincare-return map as the composition of three
maps, the transport along u, the transport along 07 and the remaining part
of the Poincare-return map. According to Lemma 30, the remaining part
is basically unperturbed.

Now, dJ2 (Too) has the following form,

S &l

520
0 B

with

E, = Span{vi,u}

Ey =Tz, Cir_1 ® Span{va, ..., v} C {dz1 = 0}.
We also know that

@ =dJ2 (Too)uu <0, c=dJ? (Teo).01.01 > 0.
Hence,
a—-d < 0.

According to Lemma 41, we have,

Lemma 45 As we change c along ¢r,7€0,1] from positive to negative,
B,a,d do not change.
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Then, the isolation of Z,, reduces to the condition

CTE—d2 <0

(i.e. does not change sign).

This is equivalent to our determinant condition in the case of I'y and
the proof are completely parallel. The vanishing of the determinant in the
case of 'y being equivalent to ca — @> = 0. The two are linear forms on Cr
which vanish when the other one vanishes.

Obviously, since @ is positive, unchanged and ca is negative, we can
change c,, make it cross zero, using the same construction than the one for

_ =2
I's and never have ¢c;a—d = 0.

We now prove that i), ii), iii), iv) and v) stated above hold.

iv) and v) are clear. iii) follows from Lemma 31. Along G and Ly, dz;
equals 0. The base vectors at z; have no component on v(x; ). This also
holds for u, since u € L. The proof of theorem 6 implies then that their
natural extension to a neighborhood of T, in I's; changes very little.

2.7.10 Modification of d*J7_ (Too) |span{us, - us_1}
In this section, we will prove Theorem 4, which states as,
Theorem 4  There is a deformation of a and v such that

1) d*J7(To) does not degenerate.
2) Index of d*J7 (Too) lspan{us,--u,_,) changes by 2

First we need to describe a basis for the tangent space at T. Given three
consecutive characteristic &-pieces:

&1{7

oS3V
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We create a tangent vector at Too after picking up at z; a vector dsjv,
transporting it a characteristic length to =7, then along v from x3 to z3 with
an addition of §sov, transporting it then a characteristic length again from
7y to x5 and along v from x3 to x5, with an addition of §s3v, transporting
it finally a characteristic length from 23 to 23 . Using the freedom of dso
and sz, we may arrange so that the vector obtained at :cgr is parallel to v.

The vector will be denoted us, where 2 is the index of the middle char-
acteristic piece. In this way, we build k vectors {ui,...,ur}. It is clear
that 02J(Too).ui.uj is zero when |i — j| > 2.

As in the case of 'y, we work with Darboux coordinates o = dx + ydz,
so we can follow the curves in a small neighborhood of the base curve
explicitly. We will perturb all the £ —pieces and all the v— pieces, so we can
change 02 Joo (Too)-uitt; and 02 Jo (Too ). us-ui11 freely and independently,
for 1 < i < k, without changing da’(v).

After the modification, in a small neighborhood of the i** v-piece, v
becomes (up to a multiplication factor)

0 0 0
7 + wsi(2)wai(z, y) (b 2* + llixy)% + wai(2)wai(z, y) (haa® + lzixy)a—y-

Integrating along the v-pieces, the modification occurs only at the sec-
ond order and higher. Here, ws;(z) and wy;(x,y) are the cut-off functions
in a small neighborhood of the v-pieces.

1
And a on the it" £—piece becomes Aa, where S 1 +

wii(1)wa; (y, 2)diy?z, here, wi;(z) and wa;(y, 2) are the cut-off functions in
a small neighborhood of the £ —pieces. The corresponding Reeb vector field

becomes
I N D VYV, D W A b
5‘X<%+7A2 ay F<a_ y%))

We will prove,

Lemma 46  Using the perturbation we described above, we can modify the
second derivatives

62JOO (fw).ui.ui, 62Joo (foo)_ui_ui+1

for 1 < i<k freely and independently, i.e. we can prescribe any set of 2k
real values for

62JOO(TOO).’U¢.UZ', BQJOO(TOO).ui.uiH, 1< <k.
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A corollary of Lemma 46 is,

Corollary 12 With a C'-small, and C?-bounded modification, we can
change the index of J3, (Two) | by 2 while keeping J5,(Teo) I1cy, 7o) MON-
degenerate.

Proof of Corollary 12: We reorder A so that the first coefficient is ux because
the supplement of G in the space Span{u;} is Span{uy, us, ug}. A reads

0?Joo(ZToo) g - - 00+ 0?Joo(Too) Uk Ug—1
0?Joo(ZToo)ur g - - - 00 0?Joo(Too) U1 -Up—1
0?Joo (Too)ugug -+ - - 0 0

0 .. 0

0 0 -
0?Joo(Too) 11 00 -+ - 0% Joo (Too) Up—2.Up—1
0? oo (Too)up—1.ug - 00 + + 0?00 (Too) Up—1.Ug_1

If we look at the matrix A, it has on each line 5 non zero terms at most.
For all lines besides the first two ones and the two last ones, these terms
are the diagonal term and the two next terms on each side. For the first
line, we have the diagonal, two terms on the immediate right and two other
terms on the extreme right of the matrix. For the second line, we have four
terms, one to the left of the diagonal, two to the immediate right and one
at the extreme right. The situation is similar but with right replaced by left
for the two last lines. Our lemma above establishes that the diagonal of A
and the two next “diagonals” on the right and on the left are made of free
parameters which we can choose as we please. The next two diagonals on
the right and on the left are untouched through these changes. The extreme
top coefficients on the right and its symmetric on the left are free to choose.
The two remaining coefficients are untouched through these changes.

detA is linear in the diagonal terms. We can therefore send the diagonal
coefficients to +00 or —oo so that detA is never zero. The other terms are
untouched. Now A has a very large diagonal, all other terms are bounded.
Let us take the other coefficients which are free to choose and make them
very large (still small with respect to the absolute value of the diagonal
terms).

Setting the untouched coefficients to be zero, including the top right
and the bottom left coefficients, we derive a matrix Ay whose coefficients
are totally free to choose. Ay reads
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--0000 -
---0000
0---000
00---00
000---0
0000 - - -
-0000 - -

In this form our claim becomes a simple algebraic statement involving
pathes and connectedness of the set of non degenerate matrices of the above
type as long as they have the same index. We do not include the proof here.

Now we proceed with the proof of Lemma 46. Since the proof is somehow
long and technical, we will only outline the main steps here and leave the
details in the appendix.

First, let us look at what happens if we modify only the third &-piece and
the second v-piece, the result extends to the general case. For the sake of
simplicity, we drop the subscript 7 in the proof. After the modification, in a
small neighborhood of the second v-piece, v becomes (up to a multiplication
factor)

o+ wn(haa,)(bna® + 1y) 5+ wn(ai,y)(haa® +lazn) 3
Here, w3(2) and wy4(x,y) are the cut-off functions in a small neighborhood
of the second v-piece.

And « on the third £—piece becomes A, where

1
3= 1+ wi(z)wa(y, 2)dy?z.

Here, w1 (x) and wa(y, z) are the cut-off functions in a small neighborhood
of the third &-piece.

Let v be the new vector field introduced. We build a function 9 using
the orbits of v such that

Setting then

we find
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Furthermore,
aANda=aANda—dpAdo.

If dv) is small, « is still a contact form.

Finally,

B =da(®,-) = da(v,-) + O(z® + v?),

so that B is still a contact form.

To construct ¥, we pick up the v-orbit through the edge and the two
sectors og, 01, one before the starting point of the edge, another one after.
We build up one perturbation between z;,, and z; and build a com-

pensating perturbation, still O(z? + y?), between x;" and 0.
We solve

dU(D) = —a(?)

by integration along the flow-lines of v starting with ¥ = 0 on gy. We get

U(s,z) = —/ a(v)dt for = € oy,
0

t is the time along v, ¥ is O(z? + y?), d¥ is O(|z| + |y]).
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Following the notation in the case of I's, in a small neighborhood of

0 0
point x;", the v—vector after re-normalization reads 2 Yo, + (afz +
z x
0
by + Qi(z,y, z))a—, and in the small neighborhood of x;, the v— vector
Y
ft lizati d 0 6+(, +b y+cz+ Py ))6
after re-normalization reads — —y—=—— + (a; v + b; cz+ Pi(z,y,2)) 5
9.  Yor ’ Y 4 Jy

As we modify the third &-piece, a2 changes. For the sake of simplicity,
we omit the superscript below. We will need the following lemma:

Lemma 47 After performing the modification on the third &-piece, da,
becomes

(a3 — a3 )xo + (b3 — b3 )yo + c3z0 — @2dyo

oa, = aé"
(a3 —az)xo + (b3 — b3)yo + cazo — a2dyo  2dyo + Q2.2(x0,y0, 20)
ag ag

+ {P3 (0,0, 20) — Q3 (0, Y0, 20) + @b3 2dyo 20

—a2dzo(az o + b3 yo + c320) — 622dz0(a§:v0 + b3 Yo + c320)}/aq .

Here, the first line is the first order terms, and the rest are the second
order terms.

The proof of Lemma 47 is deferred to the Appendix.

We proceed with the calculation of 02 Ju (Too ). U2 U2, 0 Joo (Too ) Uz U3,
02 Joo (T oo ) U2 Ug NOW.

2.7.11 Calculation of 8?Joo(Too)-uz-us

First let us focus on the us-piece, the bottom variation. We start at
with a small variation ds; along v, we transport this small variation along
the second &-piece a characteristic length to z2. From xo we transport it
along the second v-piece to x3, then from x3 with a small variation dsy
along v, we transport it along the third £-piece a characteristic length to
x4. From x4 we transport it along the third v-piece to x5, then from x5
with a small variation ds3 along v, we transport it along the fourth &-piece
a characteristic length to zg . The z-coordinates of the 1st, 2nd and 3rd
&—piece of ug are respectively ds1,ds2,083. ds1 and ds3 are constant along
the first and third &-pieces of us. Because the third {—piece is perturbed,
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dsg varies at the second order (refer to Lemma 47) along this piece, but it
stays the same at To,. We have:

Lemma 48 §s1, 052,083 satisfy the following relation,

552 = padsi + O (653),  ds3 = gudsy + O (653)

where
+ p— —
C2 Q3 Qg Bl + (Abg — 2d0,)B2 B2
=2 + —=CY4),
D2 a;’_ cs ( a;_ 02 4)
C2 aZ B2
= 224 2 et C
© a; Cq 02

Al Ag Bl Bg Cl CB
o (Az A4>’ (Bg 34) and ¢ <C2 C4>

are respectively the transport matrices of the 1st, 2nd, and 3rd v-pieces.

The proof of this lemma is deferred to the Appendix.

On top of uz, now we construct us(ug), assume that the z-coordinates of
the 1st, 2nd and 3rd £—pieces of uz(uz) are respectively ds1, dsg + ds1and
05y + 0s3. We start at z7 with a small variation 0s; along v, then we
transport this small variation along the third &-piece a characteristic length
to xg. From xy we transport along the first v-piece to z}, then from z}
with a small variation ds; + dso along v, we transport it along the second
&-piece a characteristic length to z}. From af we transport it along the
second v-piece to x4, then from x4 with a small variation §sy + ds3 along
v, we transport it along the third £-piece a characteristic length to .

Lemma 49 The x,y coordinates of point x)y reads

02 22 04581 - —32551553
( 2 ay USSR VI 03534551,
—32581 + — (bJng — ag —04)681(583
ay ag Co

here U and and V are constants which we will not track.

The proof of Lemma 49 is in the Appendix.
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& — piece
X, / X,
4
X' X,
174
Pz Ny X'
M e e
o 7 Xy

Assume

553 = posi + Ros10s1 + Udsy. + Vis? + O(Fs; + 6s3),
553 = qos1 + T051051 + Uids1 + Vids2 + O(ds1- + 52).

Here, we will track only R and T', and we will not track U , IN/, (71 and 171
First, we track only first order terms along us(us) , we get

Lemma 50 051,05y and 0s3 satisfy the following relation at the first
order,

Tsz = p1bs1 + 0 (653,51, 051551 )

Ts = qibs1 + O (053,351, 651051 )

where

Lo (s )
ag By ’

Hence we know how us and us(us) constitute at the first order.
The proof of the Lemma 50 is in the Appendix.
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Let us look at
J(TOO +EU2(U3) + 581’[1,3) - J(TOO + 581’[1,3)

= 3510 (Too + 051u3).uz(usz) + O(3s1")
= 0510510 (Too ) -Un.u3 + 0(58%,E2) .

Since Too is critical, 0J(Two).(-) is 0. If we take §s; very small compared
with dsq, then we can ignore the ds? terms. Similarly if we take ds; very

—2
small compared with ds1, then we can ignore the §s; terms. Since our aim
is to compute 0%.J.uy.u3 we need only to concentrate on the ds1ds; terms,
so from now on in all our computation, we keep only the ds;ds; terms, and

drop the 63%,5_512 terms and terms with order higher than 2.

Claim 1 Along us(us), the transport matrix in x,y- coordinates along
the first v-piece is

__ 0 —1 /0 -1
(Id+(5s2+551)<a; bg))A<1d_581 (af bf)) o
+ <O)E(ssl ) (53%,E2) + 0.

C2

As before, the proof of the claim is deferred to the Appendix.
Therefore we can write the x, y-coordinates of x} as

C1
— 0o -1 —(0 -1 w\— 0\—
_ a
<1d+ (682 +581)<a2 b2>) A (Id 0s1 (af bf)) < 6 >581+<62> 052081
a o
—A<a1+>5_s1+ (0 _1>A<a1+>masl+( 0 )5_51531.
0 a; by 0 cap1

So the z, y-coordinates of z/, read

(12_ AbQ (6]
x ¥ =\ — N
(@ @ )-ate (o )@saam+ ()
0 1 0 0
4 Ab e ] ]
_ (ai al )A(af)§+ (ai)(asl Y +R(a$)mssl
0 1 0 0 0

G2 2 0 1 “a 0 N
+ (ag_ aé’_ > ( 3 >A<ai’_) + ( ) E581+ < 2>
0 1 ay by 0 C2p1 0
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here Nj is the second order term of da.(z]).
Claim 2 The transport matrix along the second v- piece is

(Id+((5—83+632)<2 _bl)>B(Id—(E+6sl)<2+ ;i)) -2
3 3 2

2
0\— 2 ——2 3 ——3
+ 0sg0s2 + Udsy +Vis1 + O(ds] + ds1 ).
€3
Here, the values of U and V has changed. However, we will not track
these values. The proof of Claim 2 is similar with the proof of the Claim 1,
so we omit it here.
The first order term of 24 is
2 Ab e
(a; ay ) - pointl’ + (a;) (659 + ds1)
0 1 0
AQ C2

~22BN =2
— Ci< By 4)551 n <a;>581_
a; As 0

Integrating along the second v—piece, we get

A 1 Ag 551
h1( 01 234551—1-—581) + i (——= e B4551+ 551)aiA2631
1 2 1
C1 A2 - C2 A “ 551
ho(——F==B4ds, + —98 +1 ———B(S +2 5 A0
2( ai Ba o ay ) + ol ay B o az Sl)af .
By
—2hi—+hL\ .
acey,, B, 551051 + O(0s2,351°).
ay Gg f2h23—4+l2

We are able to write the crossing terms of x% now.
Thus z% can be written as

(Id+(6—53+552) <Oa 1 b>) B <Id (652 + ds1) (a(l bf)) - ah
3 3 2 V2

By
—2h—+0h
0\ — —2 c1c
+ <03> 353050 + O(052, 851 ) + —— Ay §4 351051 + Os.

Gy Gg 72h2§ + 1y
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Then we transport it along third -piece, we are able then to get an
expression of x)j. Comparing the crossing terms, i.e. ds1ds; terms of point
a2}, with the expression in Lemma 49, we get

Claim 3 R satisfies the following relation,

— +
C1 a2 — a2 Abg +B4 +
——AyBy | =—=% + —= — —b — — B
af 29 < aj aj <a2 B, 2 C3P2q1 — C2P1D4
2072 By + 2 RBy + NBy+ 22 4, (—om, 22 4 1,) =0
—_ a— _— _— —_ _— = .
a; q1 52 a; 2 2 af a; 2 2B2 2

We leave the details of the proof of this claim in the Appendix.

It is clear that there is no ds10s; term which is contributed by the
first and the fourth £—pieces. So in order to calculate the 951051 terms in
Joo(Too + 051U (U2) 4+ 651U2) — Joo (Too + d51Us2), Wwe need only to count the
051051 terms contributed by the second and the third &é-pieces.

For the second £ —piece, the §s10s1 terms come from three sources. Since
089 = p15_81 + Rs10s1, so R is one of the sources. Also the second order
terms of da.(x}) , Na contributes 051051 terms, and all the other ds1ds1
terms come from the v-transport.

For the third &-piece, the ds16s; terms also come from three sources.
Since ds3 = q10s1 + Tds10s1, so T is one of the sources. Also the second
order terms of da.(z%5) N3 contributes 051051 terms, and all the other 051851
terms come from the v-transport.

Summing them up, we get,

B
82J00 (TOO).UQ.Ug = qlaS_Bl + (Ab3,4dEC)B2 + a;C—QCZ;
2

(€]

B4 det B det B C1 Co Bl B4
+epi5 —c¢ cop1—— + ——TA2((2h1 == — 2h2) 5 + 12 — ).
2}71B2 2D1 B, 2P1 B, af af 2(( 1B2 2)B2 2 — 1)
(I1) (I11)
(I) involves the perturbation parameter d.
+
(IT) involves no perturbation parameter, since p; = —C—Jlr Sz
aq C2
5 A1+ Abs A A
az A1+ Bb2fs + —2B4 involves no perturbation parameter.
a;r BQ
And since (I1I) involves parameters hy,l1 he,lo , we know

0?J oo (Too).u1 .uz involves perturbation parameters hy, 11 ho,lz and d. As we
modify the contact form, we can change it freely without changing da.(v).
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The details of the calculation are in the Appendix.

2.8 Calculation of 8%J (Too)-U2. U2

The aim of this section is to perturb 92?Ju (Too).u2. u2, without changing
dac(v).

First let us focus on wus , the bottom variation. We start at x; with
a small variation ds; along v, we transport this small variation along the
first £-piece a characteristic length to 3. From xo we transport it along
the first v-piece to xs, then from x3 with a small variation dss along v, we
transport it along the second é-piece a characteristic length to x4. From x4
we transport it along the second wv-piece to x5, then from x5 with a small
variation ds3 along v, we transport it along the third &-piece a characteristic
length to x¢. The z—coordinates of the 1st, 2nd and 3rd {—piece of u; are
respectively ds1,ds2,083. ds1 and dsq are constant along the first and second
&-pieces. Because the third £—piece is perturbed, ds3 varies at the second
order (refer to Lemma 47) along this piece.

&— piece
xl'/ X'
; 4
A | % !
AW L o

Lemma 51 4s1,0ds2,083 satisfy the following relation,

08y = pds1 + O (63%) ds3 = qdsy1 + O (63%)

where
+ —
C1 Qg ,Gqy A1 + AbQAQ AQ
=———(——7F7—""+4+ =—Dy),
e B, 2
A
O Mk 8 Y B,
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and
(A Az _ (B1 B3
= () == (55)

are the transport matrices of the 1st and 2nd v—pieces.

The proof of this lemma is similar to the proof of Lemma 48, so we omit
it here.

Lemma 52 The z,y coordinates of x reads (8) +U68%+V5_812+0(58?+

5_513), and the z coordinate is dss + 0ss, here U and V are constants which
we will not track.

The proof is similar with the proof of Lemma 49 which we defer to the
Appendix.

Now on top of ug, we construct us(uz). We start at x1 with a small
variation ds; + ds; along v, we transport this small variation along the
first ¢-piece a characteristic length to 3. From x5 we transport it along
the first v-piece to x3, then from x3 with a small variation dsy + s along
v, we transport it along the second &-piece a characteristic length to x4.
From x4 we transport it along the second v-piece to x5, then from x5 with
a small variation ds3 4 ds3 along v, we transport it along the third ¢-piece
a characteristic length to z. The z—coordinates of the 1st, 2nd and 3rd
&—pieces of uj(ug) are respectively ds; + 0s1 ,0s9 + dsg and dsg + ds3

since v has a constant component equal to 1 on % As before, first we
z

concentrate only on the first order terms, then we go to the ds;ds; terms.
Considering only the first order terms, we get:

Lemma 53 dsy,0s2 and ds3 satisfy the following relation at the first
order,

353 = posi + O (&%Eﬂ 581@ :
353 = qds1 + O (&%Eﬂ 581@ :
where

_C_lﬂ (a;Al +Ab2A2 + ﬁBZL)

aii_ (6] a;_ B2
c1 a, A
q= —Jlr—?’—zdetB.

a‘l C3 BQ
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The proof of this lemma is along the same line with the proof of
Lemma 50, we defer it to the Appendix.

As before, since our goal is to compute 0?Ju (Too ). U2 u2, We need only
to concentrate on the §s;ds; terms, so from now on in all our computation,

_ —2
we keep only the ds1ds1 terms, and drop the 55%, ds1 terms and terms with
order higher than 2.

Assume

553 = posi + Ros10s1 + Udsy + Vis? + O(Fs; + 6s3),

553 = qds1 + Ts1051 + U1ds1. + V152 + O(3s; + 653).
Now let us track the §s10s; terms along uq (u1).

0
Claim 4 z) reads | c¢dsi0s; | + Vis? + O(E3 +0s3)
551+ 0s1

The proof is deferred to the Appendix.

$/2 reads
a ay by — by
<a1+> (0s1+0s1) + | af  af (O) 551051 + <Aél)
0 01 “ ’
051 + 051

where Nj is the second order term of a.(z)) — ac(xy).
As in Section 2.7.11, we can prove that the transport matrix for x,y—
coordinates along the first v-piece is

— -1 — -1 ’
(Id+ (682 +582) (ao_ b_)) A (Id— (0s1 + 0s1) (a(l_ b+)) < Ty
2 V2 1 1

+ (COQ) Foa65s + U051 + V652 + 031" + 65%),

here U and Vare changed than before, which we will not track exactly.



468 Recent Progress in Conformal Geometry

Writing only the first order and the §s;ds; terms, the x, y—coordinates
of x5 read

a AT
A <af> (051 JrE) + A E ai" ( ) 551081
0 0 1 “

C1
—|—2p(0___1)A af 551081
ay by 0
0 -1\ [ 0 N
_ 1\ (F) 55 75— 1
2A (af bf) (aé ) 081081 + <02> p“dsi0s1 + A ( 0 ) ,

and the z—coordinate remains 085 + 5.

The x, y—coordinates of :c:1 read

(225} AbQ c_2
af af |-ws3t (a?) (052 + ds2),
0 1 0

and the z—coordinate remains 0ss + dso, here, Ab; = b, — b:r.

The transport matrix along the second v-piece is
<1d+ (6s3 + 0s3) ( 0 1)) B (Id— (652 + 0s2) ( 0+ f)) -l
az 03 ag by

+ (cog) 553053 + Udsy + V3s? + O(s; + 6s3)

here U and V are changed than before, which we won’t track exactly.
Therefore the first order term of z, is

ag Aby) o (e _
aj af A(af) (651 + 0s1) + (aJ) (652 + ds2)

0 1 0 0
A
_ Ci 3#234
= a L 2 (081 + ds1)
— A2
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Thus the effect of the modification on v is

c A c A
() () 2

a A a A
h1< —1—234) +l1( 41_3234) —1142

2 4 By

B 1 ~ ~

2( Ag 1 B |+ 031" + Vst
a’l BQ 712 + F]’LQ

2

Therefore the z, y—coordinates of j read

00 (3 ) -7 (4 5)

B
g, [~h+ —4h1

By 5,

+ (0 03) E683 +2 (%AQ)
a
1 —ls + —h2

+UBs1” + Vés2+0(0s; + 6s%),

and the z—coordinate is dsg + ds3.
The z and y coordinates of x5 at the first order are

B a;‘ a;‘ A ( ) (681 + 681) + B ( ) (582 + 582)
0 1 0 0

(Al C—i (651 + 5_S1)>
= aj .
0

Using Lemma 47, along the third £—piece,
or = N3,
oy =0,
8z = d(0s3 + 0s3)2a,.
Writing only the 551051 terms,
or = N3,
oy =0,
0z = 2ddcq25515_51,

(551 +551)?

469
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here, N3 is the second order term of ac(:zz/s) — ac(ws).

as Abs — 2da,

cs
—_— - ’ . -— 5
z6is | g a;r - Point x5 + (a;) (0s3 + d0s3) + <5$>

0 1 0 Y

w

Comparing the z,y— coordinates of :I:/ﬁ with Lemma 52, we get,

Claim 5 R satisfies the following relation,

Ab aqy A1 + AbsA ay Az + Abs A Ab
Cl_lBQ;Jr“quQM 134(_1A2f144)
al ay ay 1
c Absy Aby
+2pAsBy—-(1 — —i) +2p +B2 2 (a3 Ay + by Ag) + c2p*(—2 B2 — By)
ap Qs 2 a2
5 A1+ Abs A
—c3q” + %B2R + BaNy + (ByAs + Bz%ﬂ\ﬁ
2 2

2
C1 B4 B4
2( =Ay) =2 (-1 —h =0.
(af 2) B2< 2t 2)

In order to calculate the 051051 terms in Joo (Too + 05111 (U2) + d51Us) —
Joo(Too + 081u2), we need to count the 951051 terms contributed by all the
three &-pieces.

For the second é—piece, like before, the ds1ds; terms come from three
sources. Since dsgs = p1551 + R551551, so R is one of the sources. The
second order terms of da, (:cl) N, contributes ds1s1 terms too, and all the
other 951051 terms come from the v-transport.

For the third &-piece, the 051081 terms come from three sources, the R
term of ds3 , the second order terms of dac(q::..—)) N3 , and those from the
v-transport.

Summing them together, we have

82JOO (Too).’UJQ_’U,Q

A Ab 1
= (1— Ay + =2(det B— By))N; +c1(—1A2 Ag)—=(det B + By)
Bg 1 B2
Ab A 1-B
—Cop g(detB B4) + Cl(A3 — ?1141) a-li_l c1+c3 B, 1(]2

(€]
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(1)
2
C1 B4 B4
—2(2A4,) = (—-t+220
(af 2> §< * B, 2)

(1)

The details of the calculation are carried out in the Appendix.

We can see that (I) involves no parameter, and (IT) involves only
h1,11. ha,ly , Comparing with the expression for 92J. (Too ). uz2.us, it is easy
to see that so as we perturb hy,ly ho,ls , we can modify 92Ju(Too ). U2 us
freely and independent of 92 Ju (Too ).tz u3 .

2.9 Calculation of 0%2Ju (Too)-Uz2.Us

First let us focus on uy4, the bottom variation; The z—coordinates of the 1st,
2nd and 3rd &-piece of ug will be denoted dsq1, s, ds3. They are constant
along us. We have:

Lemma 54 §s1, 082,083 satisfy the following relation,

dso = p3dsy + O (55%) ds3 = g3ds1 + O (55%) ,

where
__csai (a;Cit AbCy | o
p3 = a+ c x D 4
3 4 a3 2
C3 ag 02
= 55 22 qet D,
a3 a;r Cs D2
and

_ Cl 03 _ D1 Dg
C = (02 04) and D = <D2 D,
are respectively the transport matrices of the 8rd and 4th v—pieces.
The proof is the same than the proof of Lemma 48, we will omit it here.
On top of ug, now we construct ug(u4), assume that the z-coordinates

of the 1st, 2nd and 3rd {—pieces of uz(u4) are respectively 051, 0sa+0si1and
552 + 553.
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¥, X,
pradl =~
/1 Xy X,
&— piece Pt &

Lemma 55 The x,y coordinates of x¢ read

C3

55 _
al | 4 USsE £ VEsE + 0653 + 8510),
03681583

here U and and V are constants which we will not track.

The proof is similar with Lemma 49
Assume

552 = pos1 + Ros10s1 + Udsy. + Vis? + O(3s; + 6s3),

353 = qds1 + 1951051 + Uydsy + Vids? + O(3s1 + 853).
Here, we will track only R and T', and we will not track U , \7, 51 and 171

First, we track only the first order terms along us(uy4); we find:

Lemma 56 051,052 and 0s3 satisfy the following relation at the first
order,

Tsz = mbs1 + 0 (653,51, 051951)

555 = q1051 + O (535,5—312,531E) ,
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where

5 5 A1+ AbxA A
plz_i.a_z.<L+22+_234),
al C a3 BQ

C1 a; A2

= ——=——detB.
« ai" C3 Bg

Hence we know how wuy and ug(uy) are built at the first order.

As before, since our aim is to compute 92 J (Too )-u2.us we need only to
concentrate on the §s;0s; terms, so from now on in all our computations,
we keep only the ds;8s; terms, and drop the §s?, EQ terms and terms with
order higher than 2.

Let us track ws(uy4), the x,y coordinates of x; is <8), transport them
C1 —

—(581
to the point x2, we get <a{r ); the z-coordinate along the first &-piece
0

is constant ds7.

C1
The x,y coordinates of x3 read A (af) 0s1, the transport along the
0
second &-piece reads
a2_ Abg 2
a; a; - point x3 + (a;‘) dss.
0 1 0

The first order term of x4 is

Ao Abg 0_2 c 7A2B
gg -pointm—l—(aé)@z—l B_2 4 0s1.
0 1

—2
Integrating along the second v—piece, we get only ds;~ terms. These
terms would not influence the second derivative we are calculating.
We are able to write the crossing terms of x5 now, they read,

ag Aby N 2N 0N
B af af A (‘ﬁ) 0s1+ B <a§r> 089 + < > 083081.
0 1 0 0 =

+
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The first order terms are

ay Aby a o az
B g af | A aj |0s1+B | af | ds; = 70_3‘]1 0s1.
0 1 0 0

According to Lemma 47, along the third &-piece, (dx,dy) = (]\(Zg) :

Then transporting along the third -piece, we are able to derive an
expression of zg. Comparing the crossing terms, i.e. ds1ds1; terms of z
with the expression in Lemma 55, we get

C2
—B2R = c3q1.
aa

It is clear the only &-pieces that contribute 5_51§1 terms are the second
and the third one, so we need only to count the ds;ds; terms contributed

by them. The second &-piece contributes Rc—ié_slésl. The third &-piece
a

2
contributes

a_3Ab3—2dE 2 .
o) [af — a7 |Bl@ | R+ 2T+ N,
0 1 0 as

Summing them up, we get

1—-B;
By

aQJOO(TOO).UQ.U4 == C3q1 -
Since ¢ contains no perturbation parameters, we know the modification
which we built does not change the value of 92J(Tw).u2. 4.

2.10 Other Second Order Derivatives

The modification which we performed on the third &-piece and the second
v-piece will also change the following second derivatives: 92 Ju (Too).u3. U3,
02 Joo (Too) g g, 0?Joo(Too)-us.ug. Since the computation of these sec-
ond derivatives is very similar to the one which we carried out for
0?J oo (Too) U U2, 0% oo (Too)- U2 U3, 0% Joo (Too ) -u2,u4 in Sections 2.7.11, 2.8
and 2.9, we will only give the results without going into the details of the
calculation here.
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32Joo(§oo).u3‘u3

B Ab 1 Ab
= (1= B+ 22(det C — C4))N1 + 2 [ =22 By — By | —(det C + C4) + —2 ¢
Co ad Ca ag

(€))

1 Abg 1-Ch c2 1
2 2
— —(det C — Cy) + B3 — —B + + 4d— Bap—(det C + C.
c3p Cz( e 4) cg( 3 ; 1) C4 Ca q ;r 2p02( € 4)

(1)

co Cy
*Ehz <C4 + 0—2(1 — Cl)>,
(1)
here,
_ _Eﬁ a;Bl + (Abg - 2da_c)Bg n %04
a; C3 a;: 02 ’
C CLZ B2
_ 242
1 ag cs Co

82Joo(§oo).U4‘U4 =

C! Abs — 2ba, 1
<1—C1+—2(detD—D4)>N1 +c3 37+GC02—C4 ——(det D + Dy)
Do a3 Do
(I)

1 Abs — 2ba. Abs — 2ba. 1-D
7c4p2—(detD7D4)+03 C3 — 3 T ¢ C1 | + 3 T a c3+cs 1(]2,
D, a3 a3 D,

(1)

here

__eaf <M N &D4>
ag ca ay D, 7
C3 ag Cg
= ——=—detD.
q a; Cs D2

And we also have,
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82Joo (TOO).’U,g_’U,4

C2 — _ Co B 1 04
= P —(ag B1 + b3 B2) + ag ;,r + 204(]21736 — 42—~ G
d t C Cy+detC
(_+ € —2d3262 4 + de )’
as 2 &
here,
77020,3 a331+(Ab372d_) C
D2 = ;_ 3 a;_ CQ 4>
Co az Bg
= ——=—"detC
1 aj Cq CQ ¢ ’
and
Cc3 a4 ay L C1 + AbyCy sy
= —_ = s - - = _D
ps az c4 < ay JrDg L)
C3 ag 02
= ——=—detD.
1 agr cs5 Do

Comparing the expressions for 02Ju(Too)-U.t2, 0%Joo(Too)-Usa U3,
0?J oo (Too) .U, 02 Joo (Too)-u3.u3, 02 Joo (Too ) -Ug. g and 02T (Too ). U3 Ug,
we can see that, if we let d = 0, then only 0%J.(Too).u2.us,
0?J oo (Too)-uz 3, 0?Joo(Too).usug are modified, and they change in-
dependently.  Therefore, we can prescribe any three real values for
02 Joo (Too) 2. u3, 0?Joo(Too)-u3.u3, 0?Joo(Too)-us.uug. In this way, we can
prescribe any set of 2k real values for 0%Joo (Too )-Ui Uiy 02 Joo(Too ) i Uit1
for 1 <i < k. Thus we proved Lemma 46.

2.11 Appendix

2.11.1 The Proof of Lemma 42

Let us consider first two directions h and k in Tx__T'ax such that 6z1(h) =
6z1(k) = 0. We study d.JE_(h, k) along the homotopy of v into v;.

As we change ¢ into ¢, a, b into ag, by, we have to study the change in
the v; transport matrix. If the second derivative of this v; transport along
(h, k) varies little, then d.J¢ (h, k) varies also very little.

Writing the equation of the tangent space, we obtain,

w = dit(w) + Z Sai€l + Z dsivy
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Observe that,

dz1(w) = 0 for both h and k.

Now we compute the variation of the equation defining h along k,

Spw = (Spdll)(w) + > daiontl + > Ssi0pv}

+diL(Bhw) + Y on(da:)El + > dn(si)v

Once (8pdlL)(w)+ 3 00,8l + > ds:0pv! is computed, d,w, 6, (5a;) and
51(0s;) can be found since Span(Id — dlz) + Spank_, (¢t,v!) = R? since Ty,
is a manifold.

(OpdIL) (w) + >~ da;0nEl + Y 0s;0pv! can be computed as we modify
a, b, ¢ into ay, by, c;. Each involves the transport of a vector (w, Ei, 0;) which
is (w, &, v) after suitable transport along part of the curve. These vectors
do not change until the last v jump where

0

v*&—yaﬂ+(a3§+by+cz+ho)§y.

The tangent equation along v reads,
=1,
y = azx + by + cz + h.o.,
T = —y.
Its differential reads
6z =0,

@ = adx + bdy + ¢z + dax + Sby + dcz + d(h.o.),

~

ox = —dy.

The modification which we introduce occurs along a%. We make the
modification explicit.

The space of variation h such that §z1 (k) = 0 can be seen as the tangent
space to the sub-manifold of curves T near To, such that Zj has its z;-
coordinate equal to zero if ZT7_, has its zjcoordinate equal to zero. h can

be seen as a variation of p.
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The tangent equation along v takes then the form

R=A(t,))R  R(0,p) =Id

Here A comes from the differential of the differential equation
X = o(X),
which reads
5X = Du(5X),

A corresponds to Dv, i.e. to the linearization of v along the v-orbit.
We compute this linearization in the region where

0 0 0
V=5 Y (ax+by+cz+ho)ay

Therefore, A(z,y, z) is explicit, and

0 -1 0
A= |a+za, +ybs + zcz b+ zay + yby + zcy ¢+ xa, + yb, + zc,
0 0 0

The variation map of the transport map dl; as we move along ch reads

as dA(h)(d0x).
We then have to study
Q= /d2 za + yb + cz)(h, diL( +Z5al§t+z5sl

where [ is the z-interval of modification and this second derivative (d?(zra+
yb+ cz) ) is taken along the value of h and the value of dlt(w)+ " da;&! +
>~ ds;vl at the precise points of the interval I.

We observe that

0z1(h) =0 (at 7).
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But also, since

dlg(w) + Z dai&j + Z §sivt = w(k) at a7,

dz1( dlt —I—Zéalé —l—z&sv ) =0 at a7,

if 0z(z7) = 0, dz is zero throughout and if the interval of integration over z
along which a, b, ¢ are modified is small with respect to the x and y interval
of modification, the Poincaré-return map is very little changed.

We look now at dIt(d,w) + > 6p(0a;)EE + > 0n(ds;)vl, with dz1(h) =
dz1(k) = 0 through out I.

Computing, we find terms of the order of

'La

11 (2] [V, 590|191 | V0121 |V |+ ¥ ] H ¥ b+ T e

Assuming |I| is small with respect to the size of the (z,y) domain of
the variations, we obtain that @) is small.
Hence, the contribution of the term

(ndl) (w) + > daidngt + > dsionu}

over the interval I of the modification is o(|h|, |k]|).

The remainder corresponds to the computation of the second derivative
before perturbation.

This shows that

d*J;_(h.k) = d*Jz_(h, k) +o(|h], |k]),

Computing d?Jz__ (01, k), we find as usual
¢(6a — dal)(h).

If §z1(h) = 0 and we are modifying only ¢ along ¢;, this does not change
much.
Lastly, we compute
d* Jz. (01,01) = ba}(01) = ¢;

as usual, which changes as much as ¢, changes.
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Lemma 46 follows.

2.11.2 The proof of Lemma 47

We will prove it in a more general setting. After the modification, a on the
1
third £€—piece becomes Aa, where 1= 14w (2)ws(y, 2)(az® +byz? + dy?z),

here, wq(z) and wa(y, z) are the cut-off function in a small neighborhood

of the third {—piece. The corresponding Reeb vector field becomes ¢ =
10 N Ar—yYhz O Ay

soe e oy @ Ve
Thus
o1 Ay 3 2
;C:X-FyF:l—aZ — by Z+O4(y72)’
Az — YAy
= Aizy = —3az® — by® — 2dyz + Os(y, 2),

) A
3= _/\_32’ = 2byz + dz? + 03(y,z).

Integrating it at first order, we have,
x = x0 + (azg + byd20)t + Ou,
y = yo — (3az5 + bys + 2dyozo)t + O3,

z = 20+ (2byozo + dz3)t + Os.

Now we go to the second order,
& =1+azs — byizo + O4(y, 2),
Y= —(3@2(2) + by(z) + 2dyozo) — 6azo(2byozo + dzg)t,

+ 2by0(3az§ + by(z) + 2dyoz0)t — 2dyo(2byozo + dzg) + Oy

= —(3az2 + bys + 2dyozo) + (2d* — 6ab)yozit + 2bya 2ot + 2byst + Oy,
%z = 2byozo + dzg + 2byo(2byozo + dzg)t — 2bzo(3azg + byg + 2dyozo)t

+ 2dzp(2byozo + dzg)t + Oy

= 2byozg + dzg + (2d° — Gab)zg’t + 2b2y(2)z0t + 2bdy0zgt + Oy.
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Integrating it, we get

x =20 + (azy — byazo)ac + O4(yo, 20),
Y=y — (Sazg + by% + 2dyozo)ac

2
+ ((2d2 — 6ab)yoz3 + 2bdylzo + 267y % 1 0.,

2

2= 20+ (2by020 + dzg) ae + ((Qd2 — 6ab)zs + 20%yd 20 + 2bdyozg) % + Oy4.

On one hand, we can find Darboux coordinates such that around zj,

0 0
the vector v reads % Yos + (a5 + b3y + c32 + Pg(x,y,z))a—y, and
0 0
around x5 , the vector v reads % Yom + (a3 z + b3y + Q3 (w0, yo, zo))a—y.

So

_ _ 0
Al (Vinitial) = (fyo + a. (3&2(2) — byg — 2byozo(asz xo + b3 Yo + C3zo))) gy
+ {az zo + b3 yo + c3z0 + P3 (w0, Yo, 20)
— ac(6azo + byo(az xo + b3 yo + ¢320) + 2dyo
+ 2dzo(az T + by yo + c320)) + a2((2d* — 6ab)yozo + bdys

+ 3b2y§(a§x0 + b3 yo + c320) + (2cl2 — Gab)zg(ag:vo + b3 yo + ¢320)

_ _ 0
+ 2bdyozo(az o + bz yo + 0320))}8—y
+ {1+ ac(2bzo(az xo + b3 yo + c320) + 2dzo + 2byo)

+ a2((3d® — 9ab)z§ + b>yg + 2bdyozo + b>yoz0(a;z xo + b3 Yo + c320)
+ bdzg(ag:ro +b3y0 + 0320))}£.

But on the other hand, around :17;, the vector v reads

9 0 0
5 %+(agrerb;rerQg(xo,yo,Zo))a—y-
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Therefore,
Vfinal
9 2 2 2 2 2
=9 (yo — (Bazy + byg + 2dyozo)ac + ((2d° — 6ab)yozs + 2bdyg 2o
a? 0
+ 2 %0) T4 (a5 (20 + (0 — bageoac)
+ b5 (yo — (3025 + byp + 2dyozo)ac
2
+ ((2d2 — 6ab)yoz2 + 2bdyd 2o + 20°y3) %)

+es(zo0 + (Qbyozo + dzg) ae + ((2d2 — 6ab)zi + 2b%ya 2o + deyozg)

0
+ Q3 (xo + ac —a, yo,Zo))a—y-

)

SIS

Comparing vfing and dl(vinitiar) up to second order, we have,

ad (zo + ae. — @) + by yo — acbd (3azg + bys + 2dyozo)

+ Q3 (0 + ac — @, yo, 20)
ag o + by yo + cazo + P3 (%0, Yo, 20) — ac(6azo + byo(az xo + b3 yo + c320)
+2dzo(az zo + b3 yo + ¢320)) + a((2d* — 6ab)yozo + bdyy)

2dyg =
+ 2dyo 1+ 2a.(2byo + 2dz0)
Therefore,
Sa. — (a3 —a3)xo + (b3 — b3 )yo + 320 — a(6azo + 2dyo)
<= ¥
a3

(a3 — agr):vo + (by — b;r)yo + 329 — a(6azo + 2dyo)

+
as
6azo + 2dyo + Q2,z(0,Y0, 20)
. e

+ { P} (20,0, 20) — Q3 (0, Yo, 20) + ab3 (3azj + byj + 2dyozo)
—a(2byo + 2dz0)(az xo + b3 yo + c320)
+a(bdyg + (2d* — 6ab)yozo0 — @(2byo + 2dzo) (a3 o + by yo + c320)}/ay .
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1
In order to keep da.(v) unchanged, we take Y= 1+ (z) w2 (y, 2)dy?z,

therefore,

(a3 —a3)zo + (b3 — b3 )yo + c320 — a2dyo

da, =
ag
(a3 —ag)xzo + (by — b3 )yo + c3zo —a2dyo  2dyo + Q2,2(0,Y0, 20)
as as

+ {P3 (20, Y0, 20) — Q3(x0, Yo, 20) + @3 2dyozo — a2dz0(az zo + b3 Yo + c320)
— 622dzo(a§:vo +b3yo + c320)}/aq.

2.11.3 Proof of the Lemmas in 2.7.11
2.11.4 Proof of Lemma 48

Following us, in Darboux coordinates in the small neighborhood of the base
C2

curve, the x,y coordinates of z; read <8>, o reads <£> 0s1, and the z
0
C2

B CL_Jr 551
coordinates of both x1 and x5 is ds1; x3 reads 5 , here B is

682
the transport matrix along the second v-piece.
Since the third {—piece is modified, the transport matrix in x, y- coor-
az —ay by —bd —2da

dinates along this piece is agr agr + Id, and there is
0 0
c3—6a-a
a small increment agr 082 due to the effect of the z—component
0

(refer to Lemma 47)

as Abs — 2da
Therefore, the x,y—coordinates of x4 read g a;’f

0 1

C2 c3
B <a§'> ds1 + (a@f) §sa, here Abs = by — b, and the z—coordinate
0 0

of x4 1s dss.
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The z, y—coordinates of x5 are

ﬁAbg—?dﬁ C2 c3 —6a-a
C a;)r a;{ B <a§r> 581 + C a; 552,
01 0 0
and the z—coordinate of x5 is ds3.
Therefore the z, y—coordinates of zg read
ay by —bf a; Abs —2da Cc2
ai‘ ai C a;' a;' B (CG_) 051
0 1 0 1 0

+

Q by —bi c3—6a-a
+ a4 a:lr C aé’_ 552 —+ (a )583,
01 0

O.;;+|,§

and the z—coordinate of xg is ds3.
On the other hand, ug is parallel with v at xg.

Thus we have

ag by —by ag Abs —2da C2
af  af Claf af B | aj | ds:.
0 1 0 1 0

ag by — b cs —6a-a c .
+ a:{ ai C a;_ 582 —+ CL;r 583 = <0> .
0 1 0 0

Solving it for dss, ds3, we get

ca ag (a§B1 + (Abs — 2da.) B2 N &04) 51
Cy ’

§sg = ——= -
a; c3 —6a-a agr
(6] a, BQ
553 = —+—4—detC’551.
ay Cq 4

2.11.5 The Proof of Lemma 49
Along us,
L2 L2
0 ag B (ai) 081
N 5
681 1 682
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ay —aj Abz —2da C2 cs —6a-a
af af B (aJ) ds1 + at 559

0 1 0 0 ’
552
B
220,
. —551 Cy
so point x4 reads a2 B,
682
And since in the small neighborhood of ¢, the vector v reads
0 9] 0]
= b 3 —.
82 a (a3$+ y+Q2($7yaz))ay
So the vector v at z¢ is parallel with
——32551
ay B
2
(b+Bz 204)551 + O(ds7).
a2 02
1
Thus the z,y coordinates of z), are
C2 B2
—6 ——C4B
o 1 ( cy 4 2)
—6—132681
+ o 2 553 + Uds2 + O(0s3 + 031 ).
— (bgrBQ —04) 581
as 3C

2.11.6 The proof of Lemma 50
We track only the first order terms of the base points along wus(usz). The

. . 0
x,1y coordinates of point x; are <

0), and the x,y coordinates of xy read

C1
(af) 051, both of their z coordinates are ds1; Thus 2} reads

0
o
A (af)é_sl
0

E+551
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The transport matrix in x, y- coordinates along the second &-piece is

ay —a3 by —by
ay ay + Id,
0 0

2
and there is a small increment <a§r> (0s2 + 0s1) due to the effect of the
0

z— component.
Therefore, the x,y- coordinates of xf read

ay —ay Ab\ saN e
a; ai A <af> 551 =+ (a;) (552 +581),
0 1 0 0

and the z—coordinate is (0s2 + ds1);
The x,y- coordinates of =5 are

ay —ay  Aby 2y &2
B a; g A<GIF>5_51+B<GJ> (582+581),
0 1 0 0

and the z—coordinate is dsg + dss.
Therefore the x,y- coordinates of z; read

az Abz —2da ay —ajg Aby ‘r
agr agr B aér ai A <af> ds1,
0 1 0 1 0
CL; Ab372d6 2 03—6a-6
+ | af as B <a;> (0s2 +ds1) + at (0s3 + ds2),
0 1 0 0

and the z—coordinate remains the same.

Comparing with the first order terms of Lemma 49, we have
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as Abs —2da ay —ag Abs 1
ag' ag' B a; ai A (%F) 051+
0 1 0 1 0
£Ab3—2da 2 c3 —6a-a
agr agr B <a§r> (0s2 + ds1) + ag (0s3 + ds2)
0 1 0 0
Bs
c —C
= —i&sl Cy 4
a2 Bg

Solving it for sa, ds3, we know that dsq, 0s2 and &s3 satisfy the follow-
ing relation at the first order,

Tsz = pids1 + O (353,351 051851 ),

Tss = quds1 + O (053,31 051051

with

o (et Abdy Ay
T d e al By ')’
C1 ag_Ag
= ——=—"detB.
ql air C3 BQ

2.11.7 Proof of Claim 1
In a neighborhood of xg, the vector v reads up to a multiplicative factor

0 0 0
— —y—+ (afz+ b]y + Qi(z,y, z))a—, so the v trajectory satisfies
Y

0z yax
T = -V,
g =afz+bly+Qs(z,y,2),

z=1.
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Integrating it, we get
2

t
x =z — yot — (af o + bl yo) > + O2(o, Yo, 20)t + O(t?),

t2
y =10+ (af w0 +biwo) t+ (—afyo + b (af o +blwo)) 5

+ Oa(x0, yo, 20)t + O(t?),
z =2z +t.
Here t = §s1, so the transport equation along the vector v is
x = xg — yot + O(x0, Yo, 20)t> + O2(x0, Yo, 20)t + O(t3),
y = yo + (af xo + b yo)t + O(zo, yo, 20)t> + Oa (0, Y0, 20)t + O(?),
z=2zp+1t.

If we only look at the z,y—coordinates, and write them in terms of a
matrix, we find

(Id —t (a% ;;)) (2y) + O(2,y, 2)t* + Oz (2, y, 2)t + O(t%).

Similarly, in the neighborhood of ), up to a multiplicative factor, v
reads

0 0 _ _ 9 0
5 —y%+(a2:v—i—bgy—i-cQz—i-Pg(w,y,z))a—y.

So the v-trajectory satisfies
= —y,
§=ayx+byy+coz+ Pi(x,y,2),
z=1.

Integrating, we get

_ _ 12
z =z — yot — (a3 xo + by Yo + c220) Bl + Oa(20, Yo, 20)t + O(t?),

y=y0+(a2_:v0+b2_yo+0220)t
2

_ _ _ t
+ (—a2 Yo + c2 + by (a2 xo + b3 yo + 02,20)) 5 + Oq(z0, Yo, 20)t + O(t?),

z=2zy+t.
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If we only look at the z,y—coordinates, and write them in terms of a
matrix, we find

0
(Id— t ( qr ;})) : (:1:) +eo | 12 ]| O(z,y, 2)t* + Oa(z,y, 2)t + O(t?).
ar 01 Y b}

We can think of the movement from point 2 to point x| as made of three
sub-steps: first, we pull point 0 back to {6z = 0} ,then along the v—piece,
we transport it to {dz = 0} near the point z/; the transport matrix is A;
from there we pull it onto {5z =059 + 551} . Putting them together, the
transport matrix is

-— 0 —1 —(0—-1
(Id+(682+681) (az_ bz_))A<Id_681 ( ai,_ b_li_)) )

+ <CO2> 051082 + Uds? + Vs + O(8s3 + 0s3).

Here, the values of U and V have changed but we will not track these
values.

2.11.8 Proof of Claim 3

x4 can be written as

(55n 0 -1 — 0 -1
(Id+(583+582) (a_ b_)) B (Id— (582—1—551 (a+ b+)) CL'/Q
3 3 2 2

B
N 9 c1 o *2h1§4 + 10 .
+ (0 c3) 33052 + O(0s3,0s1 ) + O3 + — — Ay 7 35108,
a1 a2 —2ha— + 12
By
Qo Aby . Co <
=Blaj of |4 <a1+>5—51+3 (*) (5sl+p15—sl>+BR<a;>msl
0 1 0 0 0
a2_ Aby 2
- — 0 -1 T 0 —
+B 5 af _ ., ]JAla + 051058
aé a14 ((az b2> (6) <02p1>> 1701

o Al

C1
+ < 0 _1> Blaf of |A at | p20sids, + B <N2)
az b 5 1 0 0
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490
0 —1 ay % AN 0 _
— B ( + b+) a;‘ ai‘ A a{“ 081081 + ( )pg(]1681681
ag b2 0 1 0 €3
0 —1 - 0 -1
+ ( _ b) B <a§r> ((J1 +p1p2)5_81581 - B ( n bJr) 2p1E581
as 03 0 Gy by
By
2hi—+0L\
+ L2, B 551081
a1 G —2hy— + 15
By

Therefore, the first order terms of z§ are

ay Aby\ /cr 2
B gg A<af)E+B(a;>p1E
0 1 0 0

) q B
— 41\ — C 1
= a 081 + — 0s1.

Using Lemma 47, along the 3rd {—piece of us(us), the second order
terms of the displacement in z,y and z are

or = Ng(mésl) = ac(7h) — ac(72),

5y = 72dC—J2rBQ551(5—53 + 552)5,
Az

6z = d(ds3 + 6s9)%a.
As we explained before, drop the 55%,@2 terms, we have,
oxr = Ng(mé‘sl),

6y = —Qdc—ingla(S_Sl(Ssl,
ag

8z = 2dpaq1@ds10s.
Thus the z, y—coordinates of z; are

ay Abs —2da N
agr agr - Tl + <a0§r> (0s3 + 0s2) + ((5:1:63/.)
0 1
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Comparing the 0s10s; terms of point 2/ with Lemma 49, we get

€2

o Abg — 2da

Jr
as

1

3 <BR < ) 551581 + B

0 0

N3(6_31551)

—2d—BQq1a551551
2

= Abs — 2da
B

+ Abs — 2da

1

— +
c1 Gy — Qg
—— A28 <7+

aq Qs

Computing the y—coordinate, we get

N,

0 _
0 > + <03) p2q1551551>

(

) P2
5_51551

) (q1 + p1p2)

C1
+
ay

0

(5_81581

B
e A
B2 581581

By
—2hg— +1
232+ 2

) q1051051.

Aby

2

— (a3 32 b+)) — c3p2q1 — c2p1By
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C2 C2 c1 C2 By
—2da——q1 By + ——RBs + NBy + ——F—A3(—2ho— +15) = 0.
aa;r q1D52 aj 2 2 af a;r 2( 232 2)

2.11.9 The Final Details of the Calculation of

82J(ioo).u2.u3
For the second £—piece, the ds10s; terms come from three sources. Since
0s9 = p10s1+ Rds10s1, R is one of the sources. Also the second order terms
of da.(z}), Ny contribute §s1s; terms too, and all the other ds;ds;terms
come from the v-transport. Now we write it explicitly,

C2
R( a3 |5sios + (%) 4 (CO )
0 2P1

WO fag —af A\ /0 (A
- r T X - +

Ll o ((% bg)A<a6

0 1

)

3 By _C2 —
== + cop1— + 2da—— 0510871.
<32p2ql 2P1 B, aj Q1) 1051

For the third £é—piece, the ds10s; terms also come from three sources.
Since ds3 = q10s1 + 71051051, T is one of the sources. Also the second order
terms of dac(point?)/), N3 contributes to the §s10s7 terms too. All the other
0s10s1terms come from the v-transport. Computing, we find:

as — agr Abs — 2da

(L0)- |~ af oF
0 1
C2
X (BR <a§r> ds16s1 + B <N2> + (O) pqumé,ﬁ)
0 0 C3

as — agr Abs — 2da ay Abg

+(1,0) - ag ag Bl af a3

0 1 0 1

C1
X (01>A at +<0) 051081
as by 0 C2p1
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0 1 a2_ Abg C_1

- T T I +

a; —ai Abs — 2da B<a2+ b;) aj ay A<“6>

7(170) 0 1 E&sl

C3

—|—T(1, 0) . <g> (5_81581 + N3(F1,681)
0

o e a; —aj Abs —2da —2h1% +h\
+(1,0)— A2 ad at DBy 051081.
¥ T 3 3 B,
4 a2 0 1 2h2§ +12
2

Comparing with (%), we find that this is equal to:

C2

R _ N _
—(1,0) - (BR (a?) 0s10s1 + B ( 02) + (C(l) p2q1631631>
0
S5 Ab c
L8 01\, (ar 03 ) 5510
—(1,0) - ay Gy a; by a(% + eamn 51081

0 1
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. - ¥ T F + 1| _ - + Se.
—|—(1,0) B (a; b;) Gy Ay A (aé ) B (a; ;r) <a§ ) 2p1 581581

+
0 1
B
C1 Co 2hlB_4 + ll —_
7(150) +_+A2 B42 581581
ay 2ho— + 12
By
By det B _Co —
= | —c3—= — —2da—q1B1 ) 0810
( C3 BQP2Q1 CaP1 B, aa; q1 1) 51081
c1 C2 By By —
+Egz42 <(2h1B_2 — 2h2)3—2 + 1y — ll> 081057.

Summing them up, we find

62J.UQ.U3
C3 B4 __Co 1 det B __Co
= — — +2da—q; — c3— — —2da—q1 B
BQPQQl + cap1 B, + aaj q1 — C3 ngqu Cap1 B, aaj q151
c1 Ca By
——A 2h1 — 2ho)— + 1o — 1
af a/;, 2 (( 1 2)B2 2 1)
Cc3 _ Co C2 B,
= — 2da— — 2da——-Bj — c3—
q1 <B2p2 + aa; aa; 1—¢C3 B2p2)
(I)
B4 det B det B C1 C2 Bl B4
— — — + ——A3((2h1—=— — 2ho)— + 15 — 7).
+ cap1 B, Ca2p1 B, Cap1 B, + af a; 2(( 1B2 2)32 +1l—1)
(IT) (I11)

2.11.10 Detazls tnvolved in 2.8
2.11.11  Proof of Lemma 52

It is clear that the z,y coordinates of xg read (8) , and the z coordinate is
0

0s3. And in the neighborhood of point zg, the vector v reads % Yo +
z x
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0
0
(a3 + b3y + Q%(m,y,z))a—, so at xg, v is parallel with | Q3(0,0,ds3) |,
y 1
0\ 0 0 .
soxgis [ 0 | +ds3|Q3(0,0,6s3) | = 0 | +Udsi+Visi +
083 1 083 + 083

O(5s3 +3s1)).

2.11.12 Proof of Lemma 53

Following wua(usz), we write only the first order terms in a first step,

0
x) s 0 ; the transport matrix along the first &-piece is
581 + 551
a; by —bf 2
al  af and there is a small increment <af> (651 + d0s1) due to
0 1 0
C1
af _
the effect of the z—coordinate, therefore zf, reads 6 (0s1 + 0s1); now
1

C1

_> (551 1+ 557)

. . A . .
we go to point z}, it reads < 0 ; oy 1s , using the same

E + 582
argument

ay by — by “ )
a;‘ (13_ A (a&“) (581 + 581) + (aé) (582 + 582)
E+552

Therefore zy reads

0 0
6_83+(SS3

ay by —b3 a - 2 o
B a;r a; A <air> (551 + 551) + B (a;) (582 + 582)
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a; Abg — 2da_c

The transport matrix along the third &-piece is a; a; and

0 1

there is a small increment

C3
<a§> (6s3 + ds3), so the z,y- coordinates of x¢ read
0
a; Abs — 2da, a; by —by <
a; a; B a;" a; A (aiF) (051 +ds1)
0 1 0 1 0
(1; Abg — 2da_c 2 2
+ | af af B(aj) (652 + 652) + (a;> (652 + 0s3),
0 1 0 0
and the z—coordinate remains the same dss + dss.
Using Lemma 52, we have
az Abz — 2da; ag by —by [y o
al al Blaf af A <a1+> (651 + 051)
0 1 0 1 0
a; Abg—2dar\ e s —
—+ agr a;’r B <a;r> (552 —+ 552) —+ <a§r> (553 —+ 553) = <0> .
0 1 0 0

Observe that these are exactly the equations satisfied by ds1, dso relative
to dss. At first order, there is no difference. Solving it for dso and dss, we

derive the lemma.

2.11.13 Proof of Claim 3

0
Since 7 is 0 |, and the vector v reads, up to a multiplicative factor,
581
around zp, along the v

0 0
5 yagj + (ai":c + bi"y 4+ c1z + le(z,y,z))a—y
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trajectory, it satisfies

jj:iya
y:afl"i‘bfy"i_clz"'PQl(xay?Z)a

z=1.

Integrating it, we get

2
x = w0 — Yot — (af o + b] yo + c120) 5 + Oz(,y, 2)t + O(t%),
y =yo+ (afzo + b yo + c120) t + (—aiyo + b (af w0 + b yo + c120)

t2
+Cl) 5 + Oz(l',y,Z)t + O(tg)a

z=2zy+t.
Here ¢t = ds1 + 051, therefore

x = 0(5_513 + 653),
y = c10s1081 + O(E3 +8s3) + clw

)

2 =081 + 081.

2.11.14 Proof of Claim 4
We write only the first order and ¢s1ds; terms. The z, y—coordinates of xh

read:
- - +
ap by —bf .
+ 061681581

C1
A<GT>(581 +ds1)+ A af  af
1

0 0
+zp<°_ })A(E)asla—sl
a; by 0
0 -1\ (= 0 N
_ I\ (F) 550 25— 1
2A (af bf) (aé ) 081081 + <02> p-dsi0s; + A ( 0 ) ,

and the z—coordinate remains sy + 5.
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The z, y—coordinates of ) read

oA\ fN ey
a;r a;r A <af> (551 + 551) + <a;> (552 + 552)
0 1 0 0
G AR\ oy (@ Ak (e Ab _
+ a; a; A( 0 > + < 0 > + G/; G/; A af a/f (001) 551551
0 1 0 1 0 1
Qo Aby 0 —1 ‘o
tlag ag 2p( . b_) A <a1+> 551051
0 1 gy by 0
a_2 AbQ 0 —1 2
—2|af af |A (a+ b+) af) 081081
O 1 1 1 0
a; Abs 0 ay; Aby N
Tla a (C )p2681681 + ag a12+ A ( 01)

0 1
and the z—coordinate remains the same dss + dso. Here, Ab; = b, — b;r

and Ny is the second order term of a.(z%) — ac(23).
The modification of the v transport contributes,

By
2 —li+ =h
B 1 Y —
2 2142 1 B2 681681
+ B By
“ 2\ b+ 5he
2

if we only count ds1ds; terms. L
Therefore, writing only the first order and ds;ds; terms, the

x,y—coordinates of zf read
G A\ ey geny
B A(q>wﬁ+&g+3(@>w@+&g

0

F T
Ay Qg
0 1 0
ﬂ Abs ﬂ Abs E Aby o
+B | af af A(]\él)+3(1\(;2)+3 af af | Al af aof (00)581581
0 1 0 1 0 1 !
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ay Abs 0 -1\ (=)
a;r agL 2p ( b—) A (af) 051051
0 1 Gy 0Oy 0
a; Abz 0 1 cl a; Abs 0 o
—2B ( + + a, ) (581(581B a2+ (C )p2681581
a b/ \ o 5T ?
0 —1 a’2 Abz C_1 C_2
( ) (12+ A (a;r> + 2pq (a?) §s10s1
1 0 0
0 —1 4y % C—Jlr 5 el 0\ 2. —
—B (a+ b*) 2p| af of |Alal | +2p ay 5s10s1 + (c ) q 051981
1 1 0 1 0 0 3

c1 B -+ = Ba —h1 o
+2 (a_+A2) 24 EZ (581(5817
1 B> —ly + =2hy
B-

Syl

Jr

and the z—coordinate is dss + dss.

The z and y coordinates of xf at the first order are,

B (13_ a;‘ A < ) (581 + 581) + B < ) (682 + 682)
0 1 0 0

<A1 %(551 + E))
= aq .
0

Using the Lemma 47, along the third &-piece,
oxr = Ng,
oy =0,
5z = d(Bss + 553)°.

Writing only ds;ds; terms,

or = N3,
oy =0,
0z = 2da_cq25515_51,
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here, N3 is the second order term of a.(zf) — ac(%5).

as Abs — 2da. 2 P
Tg 1S agr agr .x’5+<a§>(633+633)+<5 )
0 1 0 Y

so the x,y— coordinates of xj are

ag Abs — 2da. ay Aby “a
al  af Blaf af A(a?)(éslwsn
0 1 0 1 0

—+ a;_ a;_ B (a;) (582 —+ 582) —+ (Clér) (553 —+ 583)

0 1 0 1

0 1 0
a; Ab — 2da; az Ab N
+ agr agr B a; a; A<01>
0 1 0 1
N a_iw 5 (N N Ny
as a3 0 —6ag?6s10s1
0 1
Ab3
+ a; 2581E
0
as é + g Aby = Ab
a7 2% | B oF o7 A(% o 1)( )531531
0 1 0 1 M
0 —1 a
- s
ag Aby—2da;\ (ay Aby 2p<a2b2>‘4<“5> _
+ | af ag B af af c1 951051
—
1
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a3_ Abg — 2da_c (12_ AbQ 0
+ | af ag B af a3 ( )P25815S1
0 1 0 1
as Abs — 2da. 0 -1 Ay % c—i
+ | af at ( )B 29l af of |A| @
o i @ s 0 1 0
C2
+2pq (a;)) 551081
0
as Abs — 2da. 0 -1 Qg % Ci
= af ai B( + b*) 2p | af a5 |A| @
0 1 272 0 1 0
&
+2p? (a;)) 551081
0
B
o 2p, (% Abs — 2da, L+ B_4h1
+2 1 —A ==\ af + 2
ot 2) B, | 9 as By
1 2 0 1 —la + = ha
Bs

Comparing this with Lemma 52, we derive the equation

as Abs — 2da, C2 3
R g a;)r B<a;>5515_51+T<a§r>5515_51
0 1 0 0

+

ag Abs — 2da. ag Aby N, N
! ag aff 7 ag af+ . < 0 > i <—6aq2581E>

as Abs — 2da, N as Abs — 2da, 0
+lad  af |B{ )+ |ad  af q*0s1651
0 8 13 C3
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a; Abg — 2da_c (12_ AbQ (11_ Abl 0
+ ag ag B a; a; A af af (c )581581
0 1 0 1 0 1 !
0 -1 =1
- +
as Abz — 2da, ay Abg 2p <a2_ b;) A <a6
e —a Jolew 8 oumsr
0 1 0 1 oA ( 0 —+1) oF
ay by 0
oy Aby-2dm\ fap Ab\
+ | af at Bl af aF <c )p2551551
0 1 0 1
as Abs — 2da, 0 —1 ay % CJlr C—i
+ | af ag (a b> B{2q|af af |A|l @ |+2pq| ay
0 1 33 0 1 0
X 551E
as Abs — 2da, 0 —1 as % C—Jlr c—i
— | ad at B <a+ b+> 2p | af af |Alar |+ 2p° | a3
0 1 272 0 1 0 0
X 551E
2 as Absz — 2da, —I + %h
1 B, [ %8 2093~ 2ddc 1+ 5
2lat) B\le o« B,
“ 2\ 0 1 —la+ §h2
2

Comparing the y-coordinates, we get
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Aby - ay Ay + AbyA S As + AbyA Ab
(A p et Ay | g oy s ¥ Al | g <_1A2 _ A4)
ag ag Qg ag

Ab
+2pA2B2—+ (1 — —> + 2p—c_1i_ BQ —+2 (CLQ_Al + bQ_AQ)
aq a2 aq Qo

Ab
+cop? (a—fBz - B4) — e3¢ + :—iBgR + BsNo
2 2

+ (B4A2 + Bs

2
C1 B B4
2| —A l —h =0.
+ (af 2) B2< 2+ 2)

ay A1 + Aby A
9 411 - 22)N1

az

2.11.15 Details of the Calculation of 0*J.uz us

In order to calculate the E&sl_terms in J(T + 6s1uz(ug) + 0s1us) — J (T +
ds1ug), we need to count the ds1ds1 terms contributed by all the £-pieces.

Computing the first £-piece contributes

ay —ay by —by o Ab; o
Ny + (1, 0) . at at 081081 = N1 + ——c1081057.
;o) 7

For the second &-piece, as before, the 951051 terms come from three
sources. Since dsy = p10si + Réslésl, so R is one of the three sources.
Also the second order terms of da.(z%), No contribute to the 051081 terms

too. All the other ds,dsiterms come from the v-transport. Computing, we

find:
@ ay —ag Aby N
R(1,0) ( ) 551051+ (1,0) [ T af o | A ( 01) N
0 0 1

ag —ag Aby a Ab 0 -
+(1,0) - a; agL A af af (01) 051081
0 1 0 1
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C1

ay fa2+ Aby 1
T T S Y
+(170) . ay Qo 2]) as b A aq 581581

0 1 2 2 0

az —ag Aby 0 —1 a —
—-2(1,0) - ag aj | A (a+ b*) (af) 951051
0 1 1 1 0

ay —ag Aby 0 -
+(1,0) - ai  ay (C ) p°ds1081
0 1 ?

Ab Ab By B4 A
Cl(Ag——JrlAl)—Cl—(—lAz A4)+Czp B——(Al ;22)]\]1

_ aj By \ af )
1 5 By B,
—qg° -2 —A — l —h
—|—0332q (a1+ 2) B2 ( 2+ B, 2)

X(;Slm.

For the third £—piece, the 051081 terms come from three sources, the R
term of dsg, the second order terms of da.(zf) i.e.N3 , and those from the
v-transport. Computing, we find

ag_ Abg — 2da_c C_2 C_3
R(1,0)- | af af B <a2+> 851051 +T(1,0) - <a§> 551051

0 1 0 0
ag Abs — 2dac ay Aba\ oy
+(1,0) - | af ag B af af A<01>+N3

0 1 0 1

+L,0)- [ af  af B ( 02)
0 1

ag Ab3 2dac 0 _
+(1, O) . a;r a;r (C > q2551581
0 1 K
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ag ag

a5 Abs — 2da; 4 Abo\ fag AbL\ gy
+(1,0)- | af g Bl af aF ai af <01) 51081
0 1 0 1

C1
0 —1 —

4 Aby— 2w\ (a5 Ab 2”<a5b5)‘4<a6> -
+(1,0)- a; agr Bl a3 df 0 —1 a oo
0 1 0 1 - at

+A< ) a
af bf (o)

a; Abg — 2da_c a; Abg 0
+(1,0) - ag ag Bl af a3 (c )p2(531631
0 1 0 1 2

£Ab3—2da_c 0 —1
o) (af T A ( )B %

az by
L2
+2pq (a;r >> 551051
0

ag Abs — 2da, 0 1 ay % c1
cwo (o T ) e () (e o) ()
0 1 272 0 1 0
C2
+2p2 <a;>> 681E
0
— - B
o 2p, (% Abs — 2da, I — 572}“ o
+(1,0) -2 — A2 ) = | af al 4 051081.
a B4 3 3 BQ
1 0 1 lo — EhQ

Comparing with (xx), we find
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2 a2_ Abg
~(1,0)- (RB <a2+> s 4 B (g g) A (Nl) B <N2>)
0 0 0
0 1
ai Abi\ oy
ﬂ % A ag alir <C1> 581551
SO ooy (SN o iy (2
+2p — 2 )A| af 2A< > at
p(“z b2> (6) ay by 6
X5815_51

ay Aba\ o\
*(170)'B a;r a; <c2>p2551551

0 1
0 —1 ay Aby o 2
—(1,0) - ( _ b_) B2 af af |A ((ﬁ) + 2pq <a§r> 081081
as 03 0 1 0 0
0 —1 ay Aby o 22
+(1,0)- B (a+ b+) 2p\ a3 a3 | A (‘ﬁ) +2p° (@“) 651081
2 Y2 0 1 0 0
By
2 l{ — —h1
c1 By B
(1,02 (GTAQ) il B
2= B,
Ab BB BB
01(—+1A2 — Ag) ( = 33) + cop? (BB - L)
_ aj 2 By =
= B4B B 551551
AN L B3| —cs=tg?
+A2NVp < B, 3) C3 ng



Contact Form Geometry 507

Summing them together, we have

Abq Abq By Ab;
5. =N+ — A3 — —A))—c1—(—A;— A
U1 UL 1+ af c1 + c1(As af 1) —c1 BQ( af 2 1)

B B4A 1 Ab BB
+c2p2B_;17(A1+ ;22)N1+033_2q2+01(a—+1A2A4>< ;;Bg)
1

B4sB B4sB
+ cop? (33— ; 1)+A2N1( ; : —Bs)

2 2

2
C1 B4 B4 Bl 2
—2( =4y ) =5 (~lo+othe) —c3
(af 2) B%( * " By 2) “B,1

2
Cc1 By (B By By _
21 —A — = - —h li——h 0510
+ (af 2) B, (B2 ( 2+ B, 2) + ( 1= 1)) 51081

A Ab 1
= (1— A1 + 22(det B — By))Ny + c1(— Az — Ay)—(det B + By)
B aj B
()
1 Ab Ab 1-B
—cop?*—(det B — B Ay — =LA+ =2 L
Cop Bg( e 1) + c1(As ai‘_ 1) + GT c1+c3 B, q

)

2 2
C1 B4 B4 C1 B4 Bl B4
o (Bay) 2 ZAny) ro (L) (2 (- 2y
<a1+ 2> B§< "By 2) <a1+ 2> By <B2 (2 By 2)

(I1)
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